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REPORT SUMMARY

FALCON ModO1 software and accompanying three-volume documentation are being released as
the state-of-the-art light water reactor (LWR) fuel performance analysis and modeling code
validated to high burn-up. Based on a robust finite element numerical structure, FALCON is
capable of analyzing both steady state and transient fuel behavior with a seamless transition
between the two modes. FALCON is the culmination of focused developmental activities since
1996 (with its origins in EPRI’s two historic fuel performance codes developed in the 1980s:
ESCORE and FREY).

Background

Historically, EPRI has been supporting two codes to provide fuel analysis capabilities to utilities:
ESCORE for steady state reload analysis and FREY for fuel reliability and off-normal transient
analysis. In 1996, EPRI initiated development of FALCON (Fuel Analysis and Licensing
Code—New) to address the need for more detailed fuel behavioral analysis, which had become
necessary for the fuel designs and operational changes of recent years. The traditional separation
of fuel analysis methodologies between steady state and transient had constrained the ability to
address important fuel behavioral problems that fall into both regimes. Further, many users of
ESCORE and FREY had requested program enhancements (for example, validation to higher
burn-ups, ability to deal with newer cladding materials, MOX fuel, and burnable absorbers).

Objectives
To provide a robust and independent code that is validated up to high burn-ups to support fuel
performance analyses, reload design, and licensing activities.

Approach

Using the existing experience base from ESCORE and FREY, FALCON’s developers focused
their efforts on three major tasks: (1) assimilate a robust numerical scheme with fully coupled
thermal and mechanical iterations to perform steady state and transient analyses seamlessly in a
single code; (2) incorporate pellet and cladding material and behavior models required for steady
state and transient fuel performance analysis, with an emphasis to upgrade these models for high
burn-up applications where appropriate; and (3) extensively benchmark, verify, and validate the
code using a wide variety of test reactor experiments and commercial reactor fuel rod data. The
developers also completed a detailed three-part documentation on the code: (a) Theoretical and
Numerical Bases (EPRI report 1011307), (b) User’s Manual (1011308), and (c) Verification and
Validation (1011309). These reports are an integral part of the FALCON ModOl1 release.

Results
Various interim versions of FALCON have already been used in support of a variety of recent
industry demands, including fuel rod design evaluations, analysis of reactivity-initiated accident



(RIA) tests, development of revised RIA acceptance criteria, analytical support for the Argonne
National Laboratory - Nuclear Regulatory Commission Loss of Coolant Accident (ANL-NRC
LOCA) program, and dry storage of high burn-up spent fuel. As a result, this formal release of
FALCON has not only undergone substantial improvements compared to ESCORE and FREY,
but has been duly validated up to high burn-up for modern high-duty fuel operations.

EPRI Perspective

Although licensing analyses have traditionally been performed by fuel vendors, and many
utilities continue to rely on vendor-supplied services, an increasing number of utilities prefer to
acquire the tools necessary to perform licensing analyses or to conduct independent verification
of vendor calculations. FALCON is an essential tool for such work.

Fuel behavior during both normal and off-normal operations is a complex interaction of thermal
mechanical and chemical processes. Under some abnormal operational conditions, these
processes can threaten fuel integrity and increase demands for more detailed fuel licensing
analyses. The large economic benefits of increased fuel use have led to many fuel design changes
in recent years. However, no comparable improvements in fuel analysis capabilities have been
introduced in the last decade. For optimum plant operation, the detailed behavior of fuel rods
under anticipated high-burn-up operations needs to be understood and licensed. As new results
emerge from various poolside fuel inspections and hot cell post-irradiation examination (PIE)
programs, an analytical capability is indispensable to understand and interpret the results. EPRI
anticipates that FALCON will be the tool to meet these challenges.

A FALCON Users Group has been formed, and depending on subsequent utility guidance, the
code also may be submitted for design review to obtain Appendix B Quality Assurance (QA)
status and NRC approval in the future.

Keywords

Fuel performance and modeling
Finite element methods

High burn-up fuel behavior
Steady state fuel operation

Fuel response to transients
Fission gas release

Core reload and licensing
Operational transients
Postulated accidents
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NOMENCLATURE

This report conforms to typical notation found in the technical literature, but because of the
extent of the notation, the use of symbols overlap. However, ambiguities are eliminated by
giving appropriate meaning to the symbols where they occur.

Because field continuum and finite element equations are represented in the text, it is convenient
to use tensor and matrix notation. Since FALCON is a two-dimensional (2D) code, only

Cartesian notation is used; where axisymmetric coordinates are needed, they are given explicitly.

Tensor Notation

Standard tensor notation is used throughout. For example, x, refers to the Cartesian coordinates
of a spatial point where the subscript i ranges over the number of coordinates. Since this report
is concerned only with 2D systems, i = 1,2. However, the states of stress and strain are traixial,

thus, when referencing the stress (o,) or strain (g,) tensors, it is necessary to have i,j = 1,2,3
because ¢, and G, are not zero, whereas ¢, =¢,,=0and 6, =0,,=0.

The conventions of indicial notation are employed, repeated indices imply summation
q;n; =Qq,n; +Q,N,
and the Kronecker delta, Sij, is the identity tensor
1 ifi=]
8 = i
0, otherwise

Derivatives are sometimes written explicitly as

oT/at or a
ot
and
T or oT/ox,
oX,

or they are abbreviated as

vii



EPRI Licensed Material

T=0T/ot
or
T, =0T/ox;

Superimposed dots (-) always represent partial differentiation with respect to time, and commas
followed by an indicial subscript (,;,) always represent partial differential with respect to the
indicated spatial coordinate.

Arguments of functions are not always listed explicitly where the meaning is clear, e.g.,
T =T(x,,t)

Matrix Notation

Matrix notation is used throughout the text and it is frequently intermixed with tensor notation
without loss of clarity. Matrix notation is used extensively where finite element equations are
given.

A single curved underscore on any symbol represents a multidimensional vector of unspecified
length, e.g.,

Oy

Thus, ¢ is an N x 1 matrix. An N x 1 “matrix” is called a “column vector” or simply a “vector”.
A “T” superscript following either a vector or matrix indicates the transpose, e.g.,

0" =010, 0]

The transpose of a N x 1 column vector is a 1 x N row vector.

Matrices are represented by a double curved underscore on any symbols, e.g.,

BllBlZ "'BlM
E’ _ 5215822 "'BZM
BNlBNz"'BNM

viil
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Thus, B is an N x M matrix. Most of the matrices used in this report are square and symmetric,

but this is not implied by the notation. The elements of the matrix are identified as ; where i

and j identify the row and column, respectively.

The recurrence of matrix and/or vector quantities in an expression imply matrix multiplication,
e.g.,

S=¢"9=24!

or

6,6, 6,0, - 0,0y

102061 06,06, " G,0y

)]
Il
S

GnGy OGO, - OOy
Matrix and tensor notation are combined, e.g.

.
Xi=¢ )fi

which implies the scalar inner product of the vectors ¢ and X where the subscripti (i =1,2)

~1
refers to the i" Cartesian component of the matrix column vector X (which is used to denote

spatial coordinates herein). Derivative notation is also combined.

(1)’1' = 8({)/an
and

T= oT /ot
Symbols

The following is a partial list of the more important symbols used:

C Convection matrix

C, Heat capacity

D Damage factor

iX
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w  Hydraulic diameter

E Elastic modulus

e Emissivity

F Consistent nodal point heat flux vector
-Q

F(o,e’,K) Yield function
G Mass flux
h Heat transfer coefficient

| Identity matrix

[J] Jacobian matrix
J Jacobian
J(o,t) Creep compliance function

K Conductivity matrix or stiffness matrix

k(k;) Thermal conductivity (tensor)

k, Thermal conductivity of liquid phase

L Natural coordinates for element shape functions
M Heat capacity matrix

n, Outward normal to QQ

p Pressure

Q Volume heat source

QC.,  Correction shape functions for quadrilateral elements
QH, Linear shape functions for quadrilateral elements
QQ,  Quadratic shape functions for quadrilateral elements
q Heat flux

R,r  Material (spatial) axisymmetric radial coordinate

R Radiation matrix

T Temperature

TC.  Correction shape functions for triangular elements
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TH.  Linear shape functions for triangular elements

TQ, Quadratic shape functions for triangular elements
. Saturation temperature of coolant

Wall temperature

t Time

At Time step

U,,U Displacements
du,,dU Increments in displacements in a time step

oU;,dU Virtual displacements

AY Volume

The j" component of the displacement at node n

X,x  Material (spatial) Cartesian coordinate
X Cartesian material coordinates

X, Cartesian spatial coordinates

Y,y  Material (spatial) Cartesian coordinate

Z,z  Material (spatial) axisymmetric axial coordinate

o Vapor volume fraction

B Strain-displacement matrix

r Boundary of Q

I, Portion of boundary where Q is specified
| Portion of boundary where T is specified

) Identify tensor in vector from &' = [1,1,1,0]

O Identify tensor

€, €  Strain rate

¢ Strains
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o¢

ij*

0,0

n

1)
Ky

L

&n

e ORI &

@

Xii

o¢ Virtual strains

Nodal point temperature vector

Viscosity

Viscosity of liquid phase

Poisson’s ration

Parametric coordinates for quadrilaterals
Material density

Density of saturated liquid

Cauchy stress

Jaumann stress rate

Deviatoric stresses

Vector of shape functions

n" finite element shape function
Quality
2D region

Spin tensor — antisymmetric part of the velocity gradient

2D finite element region or area
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INTRODUCTION

1.1 Background

Utilities need a reliable and easy-to-use computer program to support their fuel performance and
cycle-reload design activities. These activities range from complete licensing analyses carried
out in-house to independently verify vendor-supplied design and analysis services. While some
utilities continue to rely on fuel vendors to provide these services, many prefer to have the
capabilities to perform such analyses in-house, and some utilities are already performing these
analyses. This may become a matter of necessity because vendors’ R&D resources are
diminishing, therefore, utilities must inevitably seek alternative analytical support as they
continue to strive for higher fuel burnup. Under these circumstances, it is imperative that EPRI
provide a fuel performance computer program that is validated for burnup levels of current and
future designs.

Historically, EPRI has supported two fuel performance codes, ESCORE and FREY [1, 2].
ESCORE is a finite difference quasi-steady state core reload evaluator which has been licensed
by the NRC for batch average burnups to 50 GWd/MTU (lead rod ~60 GWd/MTU). ESCORE
is used to support fuel licensing and design basis evaluations. FREY is a finite element transient
thermomechanical fuel analysis program that is used to evaluate fuel rod response under
operational transients, Safety Analysis Report (SAR) Chapter 15 design basis events, and other
operational conditions that might lead to fuel rod failures. Both ESCORE and FREY meet
10CFR50 Appendix B Quality Assurance (QA) requirements. ESCORE was reviewed and
approved by the NRC and has been used by many utilities. FREY has not been submitted to
NRC for review, but it was qualified in a design review under a 10CFR50-compliant QA
program.

The large economic benefits associated with increased fuel utilization have led to many fuel
design changes in recent years. However, no comparable improvements in fuel analysis
capabilities have been introduced in ESCORE and FREY in the last decade. The fuel design
changes include new cladding alloys and heat treatments to reduce cladding corrosion and
hydriding and fuel pellet changes to accommodate the enhancement of fission gas release at high
burnup. Also, important additions to experimental databases for LWR fuel have been made
since ESCORE and FREY were released. Particularly important are new experimental
observations at fuel peak nodal burnups above 40 GWd/MTU. More fission gas release data
became available at these high burnups, and a new phenomenon called the high burnup structure
in the pellet periphery was observed in post-irradiation examinations of the fuel pellet
microstructure [3]. These effects and the effects of hydrogen uptake from outer surface
corrosion on clad mechanical properties came into focus in the recent Reactivity Initiated
Accident (RIA) issues which raised NRC concerns about high burnup operation [4]. The ability
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of the industry to address these concerns depends on the capabilities, veracity and robustness of
the fuel analysis codes and the ability these codes to calculate accurately the behavior of high
burnup fuel under a variety of normal and off-normal operating conditions.

As operational requirements on fuel performance increase so will the need for more detailed fuel
behavioral analysis. The traditional separation of fuel analysis methodologies between steady
state and transient places significant constraints on the ability to address important fuel
behavioral problems which typically fall into both regimes. Thus, to bring fuel analysis
capabilities up to the level required to treat extended fuel utilization and higher duty, to update
material property databases, and to prepare for high burnup licensing issues which will inevitably
be raised by the NRC, EPRI has undertaken the development of the FALCON computer program
as an enhanced and integrated derivative of ESCORE and FREY.

The NRC's audit codes that are equivalent to ESCORE and FREY are FRAPCON and
FRAPTRAN, respectively [5, 6]. In addition, NRC has initiated new material behavioral
programs on high burnup fuel to support future actions on licensing reviews [7]. In undertaking
these activities, the NRC has realized that enhanced fuel analysis capabilities are needed to cope
with increased demands on fuel performance in the upper range of currently licensed burnup
levels as well as in anticipation of industry applications for burnup extensions.

1.2 General Description of FALCON

The development of FALCON is aimed at producing a state-of-the-art fuel behavior program for
licensing and best estimate analyses of LWR fuel rods. Adhering to this objective, the present
version of FALCON, MODO1, incorporates advanced thermomechanical capabilities in a both a
one-dimensional (1D) and a fully two-dimensional (2D) continuum framework. The 1D
capabilities of FALCON were constructed to represent the approach used in the empirically-
based ESCORE [1] program. The 1D axial slice model representation was merged with the
mechanics-based 2D FREY-01 program [2] to produce a new code FALCON. FALCON has
been developed as a general purpose fuel rod evaluation system applicable to the analysis of
normal operation, off-normal events and accident conditions. The program's transient analysis
capabilities are consistent with the requirements outlined in EPRI Report NP-1022 [8]. With
both best estimate and licensing analysis capabilities present, FALCON provides the user with
the versatility and convenience of dealing with a single program for multiple applications, thus
maintaining consistency between the various types of analysis.

FALCON is a computer program that models best estimate LWR fuel rod thermomechanical
performance under steady state and transient conditions. FALCON is an enhancement beyond
the combined capabilities of ESCORE and FREY. The integrated software is a general purpose
fuel response analysis system that couples the two uncoupled fuel analysis methodologies,
namely, steady state fuel performance analysis (ESCORE 1D methodology) and transient fuel
rod response analysis (FREY 2D methodology). Note that ESCORE treats steady state fuel rod
analysis using an axial series of uncoupled 1D slices. FREY treats transient analysis fuel rod
analysis using fully coupled 2D finite element models. FALCON now provides the user a choice
of steady state modeling using either the ESCORE 1D or FREY 2D analysis approaches to
evaluate fuel rod behavior.
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FALCON is based on the finite element computational method and utilizes a single compatible
grid for both the thermal solution and the deformation solution. The fuel rod geometric
representation can be either axisymmetric (R-Z) or plane (R-0) slice models. Axisymmetric
representations can be modeled as a series of 1D slice models without shear stresses or as full 2D
axisymmetric continuum models. Plane representations must be 2D continuum models.
FALCON's 2D finite element library consists of 4, 8 and 9-node quadrilateral elements which are
used to model the fuel and clad. Fuel-clad gap and pellet-pellet contact are modeled by 2-node
elements which simulate gap thermal conductance, friction-slip and contact-release properties.
The plenum is modeled by 2-node elements with the thermal and mechanical properties
representing the plenum spring and the gas mixture. Dished and hollow pellets are considered.
The rod-to-coolant heat transfer may be modeled using a closed channel thermal hydraulics
enthalpy rise model with heat transfer coefficients and critical heat flux correlations similar to
those used in the EPRI RETRAN and VIPRE thermal-hydraulic programs [9, 10]. The coolant
flow model is also complemented by an option to input time and space-dependent heat transfer
coefficients or specified cladding surface temperature time histories, thus extending the
program's utility to a wide range of operating conditions and heat transfer regimes other than
those represented by the thermal-hydraulic model.

The temperature and deformation solutions are consistent in the time-stepping and iteration
procedures. In each time step, the heat transfer and the deformation solutions are carried out in
sequence with provisions for performing multiple iterations within each solution. Furthermore, a
thermal-mechanical iteration procedure is performed to insure overall convergence between the
temperature and deformation solutions. The material property models used in FALCON were
obtained from a variety of sources including the Materials Property (MATPRO) package
developed by the US NRC [11], models published in the open literature or developed through
industry research activities such as the Nuclear Fuel Industry Research (NFIR) program and
ESCORE [1]. Table 1-1 contains a list of thermal and mechanical material properties used in
FALCON to model the normal and transient behavior LWR UO, — Zircaloy clad fuel rods. In
addition, limited mixed uranium-plutonium (MOX) material properties are also included in
FALCON from the MATPRO package. As shown in Table 1-1, the properties models in
FALCON can be divided into three categories, thermal properties, mechanical properties, and
behavioral models. An important and unique capability of FALCON is the robust constitutive
relations used to calculate the mechanical state of the pellet and cladding. These relations
include elastic and inelastic behavior of the pellet and cladding, strain-rate dependent plasticity
of the cladding, and pellet cracking, relocation, hot-pressing, densification and swelling. The
advanced finite element formulation used in FALCON allows for the integration of the different
thermal, mechanical, and behavioral effects together to provide an advanced analysis capability
for fuel rod behavior under all types of conditions.
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Table 1-1

Thermal and Mechanical Properties and Behavioral Models Included in FALCON

Material Thermal Properties Mechanical Properties Behavioral Models
Fuel Specific Heat Capacity Thermal Expansion Steady State Fission Gas Release
Thermal Conductivity Young’s and Shear Modulus Transient Fission Gas Release
Emissivity Compressive Yield Stress Radial Power Distribution
Melting Temperature Fracture Strength High Burnup Structure
Thermal/Irradiation Creep
Densification
Swelling
Relocation
Cladding | Specific Heat Capacity Thermal Expansion Low Temperature Oxidation (Water)
Zircaloy Thermal Conductivity Young's Modulus for Isotropic Cladding High Temperature Oxidation (Steam)
ZrO, Thermal Conductivity Shear Modulus for Isotropic Cladding Phase Transformation
Zirconium Dioxide Emissivity Yield Stress Stress Corrosion Cracking
Melting Temperature Plastic Strain Hardening High Temperature Rupture
Annealing of Cold Work/Irradiation Damage
Meyer Hardness
Thermal/Irradiation Creep
Irradiation Growth
Gap Gas Thermal Conductivity Friction Coefficient Open and Solid Gap Conductivity

Gas Viscosity
Temperature Jump Distance
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The governing equations for the heat transfer part of the problem are formulated, using the
Galerkin error minimization method and the Crank-Nicholson central differencing technique, as
a system of equations relating the heat flow vector to the nodal temperatures of the current and
previous time step. The deformation part of the problem, on the other hand, is formulated using
the virtual work variational principle and a forward differencing algorithm with a Newton
iteration technique. The resulting system of equations relates the nodal forces to the nodal
displacements increments at each time step. Principles of continuum thermomechanics are
rigorously applied in both formulations, thus maintaining theoretically consistent and continuous
behavior for the fuel rod as it undergoes various thermal and deformation regimes from the low
temperature, small deformation response, to the high temperature, large deformation response.

Using time-dependent input and previous step information (or initial conditions information for
the first time step), the thermal solution is performed first, and the nodal temperatures are
calculated using a frontal solver. The incremental displacements are obtained next, using as
input the nodal temperatures, the internal and external pressure distributions and the boundary
constraints. As in the case of the thermal problem, the same frontal solver is used in the
deformation solution except for the modification from a scalar to a vector field. The element
strains and stresses are calculated at the integration points of the fuel, clad and gap elements.

Some convergence checks are performed for the thermal and deformation solutions
independently. Presently the user specifies the number of thermal, mechanical, and combined
thermomechanical iterations. In the near future fully automated convergence will be
implemented. Updated feedback variables, such as gap size distribution, fuel-clad contact
conditions, gas pressure, etc., are accounted for in the iteration solution. Some automatic time-
stepping procedure is provided, which is governed by thermal and mechanical stability criteria.

1.3 Program Capabilities

The general capabilities and applications that FALCON supports include:

e Steady state and transient analyses in support of fuel licensing requirements in conformance
with Chapter 4 of the Standard Review Plan (SRP) NUREG-0800 [8].

e Accident analyses conforming to Chapter 15 of the SRP; may require coupling with thermal-
hydraulic system analysis codes for some of the cases specified in Chapter 15

e Fuel design evaluations
e Technical specifications and setpoint applications
e Comparisons to measured data from fuel rod experiments

e Establish initial fuel rod conditions (stored energy, internal rod pressure, etc.) for input into
other accident analysis codes
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The integrated software merges the relevant modules from ESCORE and FREY, Figures 1-1 and
1-2, respectively, into the new architecture shown in Figure 1-3. The main modules of FALCON
include:

e Pre-Processor Module
— Read/Write/Plot Input Data
— Consistency Checks of Input Data and Diagnostic Messages
— Finite Element Grid Generation
e Analysis Module
— Material Properties and Behavioral Models Subprogram
— Radial Power and Burnup Distribution
— TUBRNP
- PFCC
— Behavioral Correlations
e Thermal Analysis Module
— Thermal Hydraulic Calculations
— Temperature Calculations
e Deformation Analysis Module
— Displacement Calculations
— Stress and Strain Calculations
e Post-Processor Module
— Time History Plots of Input and Output Variables
— Profile and Contour Plots
— Printed Output Lists
— Spreadsheet Formatted Text Files
— ASCII Files for External Plotting Devices
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Other important capabilities of FALCON include:

FALCON is finite element based. The computational structure of the program consists of
two compatible grids as shown in Figure 1-4: a full 2D finite element grid, Mode-1; and an
axially stacked (1D) radial finite element grid, Mode-2. Both element types have quadratic
interpolation functions for temperature and displacements to ensure a consistent
discretization accuracy that is equivalent to a five-point finite difference scheme. Each grid
contains two sets of points: a "nodal point" set at which the global response variables,
temperatures and displacements, are computed; and an internal "integration (Gauss) points"
set at which material properties are specified and state variables (stresses, strains, etc.) are
computed. The two grids use the same nodal points, but numerical compatibility requires
that nine (3x3) Gauss points be used for the 2D grid and three (3) Gauss points be used for
the 1D grid for each element. The radial position of the Gauss points and the number and
type of state variables per Gauss point will be identical for the two grids.

The R-0 (plane) analysis capability in FREY for Pellet/Clad Interaction (PCI) and Stress
Corrosion Cracking (SCC) analysis is retained. This capability can be used as a stand-alone
or an adjunct to either the 2D or the 1D R-Z (axisymmetric) grids to provide stress/strain
concentration factors to account for the local mechanical PCI at pellet cracks. The R-6/R-Z
coupling can be invoked at any time step in the steady state or the transient analysis,
particularly during power ramps.

The 1D/2D grid and time stepping capabilities described above are constructed to make the
transitioning back and forth between steady state and transient analysis automatic and
transparent to the user.

The solution algorithm is similar for the 1D & 2D grids. Both grids have the same
formulation for transient heat conduction and the mechanical solution. The choice of steady
state versus transient is determined from the input by a default, but a user override is
available.

The FALCON heat transfer correlations for water and the water property models are the
same as VIPRE.

The cladding corrosion program, PFCC, was adapted and incorporated into FALCON.
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FALCON Steady State and Transient Numerical Models
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Although FALCON has been specifically developed for the analysis of LWR fuel rods in
service, it can be used to solve many problems associated with reactor fuel, such as internally
heated rods, BWR channels, and spent fuel. By deactivating the non-applicable input require-
ments, the knowledgeable user should be able to readily adapt the use of the program to other
applications.

FALCON contains appropriate models for the steady state analyses required to define transient
initial conditions or in fuel diagnostic evaluations. These models include fission gas release,
burnup, fuel cracking and relocation, local gap thickness and conductance, clad and fuel
viscoplasticity, fuel hot-pressing, swelling and densification, and pellet-clad interaction (PCI).
Because of FALCON's finite element structure, these calculations can be carried out for coupled
1D and 2D full-length rods, short segments, or slices. The geometric models in these analyses
consist of R-Z or R-0 grids, as appropriate, the latter being more suited for PCI analysis.
FALCON's PCI analysis capabilities are unique in that it permits the detailed simulation in the
R-0 plane of discrete pellet cracks and pellet-clad interfacial forces. The following is a list of
parameters, computed by FALCON, which are generally needed for licensing and fuel
performance evaluation[11]:

e Fuel Stored Energy

e Fuel Centerline Temperature

e Fuel Temperature Distribution

e Thermal Margins

e C(lad Inner and Outer Surface Temperatures

e Gap Thickness and Conductance Distributions

e Void Volume

e Fission Gas Release Fraction and Composition

e Rod Internal Pressure

e PCI Damage Index

e Outer Surface Oxide Thickness

e C(Clad Stress Distribution

e (Clad Strain Distribution

e Fuel Column and Cladding Axial Growth

Operational transients, which are characterized by small changes in plant variables, and non-
LOCA accidents, which include infrequent and limiting fault events, constitute the primary
analysis targets for FALCON and thus are well within the range of validity of the material and
physical models employed in FALCON. The licensing limits for operational transients are the
SAFDLs (Specified Acceptable Fuel Design Limits), which are calculated and output by

FALCON. The licensing limits for non-LOCA accidents are peak radially average fuel enthalpy,
peak clad temperature, and cladding oxidation. Fuel enthalpy and peak clad temperature are
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inherent to the analysis and are printed in the output. Two cladding oxidation models are
available to predict high temperature cladding oxidation. The thermal hydraulics model in
FALCON allows the code to stand alone without the need for interfacing with system or
transient thermal hydraulics programs for problems where closed-channel thermal hydraulics
calculations are valid.

The following is a list of parameters calculated by FALCON which are currently needed to
evaluate the fuel licensing limits.

e Thermal:

— Heat Flux

— Critical Heat Flux Ratio

— Fuel Enthalpy

— Fuel Centerline Temperature

— Cladding Temperatures
e Mechanical:

— Fission Gas Release

— Internal Rod Pressure

— Fuel-Cladding Contact Pressure

— Cladding Stress

— Cladding Strain
e Chemical:

— Cladding Oxidation

— Cladding Wall Thinning
Transients involving a large-break LOCA are the most limiting applications of FALCON. The
program's capabilities in this area are limited to the heatup portion of the LOCA. However,
FALCON contains extensive interface capabilities through user input of power, heat transfer
coefficients, and bulk temperatures as function of time and axial position, which permits the
analysis of a wide range of such transients. A large number of axial nodes can be used,
permitting accurate treatment of the strong axial coupling associated with the reflood-quench

portion of the LOCA. Also, the R-0 modeling capability of FALCON makes it possible to
analyze the effects of azimuthal variations in temperatures on clad ballooning and rupture.

1.4 Purpose

The purpose of this document is to present the theoretical and numerical foundations of
FALCON. The mathematical formulation of the governing equations and the physical and
material models employed are described in detail. Section 2 gives an introductory description of
the finite element method as it pertains to the code. This section should be of special value to
readers who are not familiar with finite element analysis. The heat transfer and deformation
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problems are described in detail in Sections 3 and 4. The material and physical models are given
in Section 5. The numerical solution procedure is described in Section 6. In order to avoid the
cluttering of the main text, derivational details are given in the Appendices.
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SPATIAL FINITE ELEMENT MODEL

2.1 Background

The finite element method has been used for over four decades to solve 2D and 3D initial-
boundary value problems in solid mechanics, fluid mechanics and heat transfer. The basic
concepts of the finite element method are well documented in many excellent references [1, 2,
3]. The spatial approximations and basic finite element methodology utilized in this report are
briefly reviewed in this section and in Appendix A. The reader is assumed to be generally
familiar with the finite element method as described in the above cited references.

FALCON solves coupled 1D and 2D plane (R-0) and axisymmetric (R-Z) fuel rod problems,
namely the steady state and/or transient heat transfer problems described in Section 3, and the
deformation problems described in Section 4. This section describes the basic finite element
spatial models used to solve the transient heat transfer and deformation equations. This
description is given in general terms in order to lay a foundation for the more detailed derivations
given in Sections 3 and 4. Thus, the purpose of this section is to provide a broad overview of the
finite element methodology used in FALCON. More detailed derivations are given later.

2.2 Element Shape Functions

There are three types of elements available in FALCON: 1D quadratic continuum, 2D bi-linear
and bi-quadratic quadrilateral continuum, 2D bi-linear and bi-quadratic triangular continuum,
and 1D gap/contact elements. The spatial approximations over the element are expressed as
linear combinations of shape functions, which are given below for the three dependent field
variables: temperature T(x,t), horizontal displacement U (x,t), and vertical displacement U (x,,t),

T(t)=3 #°(6)6°(0) =3 ¢ (el )" () (eq. 21

The geometric relationship between the global coordinates (x,) and local coordinates (&, 1) are
shown in Figure 2-1.

Uj(xi t)= E " (xi)v](t)= X 0" (b)) v](t): j=12 (eq. 2-2)

2-1



EPRI Licensed Material

Spatial Finite Element Model
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Figure 2-1

Natural Coordinates for 9-Node Quadrilateral Elements

A sample of the shape functions, ¢"(§,n), is given below for the elements shown in Figure 2-2
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Spatial Finite Element Model

As can be observed from these equations, the field variable in the 9-node element is
approximated in the continuum element as a quadratic function, thus providing second order
accuracy. The remaining finite element spatial equations are given in Appendix A.
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HEAT TRANSFER

The fuel rod with its geometric regions, i.e., fuel, gap and clad, is treated as a continuum that is
numerically represented in finite element form. The temperatures are calculated at the nodal
points from conditions specified for the elements and their boundaries. The sizes, shapes and
types of the elements are selected to suit the accuracy requirements and the physical and material
characteristics of each region. For example, the fuel and the clad are represented by 9-node
elements in which the spatial variation of temperature is a quadratic function. On the other hand,
the gap is represented by 2-node elements with linear temperature variation since the heat
transfer in this region is governed primarily by a single quantity, namely, the gap conductance.
The material properties, namely, fuel and clad conductivities, specific heat and density are, in
general, temperature and burnup dependent. A description of the properties models used in
FALCON is contained in Section 5. The pellet-cladding gap conductance is calculated using the
modified Ross and Stoute model for open gap conditions and the Mikic-Todreas model for solid-
solid contact conductance. The fuel rod surface heat transfer is characterized by two time-
dependent quantities: the coolant temperature and the heat transfer coefficient. The latter can be
either user-specified or alternatively calculated using a closed-channel thermal hydraulics model.
Heat generation in the fuel rod includes fission power, decay of fission products, gamma heating,
and heat of oxidation.

The governing equations of the overall system are formulated in terms of the nodal temperatures
as the primary unknowns. This system is piece-wise linear in time and is solved implicitly with
provisions for iteration within each step and/or sub-division of the time steps into smaller
substeps. Description of the various thermal models is given in this chapter.

3.1 Heat Conduction

The development of the finite element equations for transient heat conduction problems is well
documented [1, 2] and will only be briefly reviewed here. The present formulation is restricted
to two-dimensional geometries either plane (R-0) or axisymmetric (R-Z). To simplify the
derivation of the equations in the following sections, only the 2D plane problem will be treated
in detail. Derivation of the axisymmetric equations follow in a straightforward manner.

3.1.1 Basic Equations

The appropriate mathematical description of the heat conduction process in a material region
is given by
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oT 0 oT
Ch— - —|Kjij—|-Q=0 .3-1
PYp ot ox; { ij 8Xj} Q (eq. 3-1)

where p is the material density, C the heat capacity, k, the conductivity tensor, Q the volumetric
heat source, t the time, x, the spatial coordinates, and T the temperature. For the present work,
each material is assumed to be homogeneous and either isotropic (k, = Kd,) or orthotropic, where
k, is a diagonal tensor written in terms of the principal material directions. The material
properties are functions of temperature; the heat source Q depends on both time and space.

The boundary of the region Q is defined by I' =", + I' , where ", and I, are parts of the

boundary for which the temperature and heat flux are specified. The relevant boundary
conditions for eq. 3-1 may then be expressed by

T=Tp on Iy (eq. 3-2)
and
oT
qinj + | Kjj——|nj + dc + qr =0 on Iy (eq. 3-3)
OX i
where T, is an applied boundary temperature, q, is the applied heat flux vector, n, the unit

outward normal to the boundary I" , g, the heat flux due to convection, and g, the heat flux due to
radiation. Typically, the convective and radiative heat fluxes are given by

Jc = he(T-Te) (eq. 3-4)

dr = hy(T-Ty) (eq. 3-5)

where h_and h_are convective and radiative heat transfer coefficients, and T, and T, are the
coolant temperature or inner surface cladding temperature depending on the location. The
radiation coefficient is given by

h, = ac(T2+Tr2)(T+Tr) (eq. 3-6)

in which ¢ is the emissivity, o is the Stefan-Boltzmann constant, and T and T, are the absolute
temperature at a given point and the absolute environment temperature, respectively. Note that
the boundary conditions given in equations 3-2 and 3-3 are functions of time.

Equations 3-1 through 3-6 provide a complete description of the boundary value problem for the

temperature, T. When considering the transient heat conduction problem, a suitable set of initial
conditions describing the initial spatial distribution of T is also required.
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3.1.2 Finite Element Equations

The spatial discretization of the above boundary value problem by use of finite elements may be
approached by either of two methods. Historically, the first and most popular approach consists
of rewriting the boundary value problem in a variational form [2] for use with the finite element
approximation. An equivalent method uses the Galerkin form of the method of weighted
residuals [3] to create an integral form of the basic conservation law. This latter method is
employed here.

Let the region of interest, €2, be divided into a number of finite elements as shown in Figure 3-1.
In the context of FALCON, the region Q refers to fuel, clad, gap or plenum. Each of these
regions is represented by finite element types of appropriate shape and nodalization. Within
each element, a set of nodal points are established at which the dependent variable (i.e., T) is
evaluated. For purposes of developing the equations for these nodal point unknowns, an
individual element may be separated from the assembled system.

FINITE ELEMENTS

REGION Q

BOUNDARY I

NODAL POINTS

> X

Figure 3-1
Finite Element Idealization of a Region
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Within each finite element the temperature field is approximated by
A
T(xit) = X ¢"(xi)0n(t) = X on(&xi)nlxi))0n(t) (eq. 3-7)
in which the shape functions ¢ (&,1) are quadratic in the parametric coordinates, & and 1, as

given earlier in Section 2.

In matrix notation, eq. 3-7 becomes
~T
T(xi,t)=¢ (xi)o(t) (eq. 3-8)

Ineq. 3-7, ¢, is an N dimensional vector of interpolation (shape) function, 0, is a vector of nodal
point temperature unknowns, superscript T denotes a vector transpose, and N is the number of
nodal points in an element. Substitution of eq. 3-7 into the partial differential eq. 3-1 and
boundary conditions eq. 3-3 yields a set of residual equations, due to the approximate nature of
eq. 3-7. The Galerkin method guarantees the orthogonality of the residual vectors to the space
spanned by the interpolation functions. This orthogonality is expressed by the inner product,

(9.R) = g, $RAQ = 0 (eq. 3-9)

where R is the residual for the differential equation, and €, is the region enclosed by the element.

Carrying out the above operations explicitly for equations 3-1, 3-3 and 3-8 yields

[ ¢ C¢T89 0 k%Te Qldo
Q. 21PHP2 By oxj| " oxj~
(eq. 3-10)
o9
+ I, 970ini + | Kij 5~ nj +dc +4qrpdl =0
Equation 3-10 may be rewritten using Green's theorem to give the equation:
o pC poT 2 do [ SEaN il 0dQ
QP p e ST F o, 5o i 5t
e ot e 0Xj OXj (eq. 3-11)

= [0, $Qd2 - [ ¢ {aini + dc + drjdr
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3-11 may be evaluated. Such an evaluation leads to a matrix equation for each element of the
following form,

Once the form of the interpolation functions, ¢, is specified for an element, the integrals in eq.

MO+ KO =Fq +F (eq. 3-12)
where
M=, pCpdd'dQ
V=l P p 20
20 09"
K=[, — kjj — dQ

F=p, ¢{an+dc+qyjdr

The previous discussion was directed toward the derivation of the equations for a single element.
The finite element model for the entire region Q2 is obtained through assembly of the element
matrices by imposing appropriate inter-element continuity requirements on the dependent
variable. Such an assembly yields a matrix equation of the form given in eq. 3-12.

3.1.3 Boundary Conditions

As noted previously, boundary conditions for heat conduction problems may be of several types.
The discrete form of a specified temperature condition is straightforward. For a temperature
specified at a nodal point, the equation for that nodal point is replaced by a constraint condition
enforcing the boundary value. This type of boundary condition, however, is not usually utilized
in fuel rod analysis. More appropriate for the present development is the specification of
boundary conditions in terms of various heat fluxes. In eq. 3-11, the boundary fluxes to an
element appear in the vector F as an integral taken along the element boundary (only element

boundaries coinciding with I" need be considered as contributions from interior boundaries are
cancelled by adjoining elements). In order to understand the procedure for computation of these
boundary integrals reference must be made to Figure 3-2 which shows a typical finite element
boundary. Considering first the case of an applied normal heat flux to the element, the

contribution to F is expressed by:
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Fn :—f ddn dr (eq. 3-13)
Te *
where ¢ is restricted to the boundary. If the coordinate along the boundary is s, then

1/2
2
8x2

08

2
X,

0Ss

dT = ds = Ads

and eq. 3-13 becomes

(eq. 3-14)

> Xq

Figure 3-2
Finite Element Idealization of a Boundary

Once the distribution of q, along the boundary and the shape of the element boundary x(s) are
known the computation in eq. 3-14 is straightforward.

The contribution to F due to convection is

Fn = _jre ¢Gcdr = Ire (|~)hC(T—TC)dF (eq. 3-15)

3-6



EPRI Licensed Material

Heat Transfer

where the definition in eq. 3-4 was employed. The temperature along the element boundary is
given by

Tis)=¢" o

where again ¢ is a boundary or edge function. Using the previous relation for dI', eq. 3-15
becomes

Fo= (g Ads@ - ['n gT.ads
. - < a I

1
or

Ec=_§6+EhC (eq. 3-16)
where
1 T
- A
C--lrggp Ads
1

Note, in eq. 3-16, the term CO contains unknown nodal point temperatures and will thus be

moved to the left hand side of the matrix equation in eq. 3-12.

A computation similar to the one above may be carried out for the radiative flux boundary
condition to yield

(eq. 3-17)

1M
-~
1
|
w0
| Ras
_|_
1M
0
=

where

1
R=-J el ads
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Again, the R 9 term will be moved to the left-hand side of eq. 3-12, while Fp is retained on the
right-hand side. In eq. 3-17, both B and Fpy are functions of 0 since the radiative heat transfer
coefficient, h, (eq. 3-6), is a function of temperature.

To summarize the modifications to the basic matrix equation (eq. 3-11) due to the application of

flux type boundary conditions, equations 3-14, 3-16 and 3-17, may be substituted into eq. 3-12 to
yield,

<

0+KO0=Fqg+Fn—CO+Fp—RO+Fp (eq. 3-18)

Rearranging eq. 3-18 allows the final form of the discrete equation to be written as:

M6+ K"0 = F* (eq. 3-19)

with
K*'=K+C+R (eq. 3-20)
F'=FQ+Fn +Fnc + Fpr (eq. 3-21))

In the present context, M , K*and F* are all functions of 6; K*and F”are time dependent.

~ ~ ~
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3.2 Power Generation

FALCON considers heat generation in the pellet, cladding, and coolant when calculating the fuel
rod temperature distribution. The sources of heat generation included in FALCON are fission
heat in the pellet, gamma heating in the cladding and coolant, decay heat, and heat of oxidation
of the cladding. Each of these will be described in the following subsections.

3.2.1 Fission Heat Generation

The volumetric heat generation rate is calculated at several spatial positions (integration points)
in the fuel, cladding, and coolant elements from the rod average linear power, axial power profile
and radial power distribution. From conservation of heat in steady state operation, the
volumetric heat generation rate in the pellet from the fission process is given by;

Qi) = - E(z:)(l_az) (e t) 9z.t) (1= o) (3-22)

Qf (t):  Volumetric heat generation rate from fission heating in pellet (W/m")

P(t): Rod average linear power (W/m)
a. D,/D,
D : Pellet inner diameter (# O for hollow pellets) (m)
D : Pellet diameter (m)

f(a,t):  Dimensionless normalized radial power distribution

o: Dimensionless radial position = 2r/D, where 1 is the radial coordinate of the integration
point p

g(z,t): Dimensionless axial power profile as function of the axial position z and time t (input)

h,.... Fraction of fuel rod power deposited into the cladding and coolant (F,,+F_ . )

The axial power profile is time-dependent and is treated by FALCON as user input. Three
options exist for the determination of the radial power profile: defined by user input, calculated
internally using the RADAR-G model [4], or the TUBRNP model [5]. Both of the radial power
profile models are described in Appendix E.

A certain fraction of the energy produced by fissions is not deposited in the fuel, but passes into
the cladding and the coolant. This energy is normally carried away by the gamma radiation
produced during the fission process. As a result, a heat generation term is required for both the
cladding and the coolant. This fraction is normally expressed in terms of a percentage of the
total fuel rod power. The parameter for the cladding and coolant are treated as user input. The
radially uniform volumetric heat generation rate for the cladding is given by
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- gamm P(t)
() = z,t) F .3-22
clad ( ) 0257_C(Dzo _ Dz, g( ) clad (eq a)

where

QIMM (t):  Volumetric heat generation rate from gamma heating in the cladding (W/m’)
D_: Outer cladding diameter
D,: Inner cladding diameter
F

.. Fraction of fuel rod power deposited in the cladding

The volumetric heat generation rate for the coolant is given by

) ="V ole) v

coolant coolant

(eq. 3-22b)

a

where

Q¥ (t):  Volumetric heat generation rate from gamma heating in the coolant (W/m’)

F: Coolant channel flow area; F, depends on the channel geometry

F Fraction of fuel rod power deposited in the coolant

coolant*

3.2.2 Decay Heat

The heat generation due to the radioactive decay of fission products is calculated using the
methods described in the 1979 ANS-5.1 Standard [6]. The fission-product decay heat is
determined for the thermal fission of **U and **Pu and fast fission of **U as a function of time
following shutdown and prior reactor operating conditions. The methods do not consider the
decay heat power from other actinide or activation products. In addition, neutron capture by the
fission products is not included in the methods. Two types of prior reactor operating periods are
considered in the model: (a) constant power, infinite operation (T > 10" seconds) to establish
equilibrium conditions; and (b) variable power, non-equilibrium operation. The total decay heat
power is composed of the fission product decay from the three most common fissionable
nuclides in an LWR environment. The total decay heat power is given by

3
Py(t,T) = 3 Pg;(t,T) (eq. 3-23a)
i=1

where P, is the contribution from **U, *’Pu and **U, t is the time after shutdown, and T is the

prior operating time. The fission product decay heat for each individual nuclide is determined
for an infinitely long production time (T > 10" seconds) at a constant rate by
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23 i s

Filto) = 3 0 ghiit (eq. 3-23b)
j=1 i

where F(t,00) is the fission product decay heat for nuclide i, and o, and Xij are a fitting coefficient

and the decay constant respectively for the j" group of fission products for nuclide i. Using the

total recoverable energy per fission for nuclide 1, Q,, and the power produced by nuclide i1 during

the production time, y,, the contribution to the total decay heat P (t, c0) is

Pgi(t, ) = % Fi(t, ) (eq. 3-23¢)
|

The decay power resulting from eq. 3-23c is for a constant production rate (power) over an
infinitely long operating time (i.e., equilibrium conditions). The decay heat power for equili-
brium conditions requires a single value for constant power and the fraction of that power
produced from fissioning of nuclide i.

Normal operating conditions do not satisfy the equilibrium operation criterion (T > 10");
therefore, a non-equilibrium approach must be used to properly calculate the decay heat. For a
power history which can be represented by a series of constant power intervals, the decay heat
contribution from nuclide i is given by

N Yig Flta.T,
Pai(tT) = 3 Lettere) '(_ o) (eq. 3-23d)
a=1 Qi

where N is the number of time intervals with constant power, ¥, is the power produced by
nuclide i during interval o, and

Fi(to Ta) = Filto, ) — Filt +Tg. ) (eq. 3-23¢)
where
N-1
ty =t+ 2 Ty (eq. 3-23f)
a=1
and
N
T=t+ X Ty (eq. 3-23g)
a=1

An example of a power history representation appropriate for use with eq. 3-23d through
eq. 3-23g is shown in Figure 3-3. The procedure described above results in the application of the
1979 ANS-5.1 method for decay heat to non-equilibrium reactor operation. The fitting
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coefficients and decay constants for each fissionable nuclide is presented in Tables 3-1 through
3-3. The spatial variation of the power throughout the fuel rod is accomplished by assuming that
the axial power shape for decay heat production follows the axial power shape prior to reactor
shutdown. The radial power profile is assumed to be uniform. This approach provides an
approximate power spatial variation within the fuel rod for use in FALCON.

Table 3-1
Parameters for **U Thermal Fissions

a A a A

6.5057 x 10" 2.2138 x 10" 2.5232 x 10° 1.0010x 10°
5.1264 x 10" 5.1587 x 10" 4.9948 x 107 2.5438 x 10°
2.4384 x 10" 1.9594 x 10" 1.8531 x 107 6.6361 x 107
1.3850 x 10" 1.0314 x 10" 2.6608 x 10°® 1.2290 x 107
5.5440 x 10? 3.3656 x 10° 2.2398 x 10° 2.7213x10°®
2.2225 x 10 1.1681 x 10® 8.1641 x 10™ 4.3714 x 10°
3.3088 x 10° 3.5870 x 10° 8.7797 x 10™ 7.5780 x 10
9.3015x 10" 1.3930x 10° 25131 x10™ 2.4786 x 10
8.0943 x 10* 6.2630 x 10 3.2176 x 107 2.2384 x10™
1.9567 x 10™* 1.8906 x 10™* 4.5038 x 107 2.4600 x 10™
3.2535x 10° 5.4988 x 10° 7.4791 x 10" 1.5699 x 10™
7.5595 x 10° 2.0958 x 10°

Table 3-2

Parameters for *’PU Thermal Fissions

o A o A

2.083x 10" 1.002 x 10 1.747 x 10° 8.319x 10°
3.853 x 10" 6.433 x 10" 5.481 x 107 2.358 x 10°
2.213x 10" 2.186 x 10" 1.671 x 107 6.450 x 107
9.460 x 10? 1.004 x 10" 2.112x10° 1.278 x 107
3.531 x 10? 3.728 x 10? 2.996 x 107 2.466 x 10°®
2.292 x 10? 1.435 x 10? 5.107 x 10" 9.378 x 10°
3.946 x 10° 4549 x 10° 5.730 x 10™ 7.450 x 10™°
1.317x 10° 1.328 x 10° 4138 x 10™ 2.426 x 10™°
7.052 x 10* 5.356 x 10™* 1.088 x 10™ 2210x 10™
1.432 x 10* 1.730x 10* 2.454 x 10" 2.640x 10™
1.765 x 10° 4.881 x10° 7.557 x 10" 1.380x 10™
7.347 x 10° 2.006 x 10°
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Table 3-3
Parameters for **U Fast Fissions
a A a A
1.2311 3.2881 1.0075 x 10° 7.0465 x 10°
1.1486 9.3805 x 10 4.9894 x 107 2.3190 x 10°
7.0701 x 10 3.7073x 10 1.6352 x 107 6.4480 x 107
2.5209 x 10" 1.1118 x 10" 2.3355x 10° 1.2649 x 107
7.1870 x 10* 3.6143 x 10 2.8094 x 10° 2.5548 x 10°®
2.8291 x 10? 1.3272 x 10? 3.6236 x 10™ 8.4782 x 10°
6.8382 x 10° 5.0133x 10° 6.4577 x 10™ 7.5130x 10™
1.2322x 10° 1.3655 x 10° 4.4963 x 10™ 2.4188x 10™
6.8409 x 10* 5.5158 x 10* 3.6654 x 107 2.2739x 10™
1.6975x 10* 1.7873x 10* 5.6293 x 10" 9.0536 x 10™
2.4182x 10° 4.9032 x 10° 7.1602 x 107" 5.6098 x 10™°
6.6356 x 10° 1.7058 x 10°
Defined on Decay 3 i isotopes
Heat Power _ 1 235y
History Interval POWER,; = 2 Pijer 2 239p,,
Set Cards i=1 3 238
power TIMEJ' j=14
A <«———  FALCON
Analysis
Pia B } /_ Computed in FALCON
B
Pis ‘ -
Pi2 ‘ ‘
S
decay
power
I:’i,3
> time
Ts in Ts T, T
TSTAR \_ TDECAY TEND
Computed in FALCON
Figure 3-3

Example of a Power History Representation Used in the Decay Heat Model
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3.2.3 Heat of Oxidation

The linear heat generation in the clad due to the conversion of zirconium to ZrQO, is calculated
using the results from the high temperature oxidatin model according to the following formula:

Qo(t) = — Dgg pz hy AZO/At (eq. 3-24)

where
QO (t): Linear heat generation rate from oxidation (W/m)

D,,; Original diameter of the rod (m)

RO

p,: Density of zirconium 6490 kg/m’
h: Heat of reaction per kg of Zr = 6.45 x 10° J/kg

At:  Duration of time step (s)

AZ, Change in oxide thickness in the time step At (m)

3.3 Fuel Rod Voids Heat Transfer

The voids in the fuel rod consist of the plenum, the pellet-cladding gap, and the pellet-pellet
interfaces which include pellet dishes and chamfers. These regions are treated as continua in a
similar manner to the treatment of the fuel and clad with the exception that two-node elements
are used in the voids in place of the eight-node elements for the fuel and the clad. The derivation
of relevant element matrices, namely, the conductivity matrices, follows directly from the
derivations presented earlier in this section, but making use of the special conductance
characteristics of the gap and gas mixture. Because of the small heat capacity of the gases
compared to the fuel and clad, the capacity matrices for the gap elements are null matrices.

3.3.1 Gap Conductance

As was mentioned earlier, the pellet-cladding gap is treated mathematically as a continuum,
which permits spatial variation of the gap conductance in both axisymmetric (r-z) or plane (r-0)
geometries. By the same consideration, pellet-cladding gap opening and closure is handled
automatically as time- and space-dependent phenomenon. The pellet-cladding gap conductance
is composed of two components: heat transfer across a gas gap and heat transfer through solid-
solid contact. The pellet-cladding gap conductance is applied locally, element by element and
the status (opened vs. closed) is treated separately at each location. The open gap conductance is
based on the Ross and Stoute [7] model, and the solid-solid contact conductance is based on the
Mikic-Todreas model [8] as modified by Lanning and Hann in BNWL-1894 [9]. The model
distinguishes between open and closed gap and is described below.
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3.3.1.1 Open Gap

In a locally open gap, heat is transferred across the gas gap by conduction through the gas and by
radiation. The heat transfer coefficient across the gas gap is determined by the equation:

Kg
h, (eq. 3-25)

hy = +
tg +drough +(9; +9,)

g9

h: Pellet-cladding gap conductance (W/m’-K)

K : Conductivity of the gas mixture (W/m-K)

t: Mechanical gap width calculated in deformation solution (m)
g,: Temperature jump distance at cladding inside surface (m)

g,: Temperature jump distance at fuel outside surface (m)

h: Radiant heat transfer conductance

d,.: Combination of fuel and cladding surface roughness (can be input by user to override
default combination). The default combination is as follows:

d_=32(R +R)

rough

R, = fuel surface roughness (m)

R, = cladding surface roughness (m)

The thermal conductivity of the gas mixture (K ) is calculated using the thermal conductivity of
each gas species present within the fuel rod void volume and a gas mixing approach developed
by Brokaw for monatomic gases [10]. The approach by Brokaw uses the molecular weight and
mole fraction of the individual gas species to calculate the thermal conductivity of a gas mixture.
A detailed description of the thermal conductivity model for gas mixtures is contained in the
MATPRO Version 11 Rev. 0 document [11]. In determining the gas mole fractions, FALCON
considers instantaneous gas communication within the different fuel rod void volumes and the
mole fractions of the various gas species is assumed uniform throughout the rod. A total of
seven different gases are included in the gap conductance model in FALCON, including the
monatomic gases, helium, argon, xenon, and krypton, as well as, nitrogen, hydrogen, and steam.
These gas species span the expected range of internal gases that may be present within a fuel rod
at manufacture and following operation.

The radiant heat transfer coefficient is computed using the following equation:
h = o FolT2+T2)(T +7) (eq. 3-26)

where

h: Radiant heat transfer conductance (W/m’-K)
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o: Stefan-Boltzmann constant (W/m>-K")

F: Emissivity factor (-)
T.: Temperature of outside surface of fuel (K)
T: Temperature of inside surface of cladding (K)

The emissivity factor is computed by the equation [12]:

-1
;
F = li ; —f[i - H (eq. 3-27)
ef  fclé&c
F: Emissivity factor

g: Emissivity of fuel surface determined from MATPRO-11 [11]
e: Emissivity of cladding inside surface determined from MATPRO-11 [11]
r;  Outside radius of fuel
r: Inside radius of fuel
The temperature jump distance term (g, + g,) is computed using an approach developed by
Kennard. The Kennard model was selected for use in FALCON based on a review of

temperature jump distance models published by Lanning and Hann [9]. The equation for
temperature jump distance used in FALCON is:

%
- i K as T as
9,+9, = 22878 278y | ey o - 1 (eq. 3-28)
Arnix P Z fi
i=1 Mi
where
(g,+g,): Jump distance (cm)
K, Thermal conductivity of the gas mixture (cal/sec-cm-C)

P:  Pressure of gas (dynes/cm’)

f:  Mole fraction of i-th gas species

T, : Temperature of gas (K)

M. Molecular weight of i-th gas species

a_ Accommodation coefficient for the gas mixture
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The accommodation coefficient for the gas mixture is calculated using expressions developed by
Ullman for both helium and xenon gas and a linear interpolation based on the effective molecular
weight of the gas [9]. The accommodation coefficients for helium and xenon gases are a
function of the gas temperature and are given by

a,, = 0.425-2.3x107T,,, (eq. 3-29)
a,, =0.749 - 2.5x107'T,,, (eq. 3-30)

For a gas mixture or gases other than helium and xenon, the accommodation coefficient is given
by

(aXe ~ e )(M mix — M He) (eq. 3-31)

amix = aHe +
M Xe — M He

Molecular weight of helium

M,: Molecular weight of xenon

7
M,,: Molecular weight of gas mixture given by Z f;M,

i=1

In the calculation of the accommodation coefficient, the relationships for helium and xenon
shown in equations 3-29 and 3-30 are applicable to gas temperatures in the range of 500 to 1000
K, and therefore, the gas temperature is limited to a maximum of 1000 K in FALCON for this
calculation. Furthermore, the temperature jump distance calculated in eq. 3-28 represents an
average for the cladding and fuel surfaces, requiring the factor of 2 included in eq. 3-28.

3.3.1.2 Solid-Solid Contact

Once pellet-cladding contact occurs, the equation for solid-solid contact conductance used in
FALCON is the model developed by Mikic and Todreas [8] and modified by Lanning and Hann
[9]. The modified Mikic and Todreas equation provides a lower bound fit to the gap
conductance data measured by Ross and Stoute for UO,-metal contact [9].

The criterion used to define gap closure in FALCON and change the calculation of the gap

conductance from the Ross and Stoute model for an open gap to the modified Mikic and Todreas
model for a solid-solid conductance is based on a minimum gap size. Gap closure is assumed to

occur once the effective gap (AX, ) used in the Ross and Stoute model given by:
AXg_g =ty +dggn +(9:+95) (eq. 3-32)

becomes smaller than the zero interfacial pressure effective gap (AX,, ) used in the modified
Mikic-Todreas model given by:
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AX, 5 =182(R, +R,)+ (g, +g,)]-1.2x10°°

The equation for the modified Mikic-Todreas gap conductance model is given by

I|™

~
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o
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-

3-18

7~ o

[

— Ame(%)n + Kg
9 Rexp(5.738-0.528R,) 1.8[C(R, +R.)+(g,+g,)]-1.2x10"°

Pellet-cladding gap conductance (W/m’-K)

=0.5785 — Interfacial pressure model constant (deceased by a factor of 4 from

original Mikic-Todreas model [9])
)1/ 2

|
- log(Rf)

Fuel surface roughness in micro-inches

R +RE

0.5 for Ll <107
H

1.0 for Ll >1072
H

=0.01 for 10” < % <10?

_ 2Kf K¢

(W/m-K)

Fuel conductivity (W/m-K)

Cladding conductivity (W/m-K)

Interfacial pressure between fuel and cladding (psi)

Arithmetic mean roughness height of cladding (m)

Arithmetic mean roughness height of fuel (m)

Meyer-Hardness of cladding (kg/cm®) determined from MATPRO-11
Thermal conductivity of gas (W/m-K) determined from MATPRO-11

+h, (eq.3-34)
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The coefficient, C, in eq. 3-34 is computed by the empirical equation:

—0.00125 P;

C=198e (eq. 3-35)

where

P: Interfacial pressure between fuel and cladding (kg/cm’®)

No limit is placed on the interfacial pressure used in eq. 3-34 and eq. 3-35. The ratio of
interfacial pressure to Meyer hardness is limited to values less than unity. This insures that the
interfacial pressure does not exceed the Meyer hardness.

The gap conductance for closed gap conditions is composed of three separate terms as shown in
eq. 3-34. The first term represents the solid-solid conductance across contact points in the pellet-
cladding gap. The efficiency of heat conduction by contact is a function of the interfacial
pressure and the size and shape of the pellet and cladding surface roughnesses. The second term
in eq. 3-34 represents heat conduction across the remaining gas voids in the gap. The size of the
effective gas gap in the denominator of the second term is a function of the surface roughness
and the temperature jump distances. To improve numerical stability, a minimum effective gas
gap of 2 microns is used in the modified Mikic-Todreas model at high interfacial pressures. The
third term in eq. 3-34 represents the radiative heat transfer between two cylindrical surfaces and
is calculated by eq. 3-26.

3.3.2 Pellet-Pellet Contact Conductance

Axial heat flow in the fuel column is generally small by comparison with the radial heat flow.
However, discontinuities in the fuel column due to individual pellet geometries, pellet hour-
glassing and pellet dishing create local axial perturbation in the temperature field. Also axial
power variation introduces axial heat flow that is interrupted by these local variations. It is
important, therefore, to give proper treatment of the pellet-pellet conductance, which is done by
providing contact elements of very small dimensions between pellets. The element thermal
properties are then derived in much the same way as the gap elements utilizing the same gap
conductance model but substituting the fuel-fuel for the fuel-clad properties. This type of
treatment may be approximate, but it is reasonable in view of the complete lack of data on pellet-
pellet conductance measurement. On this basis, then, the pellet-pellet conductance is calculated
by eq. 3-34. In the case of pellet separation, such as might occur at the outer edges due to pellet-
end convexity, the conductance is calculated by eq. 3-25. In the event that a large axial gap is
formed in the fuel column, the pellet-pellet conductance is dominated by the radiation
component. It should be pointed out, however, that in the absence of clad collapse into the axial
gap, pellet contact is an initial and low power condition, whereas pellet separation is a
deformation-induced high power condition.

In constructing the finite element grid for the fuel column, it is not necessary to model each
individual pellet, and in fact, such modeling would be prohibitive in computer cost. The fuel can
be modeled as a continuous column with no gaps, or gaps can be introduced periodically to
account for pellet dishes gas space. This is referred to as lumping of the gas volume in the fuel
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column and is conveniently done by assigning the appropriate dimensions to the pellet-pellet
contact elements; the code automatically adjusts the conductivities to the appropriate values for
small gap conditions.

3.3.3 Plenum Heat Transfer

The plenum is modeled as a continuum in the form of finite elements with appropriate thermal
and mechanical properties of the spring material and stored gases. The spring conductivity and
radiation are the major contributors to the plenum conductance model. Treating the plenum as a
large gap, and ignoring the temperature jump distances, one obtains from eq. 3-25

Koo = Ky +h L+ K, (eq. 3-36)

Conductivity of plenum element

h: Radiant heat transfer coefficient, eq. 3-26
L: Length of plenum spring

K. Conductivity of the spring material

K,: Conductivity of the gas

3.4 Fuel Rod Surface Heat Transfer

This sub-section describes the thermal boundary conditions required to model the heat flux
between the clad and the coolant. The heat flux is a function of the local thermal-hydraulic
conditions of the coolant which are simulated in a single channel enthalpy rise model described
below.

3.4.1 Coolant Enthalpy Model

A coolant enthalpy rise model is used in FALCON to determine the coolant enthalpy (or
temperature) and mass flow rate distributions along the fuel rod flow channel. The coolant
channel information is required in calculating the rod-to-coolant heat transfer coefficients which,
along with the coolant temperature, provide the thermal boundary conditions for the cladding and
pellet temperature calculations. As an option, the coolant enthalpy model can also be deactivated
by the user provided one of the following boundary conditions are supplied: (1) the heat transfer
coefficient and coolant (bulk) temperature distribution, (2) the wall heat fluxes, or (3) the clad
surface temperatures.

The coolant enthalpy rise model in FALCON has the ability to treat two different fluids: water
and sodium. For water, FALCON models both single-phase (liquid or vapor) and two-phase
fluid flow and heat transfer. A complete representation of the forced convection boiling curve
for water is included in the coolant model used in FALCON. The heat transfer and critical heat
flux correlations in FALCON are consistent with the heat transfer correlations used in the
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RETRAN and VIPRE codes [13, 14]. A description of the heat transfer and critical heat flux
correlations is contained in Appendix B. The coolant enthalpy model for sodium only considers
single-phase (liquid) fluid flow and convective heat transfer. The forced convection heat transfer

correlation by Lyon is used in FALCON to calculate the clad-to-sodium heat transfer coefficient
[15]. The model is described in Appendix B.

Equations of state for both phases of water and liquid sodium are required as part of the coolant
enthalpy model. The equations of state for water used in FALCON were obtained for the
RETRAN code package [13]. The water properties are discussed in Appendix F. The liquid
sodium thermophysical properties used in FALCON include heat capacity, enthalpy, density,
thermal conductivity, and viscosity. These properties were obtained from the ANL publications
on thermophysical properties of sodium developed as part of the Liquid Metal Fast Breeder
Reactor (LMFBR) program [16]. The liquid sodium thermophysical properties are described in
Appendix F.

The coolant channel model is based on a homogeneous closed channel approach, with thermal
equilibrium between the liquid and vapor phases. These assumptions do not provide for energy
or momentum transfer to other channels. Therefore, the conservation of mass (continuity
equation) and the conservation of energy (energy equation) are used to determine the enthalpy
and velocity distributions along the channel without requiring the solution of the conservation of
momentum equation. This approach simplifies the required computations; however, no
consideration is given to pressure losses or lateral momentum or energy transfer to adjacent
channels which may be of importance for fuel rod bundle flow In addition, the pressure/flow
feedback is not modeled (i.e., no flow oscillations). A total pressure drop for the channel can be
input that is assumed to vary linearly along the rod. The coolant channel is subdivided into
control volumes, as shown in Figure 3-4, each of which coincides with a clad element. The input
inlet conditions for the mass flow rate, fluid temperature or enthalpy, and pressure are used to
initialize the model at the lower plenum. For each control volume, the inlet conditions at the
lower interface are used to solve for the exit conditions at the upper interface.
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Figure 3-4
Coolant Channel Nodalization

The following conservation equations provide the basis for the coolant model in FALCON. A
one-dimensional approach in the axial direction is used; therefore, all components in the lateral
directions (X, y) are set to zero. The conservation of mass and energy equations in the axial
direction (z) can be written as follows.

Continuity Equation:

b _ (pV) =0 (eq. 3-37)

Energy Equation:

o L2l 2 Ly 9 ov] = i
Py {p(UJr 2V ﬂ + 27 {pV[u+ 2V +gzﬂ + aZ[pV] Q (eq. 3-38)
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where p is density, V is velocity, u is the coolant specific energy, p is the pressure, Q is the heat
energy, and g is the gravitational acceleration. The assumption of homogeneous equilibrium
flow (i.e., V, =V, = V) requires that only one system of equations be used to determine the

enthalpy at each control volume. The time derivative terms are dropped from the equations for
steady state conditions. The numerical integration of these equations is given in Appendix B.

3.4.2 Heat Transfer Correlations

A heat transfer coefficient is calculated for each coolant channel control volume from empirical
correlations for the appropriate heat transfer regime and fluid type. The mathematical
expressions for both the water and sodium heat transfer correlations are given in Appendix B.
Figure 3-5 shows a map of the boiling regimes with the applicable heat transfer correlations.
The selection criteria for the appropriate heat transfer correlation are described in Table 3-4 for
water. For water coolant applications, the critical heat flux (CHF) is calculated for each coolant
channel control volume using the input specified CHF model and the current coolant conditions
prior to the heat transfer coefficient calculation. These values are then used as part of the
selection criteria. The CHF correlations are also given in Appendix B. No consideration is
given in FALCON to the boiling or voidage for sodium coolant. The assumption is made that
the sodium remains as a liquid under all heat transfer and flow regimes.

A
GE-1
CE-1
W-3
EPRICOLUMBIA = QCRIT (Ty > Tepp)
BARNETT i
B&W MODIFIED CONDIE-BENGSTON DITTUS-BOELTER
= McDONOUGH, MILICH, KING
o]
T GROENVELD
= DOUGALL-ROHSENOW
h,
T
wl
(@]
g Q2
o THOM BERENSON
@ JENS-LOTTES
SIEDER-TATE
WALL SUPERHEAT (T, -Ts)
Figure 3-5

Schematic Representation of the Boiling Curve
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Table 3-4

Heat Transfer Modes and Corresponding Correlations for Water

Heat Transfer Mode Correlation Selection Criteria
1: Single Phase Liquid Sieder-Tate T,<T.,.,x=0.0Q,<Q,<Q,
2: Fully Developed Thom

Sub-Cooled Boiling

Fully Developed
Saturated Boiling

Jens-Lottes

Q, <Q,<Q, 0 <0.999

3: Forced Convection
Vaporization

Shrock & Grossman

Q, Q, Q,<Q,,, o>0.999

4: Forced Convection
Transition Boiling

McDonough, Milich & King
Modified Condie-Bengston

T >T

w CHF

5: Forced Convection
Stable Film Boiling

Groeneveld
Dougall-Rohsenow

Tw > TCHF’ Qs > 04

6: Pool Transition and Berenson G < 200000, AT, < AT,
Stable Film Boiling
7 Pool Transition and Berenson

Stable Film Boiling

G < 200000, AT, > AT,

8: Single Phase Vapor Dittus-Boelter x=1.0
where
Q: Heat flux for the i" heat transfer mode
Qe Critical heat flux
T, Wall (clad outer surface) temperature
T Saturation temperature
AT, =T,-T,: Wall superheat
AT = (T, - T Wall superheat at minimum heat flux
o Vapor volume fraction
X Thermodynamic quality
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3.4.3 Model Assumption Implications

The formulation of the coolant channel model in FALCON is based on four important
assumptions: (1) closed channel, (2) homogeneous flow, (3) thermal equilibrium between phases,
and (4) no pressure/flow feedback. The assumptions used in the coolant channel model have
certain implications on the coolant conditions calculated by FALCON when using this model.
The closed channel approach ignores the lateral transfer of momentum, energy or mass that
occurs within a fuel rod bundle. By not considering the rod-to-rod exchange, the enthalpy
(temperature) increase along the length of the channel is larger using the FALCON model. The
presence of flow diversion in the lateral direction within a rod bundle is influenced by the radial
power profile within the assembly, non-uniform inlet conditions, and void generation within the
assembly. The occurrence of these conditions will result in incorrect heat transfer conditions to
be calculated using the closed channel approach for rod assemblies. The homogeneous flow
assumption requires the flow velocity of the different phases, namely liquid and vapor, to be
equal. Therefore, no slip between the phases is included in the FALCON coolant model. The
consequence of this assumption is that the flow quality and void fraction will not be predicted
correctly, possibly resulting in the selection of the improper heat transfer mode and error in the
magnitude of the heat transfer coefficient. The prediction of departure from nucleate boiling
(DNB) will be impacted by the homogeneous flow assumption. The requirement of thermal
equilibrium mandates that the different phases must be at the same temperature for boiling
conditions (saturation). The inability to explicitly handle the simultaneous occurrence of
superheated vapor and sub-cooled or saturated liquid will influence the heat transfer coefficient,
particularly in the post-dryout regime. Two post-dryout heat transfer correlations used in
FALCON do treat the thermal non-equilibrium conditions using an empirical approach.
However, the application of these correlations to fuel rod assemblies is limited. The final major
inadequacy in the FALCON coolant model is the lack of a pressure/flow feedback methodology.
The pressure drop due to flow-induced resistance (for example, void generation, space grids,
etc.) is not considered in FALCON. Therefore, the occurrence of flow oscillations and the heat
transfer conditions associated with these flow conditions will not be modeled properly when
using FALCON.

The impact of the assumptions on the method for using FALCON depends on the user's
application. For licensing analysis, the coolant channel model is only applicable to pre-DNB
heat transfer conditions. The coolant model should not be used for predicting the time and
location of DNB for transients expected to experience these conditions. Instead, to use
FALCON in determining the fuel rod response during post-DNB operation, the heat transfer
correlations (HTC) and coolant conditions should be obtained from an assembly thermal-
hydraulics program which properly considers the complex post-DNB flow conditions within a
fuel rod assembly. The spatial and temporal variations of the HTC's can be input to yield an
accurate thermal boundary condition to investigate the thermal and mechanical response of the
fuel rod during the transient of interest.

The coolant channel model in FALCON is adequate for scoping calculations and for single
rod/single channel experiments similar to those used to benchmark the program. For these
conditions, judicious selection of the appropriate heat transfer and critical heat flux correlations
which comply with the conditions to be analyzed will provide the user with reasonable results.
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This later method was used in the verification and validation of the program with satisfactory
success.
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DEFORMATIONS

The system of equations which characterizes the deformation of a fuel rod consists of the strain-
displacement relations, the stress-strain constitutive relations, the boundary conditions and the
equilibrium equations. The strain-displacement relations govern the kinematic behavior of the
fuel rod and, hence, are of critical importance to the modeling of the large deformation
ballooning behavior of the cladding. Consequently, large or finite strain theory is utilized for the
cladding and small (infinitesimal) strain theory is used for the fuel where the deformations
remain small.

The stress-strain constitutive relations govern the nonlinear material behavior and are derived
consistently with the large strain theory. The material data utilized in these equations are
obtained from MATPRO-11 [1]. The material behavior represented covers the entire range from
initial elastic response to the elastic-plastic-creep strain-rate dependent (viscoplastic) response in
the high power and high temperature regimes.

The equilibrium equations are derived in incremental form from the principle of virtual work
subject to the appropriate boundary conditions. They consist of piecewise linear algebraic
equations, whose matrix of coefficients relates the unknown nodal displacements to the known
nodal forces; this matrix is positive-definite symmetric. These equations are solved implicitly in
a sophisticated iterative time-stepping procedure.

Finite element large strain theory in FALCON is formulated in an Updated Lagrangian
coordinate system. In this coordinate system, the appropriate stress/strain conjugate measures
are the Cauchy (or true) stress and Euler (or log) strain, and a consistent constitutive material
description is given as the relation between the Jaumann (or co-rotational) rate of the Cauchy
stress and the rate of deformation tensors. The relevant derivations are given in the following
paragraphs.

The first set of equations to be defined is the field equations which consist of the displacement
approximations, the strain-displacement relations and the stress-strain relations. The stresses and
strains are defined at the integration points and, hence, they account for the effects of
temperature variations through the element. The field equations are then used together with the
appropriate boundary conditions to derive the governing (equilibrium) equations from the virtual
work variational principle. The detailed derivations of these equations for the finite element
system are lengthy and are included, therefore, in Appendix C. In this section, we present
equations that are necessary to illustrate the important features of the deformation model and the
numerical structure of the equilibrium equations.
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4.1 Displacement Approximations

The strain-displacement relations for the cladding are based on the large deformation theory.
This permits the cladding to undergo ballooning (or collapse) under PCMI and/or differential
pressure. These states of large deformations evolve in a continuous manner in the solution;
hence, the artificial switch to a "ballooning model" is avoided. The fuel deformations, on the
other hand, remain small; therefore, the strain-displacement relations for the fuel elements do not
include the nonlinear terms. These features are illustrated in the following equations.

Consider the 2D problem of plane and axisymmetric geometry for which the finite element
shown in Figure 2-1 is used. The following notation is adopted:

X.: Original coordinates (referred to the initial configuration) of a material point

1

x.: Deformed coordinates

1

Displacements relative to original coordinates

i

dU.: Increments of displacement (within a time step)

then

Xj = Xj+Uj

.4-1
dxj = dUj (e 4-1)

For the element shown in Figure 2-1, variables are represented in terms of their nodal values and
shape functions as follows:

N n
Xj =2 nXj
n=1
N
Ui =X ¢p V! (eq. 4-2)
n=1

N n
n=1

where n ranges over the number of nodes (N) in the element which, as described in Section 2, for
example, is 8 for bi-quadratic quadrilaterals and 6 for bi-quadratic triangles; Xri] is the i"
coordinate of node n, v? is the i" displacement component of node n, and similarly for the
displacement increment dvri] . As described in Section 2, the shape functions are continuous

functions of the natural (parametric) coordinates within the element.

The displacement shape functions are linear or quadratic in the parametric coordinates & and 1,
and are identical to the temperature shape functions; the difference is that the amplitudes are the
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nodal temperatures and the nodal displacements for the thermal and deformation problems,
respectively. The displacement approximations for the fuel/clad elements are given below, using
eq. 4-2 and introducing time and position dependence.

U060 =) 4°06) Vi) =3 h(E06)() VIO (¢a.43)

n=1

where U/(x,t) is the i" displacement at position x; and time t. The specific form of the shape
functions ¢"(§,n) was given in Section 2. In matrix form the equations in eq. 4-2 are written as

Xi = 4~)T)~(|
Ui = SPTUi (eq. 4-4)
dUj = ¢' dU;

It is necessary to distinguish between the quantity x. which is the i" component of the deformed
coordinate as continuous function (of & and 1) over the element and X; which is a vector

consisting of the nodal values of the deformed coordinates. The same is true for the other
variables in eq. 4-4.

4.2 Strain-Displacement Relations

The deformation gradients are:

1| 0X, 00X, ¢
g = —| —Kk =k _ 5 |-¢f eq. 4-5
! 2{6Xi OX; ”} (eq. 4-5)

where s}cj are the free expansion strains and §j; is the Kronecker delta. The explicit form of eq.

4-5 for the axisymmetric geometry is as follows:
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oR oR oR
o — oUz +1 oUR 2+ oUz 2 —Sf
2= 57 "2l 8z 0z 2z (eq. 4-6)
Ur 1(Ur) ¢
= — 4+ —| — —_
€00 R 2( R J €00
eErp = €z9 =0

The squared terms in equations 4-5 and 4-6 are responsible for producing smoothly changing
large strains. Without these terms, ballooning could not be correctly predicted. The fuel strain-
displacement relations are confined to the linear terms in eq. 4-6.

4.3 Stress-Strain Relations

The stress-strain relations are presented in this section with more detailed derivations given in
Appendix C. Consider a material element where it is assumed the strain rate tensor &jj can be

expressed as the sum of four components: elastic, time-independent plastic, creep, and free
expansion, namely

ij = &5 + & + & + efj (eq. 4-7)

Note the free expansion term is due to the combined effects of temperature and irradiation
induced swelling and densification. With view towards deriving stress-strain relations in
incremental form, eq. 4-7 can be expressed as

Asij = Aaﬁ- + Asﬁ + Asfj + Aa{j (eq. 4-8)

4.3.1 Elastic Relations
The elastic strains are related to the incremental stress by

Aefj = A(Ci % sz) = Cijke Aok + ACjjke oy (eq. 4-9)
Equation 4-9 admits the variation of the elastic material tensors C,,, with temperature and

neutron flux, however, such variations are usually small. For isotropic material, we have
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1-v L
Cijke = £ Sk 8jr — = 3ij ks (eq. 4-10)

where E is Young's modulus and v is Poisson's ratio.

4.3.2 Creep Relations

We direct our attention next to the creep strain rates sﬁ (t) The uniaxial creep strain rate is

represented by the following equation:

C

¢ =Jo and J=J(o,T,-) (eq.4-11)

where J(o,t) is the creep compliance. Note that J is an explicit function of many other variables
such as temperature, flux and fluence. This equation is generalized to multiaxial relations by

c . \%
sij(t) = JBjjke oK/ (eq. 4-12)

\%
where the Jaumann rate 6, of the Cauchy stress is used to preserve invariance of the creep law.

For isotropic creep behavior

Bijke = (0.5+v0)dik djy — (0.5—00)8ij Sk (eq. 4-13)

In this equation, v, is a material constant which governs the creep volume change generally
exhibited by the fuel material. For the cladding, v, is zero. The hot pressing behavior of the fuel
is represented by v, and is calculated by [2].

1(3)" 1 "
Vg = —[—j — (eq. 4-14)
42 {0.74/p1’”—1}

where n is 3 and p is the porosity of the fuel, excluding crack porosity. Further discussion of v,
is given in Appendix C.

4.3.3 Time-Independent Elastic-Plastic Relations

A general yield criterion can be expressed as

F(cij, g Kj =0 (eq. 4-15)
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where cjj and aﬁ

such as the yield stress, which depends on the effective plastic strain, temperature, neutron flux,
etc. The plastic strain increments obey a flow rule of the form

are the stresses and plastic strains, respectively, and K is a material parameter,

Ael) = 1(oF oo (eq. 4-16)

where A is a positive scalar function which depends on the state of stress, strain, temperature,
hardening, and neutron flux. The stress state must satisfy the following condition:

F < 0 for elastic state

F=0
oF doj + i dK > 0| for plastic state
00jj

Equation 4-15 is too general, and to reduce it to a form which can be used in analysis the yield
function F must be defined. In doing so, we must also define the type of hardening the material
exhibits during plastic flow. For the fuel material we adopt combined Mohr-Coulomb and von
Mises yield conditions [3], and for the cladding material we use Prager's kinematic hardening
rule [4] in the following derivations. The yield function F is given by

F=Jy+B1Z K2 =0 (eq. 4-17)
where I, and J, are the stress invariants defined below using the stress tensor oj j Where
Gij = oijj — djj (eq. 4-18)

in which o, are the applied stresses and o, are the yield surface translations (see Appendix C).
The definitions of I, and J, are as follows:

l1 = oii (eq. 4-19)
1. o
Jp = 5 Sij Sij (eq. 4-20)
where
1 ! 1 ’
Sij = ojj — § Okk 8ij (eq. 4-21)
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which is the deviatoric part of the tensor 6’;. The parameter {3 in eq. 4-17 is a material constant
which governs the plastic volume change of the material and enhances the yield stress as a
function of the confining stress. The time-independent plastic dilatation is given by

def = 6B2 1y (eq. 4-22)

If the plastic volume change is zero, as is the case for the cladding, B = 0. Hence the yield
function (eq. 4-22) reduces to the ordinary von Mises condition. However, for the fuel material,
B is the plastic hot pressing parameter and is given by the following equation [2]:

2
| Y(po)/Y eq. 4
b= {2 3 In(0.7jf/p):| (eq. 4-23)

where p, is the as-manufactured porosity, p is the current porosity, Y(p,) is the initial yield
strength and Y is the yield strength of solid (100% dense) UO,. This equation is further
discussed in Appendix C. In FALCON, B = 0.005 for the fuel material (see Appendix C),
representing a small but non-trival plastic volume reduction component. As mentioned above,
the two parameters v, in eq. 4-13 and B in eq. 4-17 govern the hot pressing behavior of the fuel.
The o's can be obtained from

ajj = [Cde; (eq. 4-24)

where C is a material parameter and is equal to 2/3 E', where E' is the slope of the stress-plastic
strain curve in simple tension. The parameter K in eq. 4-17 is related to the uniaxial yield stress
c, by

y

K=oy/\3 (eq. 4-25)

4.3.4 Pellet-Cladding Mechanical Interaction (PCMI)

Pellet-cladding mechanical interaction, which occurs when fuel pellets come in contact with the
clad, is a highly complex mechanism and requires careful treatment. Its effects on the fuel rod
response may be summarized as follows:

1. Contact conductance can be significantly higher (by an order of magnitude) than the open-
gap conductance because of the interfacial pressure.

2. This change in gap conductance (from open to closed gap or vice versa) occurs suddenly in
an incremental steady state analysis; and the sudden change in heat transfer can produce
sudden changes in deformations leading to oscillations.

3. The interaction is not frictionless; consequently, a stick-slip condition develops which, under
certain conditions, can lead to the well known PCI failures.
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4. The effects of fuel-clad interaction are not limited to steady state power operations, but can
influence transients such as power-coolant mismatch to the extent that DNB can be triggered
by a combination of improved heat flow to the cladding and reduced cooling.

5. The formation of axial gaps in the fuel column is the consequence of combined fuel
densification, power cycling and fuel-clad interaction.

6. Not all fuel-clad mechanical interaction effects are harmful; for example, FCMI-enhanced
heat transfer immediately preceding a rod withdrawal transient may be sufficient to keep the
fuel enthalpy within acceptable limits.

Analytical treatments of FCMI vary widely in fuel modeling codes. Because of its very nature,
an adequate treatment of this mechanism requires, at least, a fully two-dimensional representa-
tion. The approach adopted in FALCON is unique in this regard, and furthermore, the use of gap
elements makes the analytical treatment of FCMI highly tractable. This spatial representation of
the fuel-clad interface renders the mathematical description of the problem very simple. Its
implementation in the code, however, is rather complex.

A fuel-clad gap element is initially assigned zero stiffness until the local gap indicates closure.
This is judged by the following criterion:

1+gg, >0 gap is open

l+¢e,,<0 gapisclosed

gap —

where ¢, is the strain calculated in the gap element (change in gap size divided by original gap
size). Once the gap is closed, the gap element is assigned stiffness properties in the usual finite
element sense based on a two-dimensional state of stress; normal contact normal stress o, and
shear stress t. Thus, the stiffness matrix for a gap element is calculated as follows

o|_|&E O ]| g (eq. 4-26)
T 0 ee,G]| | 7Ygap

where E and G are the pseudo elastic and shear moduli, respectively, for the gap element. They
are assigned sufficiently high values relative to the moduli of the fuel and clad to maintain small
relative displacements between the fuel and clad surfaces while in contact. The values for the
gap moduli are carefully chosen so that the interaction stresses (¢ and 1) are independent of the
moduli. The multipliers e, and e, are defined as follows:

o = 0 for open gap
1711 forclosedgap

0 = 0 slipcondition 1t > uoc
2711  stickcondition 1 < po

In the above, p is the coefficient of friction between irradiated fuel and cladding. The out-of-pile
experimental value of this parameter is about 0.5. The in-reactor value, however, is expected to
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be higher (to account for cracking) and a typical value of unity is usually used. Under certain
conditions, pellet-clad interlocking can develop as a result of eccentrically positioned fuel
column, fuel chips, material bonding, etc., where no significant relative slip can occur. This
situation can be simulated in the analysis by specifying high value (> 100) for p.

The fuel-fuel contact elements and the plenum springs are treated in the same manner.

4.3.5 Incremental Stress-Strain Relations

The complete derivation of the incremental stress-strain relations is rather lengthy and is
therefore included in Appendix C. It is sufficient in this section to state the final result in the
following form:

>
1Q
Il
QT
>
Len
|
1 3

(eq. 4-27)

where H is the material constitutive matrix and R is an internal stress vector.

~

4.4 Equilibrium Equations

The equilibrium equations are derived for the finite element system using the variation of the
principle of virtual work. The details of the derivations are given in Appendix C. The final
results are stated here as follows:

>
eyl
Il
X
>
<<

(eq. 4-28)

where AF is the incremental nodal force vector, AV is the incremental nodal displacement

vector and K is the tangent stiffness matrix. Both AF and K are dependent upon the thermal

and deformation states of the fuel rod; hence, the solution of eq. 4-28 may be sensitive to the step
size. This is discussed in Section 6.
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MATERIAL AND PHYSICAL MODELS

This section presents an overview of the material and physical models used in FALCON to
represent the behavior of the UO, pellet, Zircaloy cladding, and the internal gas during normal
operation and transient events. The most important part of any fuel rod analysis program is the
material property models and behavioral models used to represent the response of a fuel rod to
the irradiation environment. Integrating the interplay of these models through the numerical
analysis method and geometric representation is the main objective of a fuel rod analysis
program. More than forty material property and behavioral models are used in FALCON to
calculate the thermal and mechanical behavior of the pellet and cladding. Only the main models
of specific interest are described below. Further details of all the material property and
behavioral models used in FALCON can be found in the references contained at the end of this
section.

The material properties and behavior models used in FALCON were obtained from a variety of
sources, including the MATPRO-11, Rev. 0 and Rev. 2 packages developed by the US NRC [1,
2], models published in the open literature or developed through industry research activities such
as the Nuclear Fuel Industry Research (NFIR) program [3], and several from the ESCORE code
package [4]. A listing of the thermal and mechanical properties models and the behavioral
models used in FALCON are shown in Tables 5-1 through 5-3, along with an indication of the
source of the model and some of the primary model dependencies.

The models shown in Tables 5-1 through 5-3 provide the material properties for use directly in
the finite element matrices or to quantify parameters of the constitutive theory described in
Sections 3 and 4 of this document. Because of the dependence of the material properties on
spatially and temporally varying quantities, such as temperature, fast fluence, burnup, stress
level, etc., the material property routines are called at each time and iteration step, and for each
integration point in the element. This allows a much greater degree of material variability than is
indicated by the mesh density.
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5-2

Table 5-1
Thermal Property Models Used in FALCON
Material Property Source Primary Dependency
Fuel Specific Heat Capacity MATPRO Tempearture, Stoichiometry
Thermal Conductivity MATPRO and Literature Temperature, Burnup, Porosity, Gadolinia
Emissivity MATPRO Temperature
Melting Temperature Literature Temperature, Burnup
Cladding | Specific Heat Capacity MATPRO Temperature
Zircaloy Thermal Conductivity MATPRO Temperature
ZrO, Thermal Conductivity Literature and MATPRO Temperature
Zirconium Dioxide Emissivity MATPRO Temperature, Oxide Layer Thickness
Melting Temperature MATPRO
Gap Gas Thermal Conductivity MATPRO Temperature, Gas Molar Fractions
Gas Viscosity MATPRO Temperature, Pressure, Gas Molar Fractions
Temperature Jump Distance Literature Temperature, Pressure, Gas Molar Fractions
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Table 5-2

Mechanical Property Models Used in FALCON

Material Property Source Dependency

Fuel Thermal Expansion MATPRO Temperature, PuO, content
Young’s and Shear Modulus MATPRO Temperature
Compressive Yield Stress Literature Temperature
Fracture Strength MATPRO Temperature
Thermal/Irradiation Creep MATPRO Temperature, fission rate stoichiometry, stress
Densification MATPRO and ESCORE Temperature, Burnup, initial density
Swelling Literature Burnup
Relocation ESCORE Burnup, power level

Cladding | Thermal Expansion MATPRO Temperature
Young's Modulus MATPRO Temperature, Fluence, Cold Work, Oxygen Content
Shear Modulus MATPRO Temperature, Fluence, Cold Work, Oxygen Content
Yield Stress MATPRO Temperature, Fluence, Cold Work, Oxygen Content
Plastic Strain Hardening MATPRO Temperature, Fluence, Cold Work, Oxygen Content
Annealing MATPRO Temperature
Meyer Hardness MATPRO Temperature
Thermal/lrradiation Creep MATPRO, ESCORE, Literature Temperature, Fluence, Fast Flux, Cold Work, stress
Irradiation Growth MATPRO, ESCORE, Literature Temperature, Cold Work, Fluence
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Table 5-3

Behavioral Models Used in FALCON

Material Behavioral Models Source Dependency
Fuel Steady State Fission Gas Release Literature Temperature, Burnup, Grain Size
Transient Fission Gas Release Literature Temperature, Burnup Grain Size
Radial Power Distribution Literature Burnup, Enrichment, Plutonium Content, Gadolinia content
High Burnup Structure Literature Burnup
Cladding | Low Temperature Oxidation (Water) Literature Temperature, Cladding, Type, Coolant Chemistry, Fluence
High Temperature Oxidation (Steam) MATPRO Temperature
Phase Transformation MATPRO Temperature
Stress Corrosion Cracking Literature Temperature, Stress, Cladding Type
High Temperature Rupture Literature Temperature and Stress
Gap Open and Solid Gap Conductivity Literature Gap Size, Interfacial Pressure, Gas Molar Fractions
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5.1 UO, Fuel Material Properties & Behavioral Models

5.1.1 Melting Temperature Model

The UO, melting temperature expression used in FALCON includes the effect of local burnup.
The model is based on recent data obtained from irradiated UO, material and analytical
evaluations for mixed chemical compositions. The newer expression used in FALCON was
selected instead of the older MATPRO model. The burnup dependency of the UO, melting
temperature expression in MATPRO-11 is based on experiments conducted by Christensen in
1965 [5]. The burnup dependency of the melting temperature in the MATPRO-11 model is
considerably stronger than that observed in recent experiments on high burnup fuel.

A recent review of the UO, melting temperature data by Philipponeau at CEA and experiments
by Yamanouchi and Komatsu from NFD have shown that burnup has only a limited impact on
the UO, melting temperature [6, 7, 8]. Measurements by Yamanouchi on UO, and UO,-
2wt%Gd, 0O, fuel samples irradiated to 30 GWd/MTU found no decrease in the UO, melting
temperature with burnup. Komatsu conducted measurements on mixed oxide UO,-20wt% PuO,
fuel specimens up to a burnup 200 GWd/MTM. A slight decrease of the melting temperature
was observed above 50 GWd/MTM for the mixed oxide material. Figure 5-1 shows a
comparison of the Yamanouchi UO, data with earlier measurements by Christensen [5], and
Figure 5-2 shows a comparison of the UO,-20wt% PuO, from Komatsu with earlier data from
Krankota and Craig [9].

Phillipponeau conducted a theoretical evaluation using a mixed chemical composition of U, Pu,
and fission products [6, 10]. Using the ideal solid solution method to evaluate the melting
temperature of a mixed chemical composition material, Phillipponeau was able to evaluate the
separate effects of solid fission products and Pu on the melting temperature. For UO,, the
decrease in the melting temperature was determined to be 7.6°C/10 GWd/MTU. In comparison
to the data for both UO, and UO,-20wt%PuO,, the decrease with burnup determined by
Phillipponeau appears to over-estimate the burnup impact on the UO, melting temperature. The
UO, melting temperature expression recommended by Phillipponeau is given by:

T (UO,) = 2847°C - 7.6°C/10 GWd/MTU (eq. 5-1)

Equation 5-1 is used in FALCON to calculate the UO, melting temperature as a function of local
burnup. The local burnup at each nodal location is obtained from the radial burnup distribution
calculated using either the RADAR-G or TUBRNP models, or defined via input. As a result, the
UO, melting temperature can vary across the radius of the pellet and the axial dimension of the
fuel column.
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Comparison of Yamanouchi UO, Melting Temperature Data to Earlier Measurements by
Christensen [5]. References in Figure Are Defined in Reference 5. Yamanouchi
Measurements Display No Burnup Dependency out to 30 GWd/MTU.
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Comparison of Komatsu Data for Mixed Oxide Melting Temperature Data to Earlier
Measurements by Krankota and Craig [9]. The Data Show a Slight Burnup Dependency
beyond a Burnup of 50 GWd/MTU.
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5.1.2 Thermal Conductivity

The uranium dioxide (UO,) thermal conductivity is required to calculate the temperature
distribution across the fuel pellet. The thermal conductivity of unirradiated uranium dioxide is
primarily a function of temperature, porosity, stoichiometry and the presence of additives such as
gadolinia. Irradiation experiments performed with fuel rods containing fuel centerline
thermocouples have shown a progressive degradation of the UO, thermal conductivity as a
consequence of irradiation damage and build up of fission products [11]. Furthermore, recent
separate effects tests conducted to measure the thermal diffusivity of irradiated miniature fuel
specimens have found a strong impact of burnup on the UO, thermal conductivity. Because
thermal conductivity has a direct effect on fuel temperatures and thus fuel performance, it is
important to include the degradation with burnup in fuel analysis methods. Several different UO,
thermal conductivity models have been developed and incorporated into other fuel performance
codes [12-14].

Two different UO, thermal conductivity models are available in FALCON. First,the MATPRO-
11 Rev. 0 model combined with a burnup degradation factor from ESCORE is available in
FALCON [1, 4]. Second, the model developed by Turnbull from thermal diffusivity
measurements performed under the Nuclear Fuel Industry Research (NFIR) program has been
incorporated in to FALCON [15]. A brief description of each model is given below.

5.1.2.1 MATPRO Revision 11 Model Modified for Burnup

The MATPRO-11 expression consists of a low temperature term representing phonon-phonon
and phonon-defect scattering and a high temperature term representing electronic conduction.
The equations from MATPRO-11 for UO, thermal conductivity are [1]:

K
1 K4T o
K mat :p{w + Kge'a } for T < 1650 °C (eq. 5-2)

(eq. 5-3)

melt

K mat =P[K5 + K3eK4T] for 1650 °C<T<T

where
.. Unirradiated thermal conductivity (W/m-K)

P:  Porosity correction factor (unitless)

T: Temperature (°C)

K, =4040

K, =464

K, =01216

K, =1.867 x 10°
K, =191
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The porosity correction factor, P, is given by

_ 1-p@-D) ]
- 1-B(1-0.95) (g, 3-4)

where

B: Porosity coefficient (2.58 - 0.58 x 10°T)
D:  Fraction of theoretical density (unitless)

T: Temperature (°C)

The thermal conductivity model from MATPRO-11 was developed from a large database of
thermal conductivity measurements on unirradiated UO, material [1]. Although most of the data
used to develop the MATPRO-11 expressions were obtained in the 1960's and 1970's, a recent
review by Baron demonstrates that the model continues to agree well with recent thermal
diffusivity measurements up to 2200 K on unirradiated UO, material [16].

FALCON uses the expressions given in equations 5-2 through 5-4 to calculate the UO, thermal
conductivity as a function of the local temperature and porosity at each integration point within
the fuel element grid. However, the expression from MATPRO-11 does not consider the effect
of burnup on the thermal conductivity of irradiated material.

FALCON includes a burnup reduction factor on the UO, thermal conductivity that is applied to
the expressions given in equations 5-2 and 5-3. To be consistent with the EPRI steady state fuel
performance code ESCORE, the burnup reduction factor from ESCORE has been incorporated
into FALCON [4, 17]. The burnup reduction factor from ESCORE was derived from fuel
centerline thermocouple measurements in Halden as a multiplier on the total thermal
conductivity. The UO, thermal conductivity model for irradiated material in FALCON is:

Kir = (T,P,BU) = Kyt (T, P)-f(Bu) (eq. 5-5)
where
f(Bu)=1-5.0x10°Bu 0<Bu<20x 10
f(Bu)=0.9-4.0x 10° (Bu-2 x 10% 2.0x 10*<Bu <3.0 x 10
f (Bu) =0.86 3.0 x 10 <Bu
and

Bu: Pellet average burnup MWD/MTU)

The burnup reduction factor in FALCON is applied to both the low-temperature and high
temperature expressions from MATPRO-11. As shown above, the maximum reduction in UO,
thermal conductivity used in FALCON is 14% at pellet average burnup levels above 30
GWd/MTU. Recent thermal diffusivity measurements and centerline thermocouple
measurements on fuel material with burnup levels above 40 GWd/MTU show that the burnup
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effect on thermal conductivity continues to increase, particularly at temperatures below 1000 K
[11, 13, 18]. Reductions as high as 40% have been observed at a burnup level of 60 GWD/MTU
at temperatures below 1000 K. At temperature levels above 1000 K, the influence of burnup on
the UO, thermal conductivity decreases to less than 20% at 1500 K and 10% at 2500 K, based on
the Wiesenack model [11, 16]. Unfortunately, no data exist on the thermal conductivity of
irradiated UQ, at temperature levels above 2000 K. The application of the burnup reduction
factor to the high temperature term in eq. 5-3 may overestimate the reduction in thermal
conductivity at high temperatures. This only affects FALCON calculations for transients and
postulated accidents that result in fuel temperatures above 2000 K.

5.1.2.2 NFIR Thermal Conductivity Model

The NFIR thermal conductivity model provides a more accurate treatment of the burnup and
burnable poison additives impact on fuel thermal conductivity than the MATPRO-11 model
discussed above. The NFIR thermal conductivity model in FALCON is a modified version of an
empirical expression developed by Tony Turnbull from thermal diffusivity measurements
performed using miniature UO, specimens irradiated to burnup levels between 28 and 80
GWdA/MTU [15]. Details of the original thermal conductivity expression are contained in
Reference 15. The empirical model developed by Turnbull was modified to include the effects
of gadolinia additives in the fuel using recent thermal diffusivity measurements on unirradiated
and irradiated UO,-Gd,O, miniature specimens with gadolinia enrichments between 4% and
12%.

As mentioned above, heat conduction through solids typically occurs as a combination of lattice
conduction by phonons and electron conduction. Based on this, the general formula for thermal
conductivity is given by:

K=K +Kg (eq. 5-6)

The lattice conduction by phonons (K ) is represented empirically by:

1
K. =
P ALBT

(eq. 5-7)

where the model coefficient A describes the effect of phonon scattering by lattice impurities or
discontinuities and the model coefficient B describes the effects of phonon-phonon collisions.

The electron conduction (K,) is given by:
K, =CeP’ (eq. 5-8)
where the model coefficients C and D have been determined empirically by Christensen.

In UO,, the primary mode of heat transfer is through lattice conduction by phonon processes at
temperatures below 1600°C. Heat transfer by electron conduction begins beyond 1600°C, once
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the mobility increases for electron-vacancy pairs. Since fuel rods normally operate at
temperatures below 1600°C, the main focus of recent experiments and analytical work has been
to identify the impact of burnup on the lattice conduction processes. Burnup accumulation
causes an increase in the irradiation damage and fission product impurities within the UO,
matrix. These factors increase the number of phonon scattering sites, resulting in a decrease in
the thermal conductivity.

Thermal diffusivity experiments on both irradiated UO, and unirradiated UO, material containing
simulated fission products indicate that both the coefficients A and B in eq. 5-7 are a function of
burnup [12, 19]. Turnbull used experimental results obtained from thermal diffusivity
measurements on UO, samples irradiated at temperatures below 800°C and burnups between 28
and 67 GWd/MTU to determine the coefficients A and B as a function of burnup. The thermal
diffusivity experiments used by Turnbull to develop the burnup dependency of the A and B
coefficients displayed a measurable recovery of the thermal conductivity upon heating to
temperatures above 800°C due to annealing of fission products and point defects [15]. As a
result, the coefficients A and B have a complex burnup dependency that includes an empirical
function representing the thermal recovery process. The resulting thermal conductivity as a
function of burnup is given by;

K(BU) = (1— F) Kggart + F+Keng +K (eq. 5-9)

where K_ is the lattice conductivity before thermal recovery, K

start

... 1s the lattice conductivity after
recovery, F is the empirically-derived thermal recovery function, and K, is given by eq. 5-8. The
lattice conductivity before thermal recovery is given by;

1
A;+A, -Bu+As-Bu?+[B;-B,-Bu]-T

Kstart = (eq. 5-10)

where the model coefficients A, A,, A,, B,, and B, are shown in Table 5-4, Bu is the local
burnup in GWd/MTU, and T is temperature in °C. Similarly, the lattice conductivity after
thermal recovery is given by;

1
A;+A,-Bu+[B;-B3-Bu]-T

Kend = (eq. 5-11)

where the model coefficients A, abd B, are shown in Table 5-4.

The thermal recovery function, F, was developed to represent the transition between no recovery
of irradiation damage and full recovery of irradiation damage. The function is given by;

F=05/1+ tanh(T _900j (eq. 5-12)
150

As can be seen by eq. 5-12, the thermal recovery process is completed by ~1200°C.
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As mentioned previously, burnable poison additives to the UO, matrix also impacts the thermal
conductivity. Similar to burnup, the effect of alloying additions such as gadolinium is primarily
limited to the lattice conductivity where the gadolinium impurities increase phonon scattering
sites. To account for the impact of Gd,O,, equations 5-9 through 5-11 were modified to include
the effects of gadolinium on the A and B coefficients. In modifying the thermal conductivity
model developed by Tony Turnbull, it was assumed that the effect of burnup and gadolinium
additions on the lattice conductivity can be summed together. Based on this assumption, the new
form of the phonon conductivity equations 5-10 and 5-11 become:

. 1
P~ A(Bu) + A'(Gd) + (B(Bu) + B'(Gd)) T

(eq. 5-13)

where the coefficients A(Bu) and B(Bu) are the same as that shown in Egs 5-10 and 5-11.
Several datasets of thermal diffusivity measurements on unirradiated UO,-Gd,O, samples with
gadolinia concentrations ranging between 2 and 12 wt% were used to develop the coefficients A~
and B” in eq 5-13. These datasets are described in References 20-22. The A~ coefficient as a
function of gadolinium is given by;

A(Gd) = (A + A, -Gd + A, -Gd? + A, -Gd®) (eq. 5-14)

where Gd is the initial gadolinium concentration in wt% and the coefficients A, A,, A,, and A,
are shown in Table 5-4. Furthermore, the B~ coefficient as a function of gadolinium is given by;

B'(Gd) = B, -eB4 ¢4 (eq. 5-15)

where the coefficient B, and B, are shown in Table 5-4.
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1I\;Iaot:::I501efficients for the Modified NFIR UO, Thermal Conductivity Model
Model Constant Value
A1 9.592E-2
A2 6.14E-3
A3 -1.4E-5
A4 2.6E-3
A5 1.197E-1
A6 1.214167E-2
A7 5.40625E-4
A8 -5.182292E-5
B1 2.5E-4
B2 -1.81E-6
B3 -2.7E-7
B4 -1.268763E-2
1.32E-2
1.88E-3

Thermal diffusivity measurements are also available for irradiated UO,-Gd,O, material in the
burnup range between 28 and 60 GWd/MTU [23-24]. Comparison of eq. 5-13 with the data
from irradiated gadolinia samples in Reference 23 and 24 and analysis of instrumented UQO,-
Gd,O, fuel rods in Halden found that the combined effects of gadolinium and burnup included in
eq. 5-13 resulted in a lower thermal conductivity than expected from the data or thermocouple
measurements. As a result, a burnup adjustment factor was developed that decreases the
gadolinium effect for irradiated fuel at burnup levels greater than 28 GWd/MTU. It was found
that the gadolinium impact on thermal conductivity diminishes as burnup accumulates. The
burnup adjustment factor is multiplied on the coefficient A” shown in eq 5-14 and is given by.

285875
Ngd =0.26 € Bu+19.8085 (eq. 5-16)

where Bu is the burnup in GWd/MTU. Equation 5-16 is applied at burnup levels beyond 28
GWd/MTU.

The modified NFIR model shown above was normalized to material with 95% theoretical
density. For application to material with a different amount of porosity, eq. 5-4 is used to
account for porosity effects. The modified NFIR model is used to calculate the thermal
conductivity at each integration point within the fuel element model used in FALCON. As a
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result, the local burnup corresponding to the radial position of the integration point is used in the
NFIR model. This burnup value is calculated based on the radial power distribution.

The fuel centerline temperature calculated by FALCON for two instrumented fuel rods irradiated
in the Halden reactor are presented in Figures 5-3 and 5-4 to highlight the differences between
the modified MATPRO and modified NFIR thermal conductivity models [25]. Figure 5-3 shows
the results for the UO, rod A1l in IFA-515.10 irradiated to a burnup of ~75 GWd/MTU. The
FALCON results using the modified NFIR model shows excellent agreement with the
thermocouple data, validating the burnup dependency of the thermal conductivity. However, the
modified MATPRO model results in an under-prediction of the fuel centerline temperature at rod
average burnup levels beyond 20 GWd/MTU. These results indicate that the burnup degradation
factor used in the modified MATPRO model is insufficient for this case.

Figure 5-4 shows the results for the UO,-Gd,O, rod A2 in IFA-515.10 irradiated to a burnup of
92 GWd/MTU. The FALCON results using the modified NFIR models show good agreement
with the thermocouple data at burnup levels up to 70 GWd/MTU. Beyond this burnup range, the
FALCON results are 150 to 200°C higher than the measured data. These differences could be
attributed to errors in the thermocouple measurements. These results validate the combined
effects of burnup and gadolinium contained in the modified NFIR model.

IFA-515.10 Rod Al

800
—a— Modified MATPRO Model
—e— Modified NFIR Model
+ Halden Data

700 -

600
M

500

400 -

FUEL CENTERLINE TEMPERATURE (C)
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+ =
| 8 &
200 +—/——F—7F—4—7— 7777
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TIME (HR)

Figure 5-3
Comparison of Fuel Centerline Temperature as a Function of Irradiation Time for IFA
515.10, Rod A1 (UO, Rod) for the MATPRO and NFIR Fuel Thermal Conductivity Models
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IFA-515.10 Rod A2 (Gd)
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Figure 5-4

Comparison of Fuel Centerline Temperature as a Function of Irradiation Time for IFA
515.10, Rod A2 (UO,-Gd,O, Rod) for the modified NFIR Fuel Thermal Conductivity Model

5.1.3 Swelling Model

Fuel swelling is the phenomenon that occurs when fission product atoms force themselves into
the lattice structure of the fuel and displace more volume than their fissile parents.
Approximately, half of the solid fission products remain interstitially in the fuel lattice after
formation, causing volumetric swelling. Gaseous fission products can also accumulate in the
fuel lattice and result in a positive volume change. At low fuel temperatures, gaseous swelling is
limited. As the fuel temperature rises, the fission gas bubbles agglomerate and grow in size,
displacing more fuel. At even higher temperatures, fission gas release from the fuel matrix to the
rod open void volumes counteracts the bubble growth and fuel displacement, thus decrease the
swelling rate. At the highest temperatures, essentially all of the fission gas is released and no
gaseous swelling is observed.

Fuel swelling is also dependent on the high burnup structure formation in the outer periphery of
the fuel pellet. This region is termed the “rim region” and is often characterized by high
concentration of porosity. The increase in porosity is associated with an increase in bubble size,
which have an obvious influence on the overall fuel pellet dimensional changes. Recent data
from Bremier et al. [26] indicates that the fuel swelling rate changes dramatically beyond local
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burnup of ~70 GWd/MTU as shown in Figure 5-5. The FALCON fuel swelling model was
developed using the work of Turnbull [27] and several data sets including NFIR U- and G- series
data (excluding the gadolinium [Gd]- doped fuel), and EDF UO, data from Blanpain, et al. [28]
A linear correlation was developed for the entire dataset as,

d(%TD) = 96.14 — 5.64E — 2* BU(MWd / KgU) (eq. 5-17)

For high burnup (>60 MWd/KgU), the following correlation, derived from the local correlation
of Lassmann, HBRP, and Une [29] high restraint swelling data, is used

d(%TD) = 93.35-0.171* (BU(MWd/ KgU) — 60) (eq. 5-18)

These correlations apply to solid swelling of irradiated UO, and apart from the porosity
generated by rim restructuring, do not include intra-granular gas bubble swelling. Based on the
above correlations, the change in density corresponds simply to the volume increase according to
the following equation

AV
(vj :dtO /dtl -1 (Cq 5-19)
ur

AV . . . . )
Where, (vj is the unrestricted volumetric swelling, and d , and dtl are UO, pellet density at
ur
two successive time steps obtained from equations 5-17 and 5-18. The local burnup at the radial
position of the integration points is used to calculate the solid swelling. Results using these
correlations in FALCON is also shown in Figure 5-5.
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Figure 5-5
Comparison of Measured Density to the FALCON Fuel Swelling Model as Function of
Burnup for UO, fuel.
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Accommodation of fuel swelling is the redistribution of expanding fuel into fuel internal void
volumes, porosity, dishes, etc. As long as sufficient porosity is available, swelling is
accommodated by the fuel pore spaces. Anselin, et al. [30] found a maximum solid swelling rate

of 0.13% (AV V) per 10™ fissions/m” if the fuel completely utilizes the vacancies created or
0.54% (AV /V) per 10* fissions/m’ if none of the vacancies is utilized. Based on these

observations, FALCON unrestricted volumetric swelling rate is adjusted for all operating
conditions as follows

AV) (AV)
— | =09 — (eq. 5-20)
( V V ur

Where [ﬂj is the restricted volumetric swelling rate. When the fuel-cladding contact is
r

established, the contact pressure restrains the fuel swelling. Turnbull [31] pointed out that
restrained fuel swelling is less dependent on both temperature and burnup and virtually
unaffected by the level of restraint. Moreover, the effect of restraint is of relevance to different
pellet geometries since the hydrostatic pressure is very dependent on the volume available to
accommodate the change in pellets. Based on Bettis data [32], 50% of the gaseous swelling is
accommodated with pellet-clad interaction. Due to the limited compressibility of solid fission
products, only 10% of solid swelling can be accommodated. More recently, Une [29] also
explained the effect of PCI restraint on the rim porosity and bubble growth. Fuel pellets with
weak restraint force showed larger bubbles (5-6 pm) and high porosity (15-18%) in the rim
region, whereas, bubbles size decrease to 2-3 microns and porosity to 7-8% for pellets with
strong restrain force. For computational simplicity, a total of 30% swelling accommodation is
considered in FALCON calculations and assumed that the rate of accommodation remains
constant once a contact pressure is established and is maintained, i.e., the rate of accommodation
is not a function of the level of contact pressure. As a result, the specific volume change once
pellet-clad contact occurs takes the following form;

Avj (AV)
— | =07 — (eq. 5-21)
( Vo V ur

where the unrestrained swelling is given by eq. 5-17.

5.1.4 Densification

Fuel densification is a phenomenon that rapidly removes as-fabricated internal porosity when
fuel pellets are irradiated in a reactor. First-generation fuel had a propensity to densify by as
much as 4% of theoretical density within the first few thousand MWd/MTU burnup.
Recognition of densification mechanisms in the early 1970s led to the development of fuels that
are more stable to densification in reactor, and which densify by much less than 1% of
theoretical density. Densification causes fuel pellet dimensions to decrease. Pellet dimensional
changes have a direct impact on gap conductance and fuel temperature during operation.
FALCON contains two models to calculate fuel densification. First, the densification model
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from the ESCORE code has been incorporated into FALCON. Second, the densification model
from MATPRO is included for completeness. Each of these models are described below.

5.1.4.1 ESCORE Model

The ESCORE model has two options to calculate fuel densification, one that is temperature
dependent and one that is temperature independent [4]. The options are the same for fuel
average temperatures above 750°C. Below 750°C, the temperature-dependent options give
lower densification rates as the temperature is reduced.

Both densification options, are based on two quantities: Ap,, the total amount of densification

that can occur as a percent of fuel theoretical density and Bu,, the burnup at which densification
is complete. These quantities are defined via input. The total densification can be based, for
example, on the use of either the NRC-approved thermal resinter test of 24 hours at 1700°C, or a
fuel vendor’s NRC-approved resinter test conducted for the specific fuel supplied. Typically,
most of the fuel densification occurs relatively quickly. Usually, the densification process is
more than 75% complete within the first few thousand MWd/MTU burnup. Complete
densification typically occurs by about 5000 MWd/MTU.

For each of the two models, the total accrued specific-volume change due to densification at
constant temperature operation is:

(AVV,), = App[exp{Bu-1n(0.010)/(C - Bu, )}-1] (eq. 5-22)
where Bu is the pellet average, (MWd/MTU).
For the temperature-independent densification model, the value of C is:
Cc=10 (eq. 5-23)
For the temperature-dependent densification model:

1.0 for T, >750°C

C:
7.2-43(T, -25)/500 for T, <750°C

(eq. 5-24)

where:

T :  local temperature at an integration point (°C).

The densification model as described above is qualified for application at constant temperature
operation. Since fuel temperatures change during the period of fuel densification, a method is
required to determine the incremental densification that occurs during each timestep. This
increment is then added to the previously accrued specific-volume change due to densification.
Further details regarding the ESCORE densification model can be found in Reference [4].
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5.1.4.2 MATPRO Model

The MATPRO-11 Rev. 0 densification model calculates fuel dimensional changes due to
irradiation induced densification of UO, and (U,Pu)O, fuels during the first few thousand hours
of water reactor operation [1]. Densification is calculated as a function of fuel burnup,
temperature, and initial density.

The data used to develop the MATPRO densification model were taken from irradiated fuel
which also experienced soilid swelling. If fuel densification is much greater than swelling
during the first thousand hours of irradiation, then as a first approximation, swelling can be
neglected during this period. This assumption was made in the development of the MATPRO
densification model.

The MATPRO densification model uses one of two methods to calculate the maximum density
change during irradiation. The density change observed during a resintering test (1700°C for
more than 24 hours) in a laboratory furnace is the preferred input for the densification model. If
a resintering density change is not input, the model uses the initial unirradiated density of the
fuel and the fuel fabrication sintering temperature. These inputs are used in the following
equations to calculate the maximum densification length change during irradiation.

If a nonzero value for the resintering density change is input:

[A—LLJ =(0.0015)- Apgyra for T, <1000 K
m

AL (eq. 5-25)
(Tj =—(0.00285)- Apgrr  for T, >1000 K
m
If zero is input for the resintering density change:
(A—L] _Z222000-p0) g7 <1000 K
L Tsnr —1453
m SINT
(eq. 5-26)
(A—Lj _2868000-pr0) g7, > 1000 K
L )y Tenr —1453 f

where

(A—LJ :  Maximum possible dimension change of fuel due to irradiation (percent)

p.,.  Theoretical density (percent)
+ Fuel temperature (K)
Tyn:  Sintering temperature (K)

Apg..: Resintered fuel density change (kg/m’).
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Densification as a function of burnup is calculated using

A—L" = (A—LL] +exp[-3(Bu + By )]+ 2.0 exp [-35(Bu + By, )] (eq. 5-27)
m
where
A—LL :  Dimension change (percent)

Bu: Pellet average burnup (MWd/kgU)

B_: Constant determined by the sub-code to fit the boundary condition:
AL/L =0 when Bu =0.

The MATPRO densification model uses eq. (5-27) to calculate total densification and then
subtracts the densification from the previous time step to obtain the incremental densification.
Further details of the MATPRO densification model can be found in Reference [1].

5.1.5 Relocation

During normal operation of LWR pellet fuel, the large radial temperature gradients cause thermal
stresses within the fuel matrix that may exceed the material fracture stress. At sufficient power
levels, pellet cracking occurs due to the thermal gradients. Cracking of the fuel pellets causes
some of the original fuel-cladding gap to be re-distributed into the pellet in the form of radial
cracks. This process is termed fuel relocation and it can impact the pellet temperatures by
decreasing the pellet-cladding gap. Experimental data indicate that fuel relocation is a function
of the fuel rod design (pellet diameter and gap thickness) and operating conditions (power level,
power cycles, and burnup). Because of the consequences on fuel temperatures, fuel rod
modeling codes must consider fuel relocation in the thermal calculations.

FALCON includes two different fuel relocation models for use in analyzing fuel rods. In
addition, the user can specify via input the initial fuel relocation. The two models available in
FALCON are the HEDL model and the ESCORE model. Each of these models are described
below.

5.1.5.1 HEDL Model

The HEDL fuel relocation model is provided in FALCON as an option to initialize analyses
which start at a non-zero burnup [33]. The HEDL model can be used to estimate the amount of
gap closure due to fuel swelling, cracking, and cladding creepdown that occurred during the prior
irradiation history.

Data on fuel relocation in LWR power reactors tend to be either proprietary or in a qualitative
form unsuitable for model parameterization. The basis for the HEDL relocation model is data
from post-irradiation gap thickness measurements from which the following formula was derived
[33]:
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G =G, —Al-Q-GO-(Q —Az)-(l—e_c)—AgGo(l—e_A“Q'B)—Ag,B (eq. 5-28)

where

Diametral gap (mils)
As-manufactured gap (mils)
Burnup MWd/KgU)

Linear power averaged over the time period during which the burnup, B, was
accumulated (KW/ft)

Number of reactor cycles
0.0005224

5.835

0.365

0.0914

0.00347

o wla

[§]

w

~

> > > > > 0
1

v

These values of A's are based on adopting British units for the variables in eq. 5-28. This
equation defines the average initial cold gap which is further modified by the axial power profile
on the assumption that fuel relocation is proportional to local power. The results of eq. 5-28 are
applied as an initial cold gap to establish the fuel-cladding gap conditions prior to the actual
analysis. Modification of the relocation equation by the axial power profile factor is given by

G(z,tg) = P(z) Gltp) (eq. 5-29)

where
G(z,t): Diametral gap at elevation z and time of the start of the analysis t,
P(z): Normalized axial power profile such that [P(z)]
G(t): Obtained from eq. 5-28

= unity

max

5.1.5.2 ESCORE Relocation Model

The ESCORE fuel relocation model calculates the change in pellet outer diameter caused by
pellet relocation during operation [4]. The model considers the effects of power, as-fabricated
pellet diameter, as-fabricated gap thickness, and burnup. The model was developed from pellet
mean-diameter measurements on fuel rods operated at power level between 8 and 22 kw/ft and to
burnup levels between 0 and 11,500 MWd/MTU. The resulting correlation is given as follows;

(%AD/D,)__ =0.80Q(%G:/ DO)(o.oos B, % -0.20D, + 0.3) (eq. 5-30)
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with:
0 for q'<6kW/ ft
Q= (q'-6)"° for B6KW/ft<q'<l4kW/f (eq. 5-31)
(@'-10)/2 for q' >14kW/f,
where:
(%AD/D,),: Percentage change in diameter due to relocation,

D_: As-fabricated cold diameter of the pellet (in),

o

!

g:
BU_: Pellet average fuel burnup (MWd/MTU), and

t

Pellet average linear heat rating (KW/ft),

G: As-fabricated cold diametral gap (in)
The fuel relocation calculated by eq. 5-30 is applied incrementally within FALCON. This is
done by calculating the fuel relocation using eq. 5-30 at the burnup for the current step and
subtracting the previous step fuel relocation. If the gap is not closed in the previous step (t-At),
but would close with interference for the current time step (t) using the incremental fuel
relocation value, than a smaller value of relocation is chosen, sufficient to close the gap at the
current time step. Once the gap is closed no further relocation is considered unless gap
reopening occurs at a later time. The implementation of the ESCORE relocation model into
FALCON does not include recovery of relocation strain following gap closure.

5.1.6 High Burnup Rim Structure

At a local burnup of 60~75 GWd/MTU, a characteristic microstructure is observed along the
outer periphery of the fuel. This high burnup structure (HBS), sometimes referred to as the “rim
region” and is often characterized by a high concentration of porosity, loss of definable grain
structure, and depletion of fission gas from the UO, matrix into a large collection of fission gas
bubbles that are typically 1um in diameter. The widespread formation of the high burnup
structure in the pellet outer periphery can significantly enhance the thermal fission gas release
from this region, as well as, cause an increase in the local fuel swelling. Moreover, this porous
rim region can also degrade the UO, thermal conductivity, which has an influence on the fuel
temperatures.

A simple model has been implemented into FALCON based on a correlation developed by
Lassmann, et al. [34] to calculate the thickness of the high burnup structure at the pellet
periphery. This model calculates the rim thickness when the pellet local burnup exceeds a
threshold value defined to be 75 GWd/MTU in FALCON. The rim region thickness is calculated
based on the radial burnup distribution. The radial burnup distribution is calculated at discrete
points in FALCON and the resolution of these points are defined by the user and are independent
of the finite element mesh used in the fuel column. Instead of using a linear interpolation to
identify the radial position of the HBS threshold burnup, an exponential function is used that
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considers the non-linear variation of burnup in the pellet periphery. This function is given
below;

5 2.22
Rim Width =| 0.33 Iog(—GJ (eq. 5-32)
6.48x10~ - A
Where,
0.45 0.45
BUjp, *9_3(RF0ut ~Rout) —BUout*e_3(RF°Ut ~Rin)
B 0.45 0.45
9_3(RFout ~Rout) _ 6_3(RFout ~Rin)
B = BUout ~BUin
0.45 0.45
e_?’(RFout ~Rout) _ 9_3(RFout ~Rin)

BU, and BU_, are the local burnup in MWs/KgU for two corresponding radial positions of a
pellet section. RF_, is the pellet outer radius; R, and R are the inner and outer radius in meters
for the two radial positions for the burnup values. When the inner burnup (BU, ) is equal to the
threshold burnup, the entire zone becomes rim and the rim thickness is calculated simply by
subtracting the inner radius (R, ) from the pellet outer radius.

The penetration of the high burnup structure to the fuel pellet increases smoothly with burnup.
However, the progression of the re-structuring process and the propagation of the rim zone
inwards cannot be correlated to local burnup alone. The local fuel temperature, which controls
the dislocation annealing, can also limit the inward propagation of the high burnup structure [35].
The present model neglects the effect of temperature on the growth of the rim zone inward
towards the pellet center. Future development of this model is planned to limit the inward
growth of the rim region based on the local pellet temperature when more data become available.

5.2 Internal Void Volume and Gas Pressure

The internal gas pressure calculation is based on the ideal gas law and instantaneous gas
communication between the internal void volumes. The interval void volumes considered in
FALCON for internal gas pressure calculations include the upper and lower plena, the fuel-
cladding gap, open fuel cracks, open porosity, and user definable fuel-to-fuel pellet gaps. The
internal gas pressure calculation includes changes in the internal void volumes due to
deformations, such as pellet-cladding gap closure, fuel crack closure, etc. Also changes in the
initial internal gas inventory due to fission gas release are included in the gas pressure
calculation.

The gas pressure is calculated from the ideal gas law as;
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T.
P=R-Y _'J (eq. 5-33)
N (Vi !

where N is the number of void volume regions P is the internal pressure, R is the specific gas
constant, T, is the temperature of the i" internal void volume, and V. is the volume of the i" void
volume. The specific gas constant is defined as the ratio of the universal gas constant R and the
molar mass, M, ie.,

The initial molar mass is calculated from the as-manufactured fill pressure, fill temperature and
initial void volume. The amount of fission gas moles released to the internal void volume is
added to the initial molar mass to yield the total gas moles within the rod, M,.

The temperature and volume for each of the internal void volume locations is calculated in
FALCON. For the upper and lower plena, the fuel-cladding gap, and the user defined fuel-to-
fuel gaps, 2-node elements are used to represent these regions. The gas temperature used in the
gas pressure calculations for these void volumes is a linear average of the two nodes. The void
volume for each element is calculated using the deformed coordinates of the element. Because
multiple elements are used in the fuel-cladding gap, a distribution of temperatures and void
volumes are used in the pressure calculation.

The void volume associated with open fuel cracks is defined at each integration point within the
fuel column finite element mesh based on the cracking strain calculated in the deformation
solution. The gas temperature within the cracks is assumed equal to the fuel temperature at each
integration point. The contribution of the open fuel cracks to the rod internal pressure is
obtained by summing the volumes and temperature from all the integration points in the fuel.
Similarly, the open porosity void volume is distributed across the fuel pellet radius and the
pressure contribution is calculated for each integration point using the local temperature. The
fuel crack and open porosity void volume is included in the pressure calculation performed in eq.
5-33. At this time, dish and chamfer void volume is not included in the rod internal pressure
calculation, unless explicitly represented using two-node fuel-to-fuel gap elements.

The internal void volume and gas pressure calculation is performed at the end of the timestep

following completion of the thermal solution, mechanical solution, and fission gas release
calculations.
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5.3 Clad Material Properties & Behavioral Models

5.3.1 Zircaloy and ZrO, Thermal Conductivity

FALCON uses the Zircaloy thermal conductivity model from MATPRO to determine the
cladding thermal conductivity as a function of temperature which is used to form the matrices in
the heat conduction solution described in Section 3.1 In calculating the cladding temperature
distribution, the resistance to heat flow caused by the presence of an oxide layer on the outer
surface is not considered in FALCON. However, the zirconium oxide thermal conductivity is
used within the cladding oxidation model described in Section 5.3.5.1 to calculate the metal-
oxide interface temperature. For this model, two options are available to calculate the thermal
conductivity of zirconium oxide. First, the zirconium oxide thermal conductivity model from the
most recent version of MATPRO is used in FALCON. Second, recent measurements obtained in
the NFIR program have been used to establish the ZrO, thermal conductivity. The following
briefly summarizes the cladding and oxide thermal conductivity models used in FALCON.

5.3.1.1 Zircaloy Thermal Conductivity

The MATRO-11 Rev. 2 Zircaloy thermal conductivity model used in FALCON is a function
temperature[2]. For temperature below 2098 K, the thermal conductivity is given by;

K=7.51+2.09x10” T-1.45x10°T*+7.67x10°T°’ (eq. 5-34)
For temperature greater than 2098 K, the thermal conductivity is;
K=36 (eq. 5-35)

where
K: Thermal conductivity at Zircaloy (W/m-K)
T: Temperature (K)

Good agreement is found between eq. 5-34 and measured data up to temperatures of about 1800
K. The thermal conductivity for liquid Zircaloy was estimated based on the ratio of solid state
conductivities to liquid-state conductivities for metals with a body-centered cubic lattice.
Additional information on the Zircaloy thermal conductivity model can be found in Reference

[2].

5.3.1.2 Zirconium Oxide (ZrO,) Thermal Conductivity

FALCON includes the NFIR and MATPRO models to calculate the zirconium oxide (ZrO,)
thermal conductivity as a function of temperature. The NFIR model is based on a series of in-
pile experiments performed in the Halden test reactor that were designed to determine the
thermal conductivity of external oxide layers on fuel rods [36]. In the NFIR experimental
program, the ZrO, thermal conductivity was estimated using cladding elongation measurements
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during power ramps as a representation of cladding temperature changes. By comparing the
cladding elongation of a fuel rod with an external oxide to a reference rod without an external
oxide, the thermal impact of the oxide layer was determined. Experiments were performed at
oxide layer thicknesses between 30 and 82 um. In determining the thermal conductivity from
the measured data, considerations were made for external crud layers, power increases, power
decreases, and oxide layer thickness. The results of the experiments found that the thermal
conductivity of ZrO, is independent of oxide thickness and temperature in the temperature range
between 240°C and 300°C. The NFIR model provides a constant thermal conductivity value of
2.7 W/m-K.

The MATPRO-11 Rev. 2 model for Zircaloy oxide thermal conductivity is based on several
different data sources of thermal conductivity measurements [2]. These measurements were
performed using a variety of oxide morphologies (stabilized oxides, nodular, and black) and
oxide formation techniques (steams oxidation and plasma sputtering).

Using thermal diffusivity measurements, the thermal conductivity was determined for the
different oxide types as a function of temperature. The MATPRO model used primarily data
from tests with black oxide layers to develop the thermal conductivity as a function of
temperature. The resulting correlation is;

Kox =0.835+1.81x10 74T (eq. 5-36)

where

K : Oxide thermal conductivity (W/m-K)

0oxX

T: Oxide temperature (K)

The correlation above is applicable to solid Zircaloy oxide found on fuel rods. Further
information on the MATPRO Zircaloy oxide model can be found in Reference [2].

5.3.2 Elasticity & Plasticity

The mechanical properties used in FALCON for the clad are based on MATPRO-11 Rev. O [1].
These properties are known to only partially represent the material behavior of irradiated
cladding across the entire range of alloy types and environmental conditions encounter in a
reactor under normal and off normal conditions. However, they have been accepted as a suitable
basis for licensing calculations for fuel rods under typical steady state (operational) conditions.
The important clad mechanical properties include Young’s modulus, Poisson’s ratio, coefficient
of thermal expansion, the yield stress and hardening law, and the creep and irradiation growth
creep. In FALCON, all these clad mechanical properties, except creep and irradiation growth,
are based on the MATPRO-11 Revision 0 models [1].
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5.3.3 Thermal/lrradiation Creep

FALCON includes the thermal and irradiation creep rate of the Zircaloy material in the
calculation of the cladding stress and strain behavior during normal operation, off-normal
conditions, and accidents. For steady state operation and power ramp conditions where the
cladding temperature remains below 450°C, four different Zircaloy alloy creep models are
available in FALCON. The models include the MATPRO-11, Rev. 0 model, the ESCORE
model, a modified version of the MAPTRO-11, Rev. 2 model, and the Limbick and Andersson
model. FALCON also includes a high temperature creep model developed from MATPRO-11,
Rev.0 that is used for accident conditions at temperatures greater than 450°C. The following
summarizes the key points of the ESCORE creep model, the modified MATPRO Rev. 2 model,
and the Limbéck and Andersson model. Additional information on the low and high temperature
MATPRO Rev. 0 models can be found in Reference [1].

The general approach used in FALCON is to compute the cladding creep rate using two terms,
irradiation-induced creep and thermal creep. The total cladding creep rate is then the sum of the
contributions from these two components. The thermal creep rate is further broken down into
primary and secondary creep rate components. For normal operating conditions, the cladding
diametral creep down process is controlled by irradiation-induced creep deformations. Thermal
creep is the controlling creep process that causes stress relaxation and cladding deformations for
operational transients that result in PCMI. Also, under spent fuel storage conditions, the neutron
flux is negligible and therefore thermal creep is the dominant cladding creep process. The
models used in FALCON for the diametral creep of Zircaloy cladding are dependent on the time,
temperature, stress, and fast-neutron flux. Each model also includes a dependence on the
material metallurgical condition.

5.3.3.1 ESCORE

The ESCORE model for diametral creep of Zircaloy cladding is dependent on operating
conditions of time, temperature, stress, and fast-neutron flux and on material metallurgical
conditions of yield strength and texture[4]. Two components of creep are included. The first
describes irradiation-independent thermal creep and the second describes irradiation-induced
creep.

The ESCORE creep model has the following form prior to differentiating with respect to time:

el = s%h +efr (eq. 5-37)
S A [sinh| Aol 3 A4tA5cA6 ex (—A /T) (eq. 5-38)
Th =™ 2% yield P A7 a4
c B, By B B B
e =Byt 2¢ 3o * exp(-B5 1T )l 8 lcos 0y [P7 (eq. 5-39)
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where
€: Diametral strain, AD/D (m/m),
t:  Time of exposure (hrs),
¢: Fast neutron flux for E > 1 MeV (n/cm’-sec),
co: Midwall hoop stress (MPa),
T: Cladding temperature (K)
.. Cladding yield strength at room temperature (MPa), and

cos 0 : Cosine of angle of maximum intensity of basal pole or radial direction, normal to axial
direction.

The constants in the creep equations have the following values:

Constant Value Constant Value
A, 1.388x10° B, 2.35x10™
A, 3.29x10° B, 0.811
A, 2.28 B, 0.595
A, 0.997 B, 1.352
A, 0.770 B, 22.91
A, 0.956 B, 1.58
A, 23x10° B, 2.228

The creep model was obtained from a regression fit of available LWR creep data. These data
were obtained from fueled and non-fueled rods irradiated in PWRs and in BWRs, all of which
were subjected to compressive stresses. Data were also obtained from ex-reactor thermal creep
tests with samples subjected to tensile or compressive stresses and from tensile irradiation tests
of pressure tubing. With the exception of the pressure tube data, all data pertained to production
fuel cladding typical of that employed in the fabrication of modern LWR fuel. In all cases, only
those post-irradiation data were utilized for which pre-irradiation characterization data were also
available. The data were obtained from fueled and non-fueled rods with little or no cladding
contact with the fuel or mandrels. Thus the modifying influence of contact on creep down was
minimized. Also, the measurements were obtained away from grid locations, generally at mid-
span positions, to preclude any restraining effects of grids. Equation 5-38 is based on the ex-
reactor, thermal-creep model described by Gorscak and Pfenningworth [37]. The effects of

material metallurgy are reflected by the addition of the term: G’;g,d , which produces a

dependence of creep on the material yield strength [38]. Due to the unavailability of data on
yield strength at elevated temperatures, the yield strength at room temperature is used in the
model. Equation 5-39 is based on the form of the low-temperature irradiation-creep model
developed by Franklin [38].

The form of the ESCORE creep model shown in equations 5-37, 5-38, and 5-39 provides the
creep strain for time invariant conditions of stress temperature and flux. However, the
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incremental analysis approach in FALCON and the real life conditions in a fuel rod requires
time-varying conditions. Two approaches can be used to convert the model to time varying
conditions: the time-hardening law or the strain hardening law. Experience has shown that the
strain-hardening law provides better representation of creep deformation under time-varying
conditions. Using the strain hardening approach, the ESCORE creep model becomes;

dgTota| /dt = LA, [g /L][(As—l)/As]

Thermal

(eq. 5-40)
+ MBZ [glrradiation / M][(Bz_l)/BZ]
where:
L=A [sinh(A ohd )rﬁc exp(—-A7/T) (eq. 5-41)
1 2 hOOp yleIdA 7 .

M= Bld)BaGthop exp(— B5 /T)GyieldBG (Cosemax)B7

Equations 5-40 and 5-41 have been incorporated into FALCON for calculating the thermal and
irradiation growth of Zircaloy alloy cladding

5.3.3.2 MATPRO Rev 2 Cladding Creep Model

The MATPRO-11 Revision 2 cladding creep model was developed primarily to address
irradiation-induced cladding creep down and is based on data from the HOBBIE-1 tests
conducted jointly by the US NRC and Engergieonderzoek Centrum Nederland (ECN)[39]. In
the tests conducted in the High Flux Reactor at Petten, measurements were made of the in-pile
creep down displacements as a function position and time during irradiation. Using this data, the
MATPRO-11 Revision 2 model was developed as a function of temperature, fast neutron flux,
and compressive hoop stress. A detailed description of the MATPRO-11 Revision 2 irradiation
creep model can be found in Reference [2]. The MATPRO-11 Revision 2 model does not
depend on the material metallurgical condition of the cladding. To increase the applicability of
the model in FALCON, a cold work dependency was introduced into the model using data sets
of stress-relief annealed cladding with varying degrees of cold work and fully recrystallized
cladding. The material dependency was developed using irradiation creep data obtained by
Gilbon and Franklin [38, 39] Adding a material heat treatment consideration to the model
improved the performance of the model and although the model represents well the data from the
HOBBIE-1 experiment, the modified MATPRO Revision 2 model has not been extensively
compared to creep down data from commercial fuel rods. The primary application of this model
is for steady state analysis.

5.3.3.3 Limbé&ck and Andersson Cladding Creep Model

The Limbéck and Andersson model has recently been developed to represent the effects of
metallurgical condition on both the in-pile and out-of-pile creep behavior of Zircaloy cladding
[41]. This model includes three key elements: a thermal creep rate expression based on the
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Matsuo formulation [42], an irradiation hardening effect on the thermal creep rate based on the
model of Hoppe [43], and an irradiation-induced creep rate expression. The out-of-pile thermal
creep tests used to develop the model included both cold work stress relieved (CWSR) Zircaloy-
4 (Zr-4) and both partially recrystallized annealed (PRXA) and recrystallized annealed (RXA)
Zircaloy-2 (Zr-2) cladding material. As a consequence of using this wide array of materials, the
model coefficients in the Limbick and Andersson model depend on the metallurgical condition
of the cladding. Further, the Franklin data for in-pile creep of CWSR and RXA cladding
material were used to develop the model coefficients for the irradiation-induced creep rate
expression [38].

The general form of the Limbéck and Andersson model is; summarized below;

o\ 9
¢ = A-Efsinn &% | o (eq. 5-42)
T E
¢ =B-él[2—tanh(D-&,)[" (eq. 5-43)
€th :sz[l—expl —qués-t]+és-t (eq. 5-44)
where
&, Steady state creep rate
8; :  Saturation value for the primary creep
g,: Total thermal creep strain
A: Model constant dependent on alloy heat treatment
E:  Young’s Modulus
B: Constant (0.0216)
b: Constant (0.109)

co: Hoop stress

Model constant dependent on alloy heat treatment
Thermal creep activation energy (205 KJ/mol)
Universal gas constant

Constant (52)

Model constant (35,500)

Model constant (-2.05)

a U 0 ®QO -
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Irradiation hardening of thermal creep is included in the Limbick-Andersson model through the
a term. The development of irradiation damage that hinders dislocation motion is modeled as a
function of fast fluence, similar to Hoppe [43] as:

aj = a[l— Al[l— exp(— A, .pP3 )

where

®: Fast neutron fluence E >1MeV(n/cm’)
a:  Model constant (650)

A;:  Model constant (0.56)
A,:  Model constant (1.4x10-27)
A,:  Model constant (1.3)

As can be seen, the thermal creep equations include both primary creep, the first term in Eq. 5-
44, and secondary (state-state) creep, the second term in Eq. 5-44. The incremental analysis
approach in FALCON requires the creep rate to account for time-varying temperature and stress
conditions. As a result, the strain hardening low has been used to reformulate the primary creep
given by the first term in Eq. 5-44. The result for the primary creep rate is

1—8p/8;

& =05C%.&°
r ) p{ﬁnil—gp/g; J

where

£,: Primary creep rate
€. Accumulated primary creep

The irradiation-induced creep model is based on a model development by Hoppe which states

that the irradiation creep rate is proportional to the current fast flux, ¢, and stress and is given by
Reference [43];

& =Coplog? (eq. 5-45)
where
C,; Model constant dependent on alloy heat treatment
C,: Model constant (0.85)
C,:  Model constant (1.0)

The model coefficients in eq. 5-45 were calibrated for stress-relieved annealed and recrystallized
cladding material using the data of Franklin Reference [38]. The total creep rate is given by
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&t :és+ép+éi

Further details about the Limbéck and Andersson model can be found in Reference [41]

5.3.4 Irradiation Growth

The change in cladding elongation by irradiation-induced growth is calculated by FALCON for
use in steady state fuel performance evaluations. Currently, three models are available to
calculate the incremental change in the axial dimension caused by irradiation-induced growth;
the MATPRO-11 Revision 2 model, the ESCORE model, and the Franklin model. Each of these
models are summarized below.

5.3.4.1 MATPRO-11 Revision 2 Model

The MATPRO-11 Revision 2 model calculates the fractional change in length of zircaloy tubes
due to irradiation-induced growth including the effects of fast neutron fluence, tubing texture,
cladding temperature, and cold work. The model can be applied to both Zircaloy-2 and
Zircaloy-4. The datasets used to develop the model included both Zircaloy-2 and Zircaloy-4
material irradiated to fluence levels of approximately 1x10”n/m’ (>1 MeV).

The following equation has been developed to model the irradiation growth of zircaloy tubes at
temperatures between 40 and 360°C (the normal range of cladding temperatures in LWRs).

AL/L = Alexp(240.8/T)J(¢t)' 2(1—3f, Y1+ 2.0CW) (eq. 5-46)

where

AL/L:  Fractional change in length due to growth

A = 1.407x 10" (n/m*™"

T: Cladding temperature (K)

¢: Fast neutron flux (n/m’s)(E > 1.0 MeV)

t:  Time(s)
f: Texture factor for the tubing axis

CW: Cold work (fraction of cross-sectional area reduction)

The parameter f is the effective fraction of cells aligned with their <0001> axis parallel to the
tubing axis, as determined by X-ray diffraction analysis. A value of f =0.05 is typical. Limited
testing of the MATPRO-11 Revision 2 model has shown that it works well for Zircaloy-2.

However, it tends to under predict irradiation growth for Zircaloy-4 at fluence levels beyond
1x10”n/m’. A more detailed description can be found in Reference 2.
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5.3.4.2 ESCORE Model

The stress-free axial growth of Zircaloy-2 and Zircaloy-4 is described in the ESCORE model by
an equation of the form [4]:

AL/L = A(¢;t)" (eq. 5-47)

where:
AL/L: Axial growth strain (m/m),
¢;jt: Fast neutron fluence (E > 1 MeV, n/cm’), and

A,n:  Model constants that depend on cladding metallurgical state

The model coefficients were developed as a function of cladding type using irradiation growth
data obtained in an early EPRI program [38]. This program evaluated growth data from fuel
rods manufactured by General Electric (GE), Combustion Engineering (C-E), Westinghouse
(W), Babcock and Wilcox (B&W), and Exxon. The C-E, W, and B&W fuel rods were irradiated
in PWR’s while the Exxon and GE fuel rods were irradiated in BWR’s. The fuel rods
experienced fluences to 10 x 10” n/cm’ (E > 1 MeV).

The results of the EPRI evaluation show that the growth behavior of the W, C-E, and Exxon fuel
rods was similar. These fuel rods all used stress-relief annealed cladding. Although the B&W
cladding is also in the stress-relief annealed condition, the growth of the B&W fuel rods was
lower than for fuel rods with similar cladding produced by other vendors. The growth of the GE
fuel rods, which used fully-annealed cladding, was lower than that of the fuel rods with stress-
relief annealed cladding. The model coefficient A and n for the various vendor fuel rods are
given below:

Fuel Rod Vendor A n

C-E, EXXON, W 3x10™ 0.794
B&W 7.3x10-*° 1
GE 1.82x10™" 0.564

A more detailed description of the ESCORE model is contained in Reference [4].

5.3.4.3 FRANKLIN Model

D. G. Franklin proposed a model, based on high-fluence PWR data, in which axial growth is
proportional to the fluence raised to the 0.845 power [38]. The model uses the same set of axial
elongation measurements used to develop the ESCORE model coefficients. The Franklin model
is given by;

A—L" =9.09x107 2 (¢t)0-84° (eq. 5-48)
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where
— Axial growth strain (unit less)
¢t: Fast neutron fluence E >1 MeV (n/cm’)

The Franklin model has been found to represent well the irradiation growth of Zircaloy-4 in a
stress-relieved annealed condition. For recrystallized Zircaloy-2 material used in BWR’s, the
Franklin model over-predicts the irradiation growth. For application of the Franklin model to
recrystallized Zircaloy-2 material, a factor of 0.5 is applied in FALCON to the model shown in
eq. 5-48.

5.3.5 Oxidation

FALCON calculates both low temperature oxidation associated with normal operation under
typical reactor coolant temperature, pressure, and chemistry conditions and high temperature
oxidation associated with accidents that result in steam conditions. The low temperature
oxidation is calculated using either the CORROS model provided in MATPRO-11 Rev. 2 or the
PFCC EPRI/SLI model. Considerations are made for cladding alloy type, alloy composition, and
coolant chemistry effects for low temperature oxidation. The high temperature oxidation layer
buildup is calculated using either the Cathcart or Leistikow equations for best estimate
calculations or the Baker-Just equation for licensing calculations. The selection of different
reaction rates are provided as a user option. Linear heat generation due to the exothermic
zirconium-water reaction is also calculated. Clad oxidation kinetics at both the outer surface and
the inner surface (after cladding failure) are calculated for the R-Z geometry models. Cladding
oxidation is not considered for R-6 geometry models.

The effect of cladding oxidation on the thermomechanical solution appears in two areas. First,
the metal-water reaction heat generation is included in the thermal solution in the form of linear
power source at the outer clad surface. Second, the effect of the ZrO, layer on the mechanical
deformations is treated as an effective thickness reduction.

Inner surface oxidation following clad rupture is considered, at present, to take place over the
failure region which is assumed to extend axially one element in height and fully around the
circumference. All failed elements are included in these calculations. The oxidation rate,
oxidation linear heat generation, and oxide thickness buildup at the inner surface are based on the
same models and assumptions used for the outer surface.

The phase transformation of Zircaloy cladding is also calculated in FALCON as a function

temperature and oxygen content. This calculation is performed for the high temperature
oxidation process using the models provided in MATPRO-11 Rev. 2 [2].

5.3.5.1 Low Temperature Oxidation

Low temperature (523K to 673K) oxidation is calculated in FALCON for normal operating
conditions using either the CORROS model from MATPRO-11 Rev. 2 [2] or the EPRI/SLI
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model from the PFCC code [44]. Both models consider that cladding oxidation under normal
LWR conditions occurs in two stages, depending on the oxide layer thickness. The pre-transition
oxidation follows a cubic time dependence up to the transition oxide thickness (typically 2pm).
The post-transition oxidation beyond the transition oxide thickness follows a linear time
dependence. The rate equations for low temperature oxidation are give by;

Pre transition;

d!S3 ) —Qpre
=Kppe X forS<S_ eq. 5-49
dt pre p[ R u-I-I trans ( q )
Post-Transition;
Q
ds) _ K post €XP| — ot forS>S, (eq. 5-50)
dt uTi

where;
S is the oxide thickness
T: Metal-oxide interface temperature
Rate constant for pre-transition oxidation
Rate constant for post-transition oxidation
Q,.. Activation energy for pre-transition oxidation
Q,.. Activation energy for post-transition oxidation
R : Universal gas constant
S.... Transition oxide thickness
The model coefficient K, K, Q... and Q_, are calculated by the CORROS and EPRI/SLI
models based on several parameters, including alloy type (Zircaloy-2 or Zircaloy-4), coolant

conditions, and temperature. For the CORROS model, the main parameters of interest are the
reactor type (BWR vs. PWR) and temperature.

The EPRI/SLI model is only applicable to PWR coolant conditions. The model coefficients in
the EPRI/SLI model contain factors that are a function of coolant lithium content, alloy tin and
iron content, hydrogen content, and fast flux. Studies have shown that the EPRI/SLI model is a
best-estimate oxidation model for PWR conditions and Zircaloy-4 cladding. The model has been
applied to fuel rods with burnup levels exceeding 60 GWd/MTU and oxide thickness levels
beyond 100 pm.

The metal-oxide interface temperature, T, is calculated assuming steady-state heat conduction
across the oxide thickness as;
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0X

where
T;: Outer space oxide temperature
q”: Surface heat flux

K,.: Thermal conductivity of the oxide layer

As discussed in Section 5.3.1 FALCON has several different options to calculate the oxide layer
thermal conductivity. Testing of the EPRI/SLI model used the recommended value of K =1.5
w/m-K for PWR applications [44]. The CORROS model has primarily been applied to BWR
applications. For this case, the MATPRO model for oxide thermal conductivity has been used in
FALCON.

Further description of the CORROS and EPRI/SLI oxidation models can be found in Reference 2
and 44, including detailed descriptions of the model coefficients and the adjustment factors.

5.3.5.2 High Temperature Oxidation

Zirconium alloys experience on accelerated oxidation rate at temperatures above 900°C when
exposed to steam. FALCON contains a high temperature (800 to 1800°C) oxidation model for
the analysis of clad outer and inner surface oxide formation during accident conditions. The
basis for the high temperature oxidation model is the COXIDE model from the MATPRO-11
Rev. 2 package [2]. The COXIDE model calculates the formation of ZrO, on the cladding outer
surface due to reaction with steam coolant and the formation ZrO, on the cladding inner surface
due to reactions with steam coolant, or UO, when pellet-clad contact has been established. The
model also calculates the total weight gain caused by oxidation, the thickness of the oxygen-
stabilized alpha phase layer and the beta-phase layer.

Experimental data show that the oxide formation at high temperature follows a parabolic rate
law, indicating that oxygen diffusion across the oxide layer is the rate controlling step. Based on
these observations, the rate equation for oxide thickness (X)), weight gain (W ), or alpha layer
thickness (X,) can be written as;

dgz) _Kn exp(_Q”j (eq. 5-51)

Z: Kinetic parameter of interest (X, Xq, W)
K :  Rate constant for the kinetic parameter
Q.: Activation for the kinetic parameter

T: Temperature
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Table 5-5

High Temperature Oxidation Rate Constants used in FALCON

The rate constants used in FALCON for the oxide layer, alpha layer, and weight gain are
summarized in Table 5-4 for all the rate constants available in the code. The default MATPRO-
11 Rev. 2 rate constant is labeled COXIDE. In addition, rate constants measured by Cathcart-
Pawel, Baker-Just, Leistikow, and Urbanic-Heidrick are available for use in the model [45].
Experience has shown that the Cathcart-Pawel and Leistikow rate constants provide a best-
estimate calculate of the oxidation rate alpha layer formation, and weight gain.

The rate constants shown in Table 5-5 are used to calculate the outer surface oxidation and
cladding failure due the inner surface oxidation. The COXIDE model also considers the
formation of alpha layers on the cladding inner surface for oxygen released from the fuel pellet,
if the pellet-cladding gap is closed. Further details of the Zircaloy-UO, reaction model can be
found in Reference [2].

Oxide Layer (X,)

Alpha Layer (X,)

Weight Gain (W)

(m) (m) (kg/m,)
2K, Q, 2K, Q. 2K, Q,

COXIDE [2]

T<1853 K 2.25x10° 18,063 1.523x10™ 24,228 33.6 20,065

T>1853 K 2.07x10° 16,014 1.523x10™ 24,228 10.852 16610
Cathcart [45] 2.25x10° 18,063 1.523x10™ 24,228 33.6 20,065
Baker-Just [46] 1.04x10* 22,900 -- -- 409.9 22,899
Leistikow [47] 7.84x10° 20,214 5.084x10° 21,922 52.418 20,962
Urbanic & Heidrick
[48]

T<1853 K 1.296x10” 13,586 1.521x10° 19,830 3.654 16,820

T>1853 K 2.074x10° 16,014 1.521x10° 19,830 10.851 16,610

5-36




EPRI Licensed Material

Material and Physical Models

The heat of reaction is used in the cladding temperature calculation as described in Section 3.2.3.
The COXIDE model is used to calculate the heat generation rate based on the rate constants
shown in Table 5-5.

The beta layer thickness (Xp) is calculated in FALCON using the following equation;

’ 2 !
XB :ti —Xa—EXO (eq 5-52)
where
t: Initial cladding wall thickness

X4 : Summation of the inner and outer surface alpha layers

Xp: Summation of the inner and outer surface oxide layers

The Equivalent Clad Reacted (ECR) represents the amount of cladding wall thickness consumed
during the oxidation process. Assuming all the oxygen reacted with the cladding forms ZrO,, the
formula used in FALCON to calculate the ECR is given by;

ECR - 2.85w,

x100 (eq. 5-53)

Pzriw

ECR: Equivalent cladding reacted in percent

w: Weight gain (kg/m’)

p,. Density of zirconium

Cladding wall thickness adjusted for deformation and metal loss from low

temperature oxidation

The coefficient 2.85 arises from the ratio of zirconium to oxygen moles in the reaction process.
A more detailed description of the COXIDE model from MATPRO-11 Rev. 2 can be found in
Reference [2].
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5.4 Failure

FALCON has the capability to calculate parameters that can be used to evaluate the potential for
cladding failure caused by a combination of thermal and mechanical forces. Three separate
cladding failure regimes are considered in FALCON. For power ramp conditions, FALCON
contains a pellet-cladding interaction (PCI) failure model to address the failure mechanism of
intergranular stress corrosion cracking (ISCC). FALCON also calculates cladding failures by
cladding ballooning and rupture for high temperature conditions associated with a loss-of-
coolant accident (LOCA). Finally, FALCON calculates the potential for cladding failure by
mechanical fracture resulting from pellet-cladding mechanical interaction (PCMI) during rapid
power ramps or power pulses associated with reactivity initiated accidents (RIA).

Two different approaches are used in FALCON to calculate the cladding failure potential. First,
the failure models for PCI and high temperature cladding rupture are based on a time-
temperature-stress failure approach using the cumulative damage concept. This concept assumes
that the material undergoes cumulative damage due to sustained stress: the higher the stress, the
shorter the time to failure. Therefore, an applied stress of magnitude, o, lasting for a fraction of
time, At, will cause the accumulation of fractional change, AD, as

(eq. 5-54)

where t(c,) is the time to failure had the stress, 6, been applied for the total time. Equation 5-54
depends implicitly on the temperature, hence for a given constant temperature, T, eq. 5-54 takes
the form

At

AD(cy,Ty) = W
0''0

(eq. 5-55)

In FALCON, the fractional damage is calculated at each time step, n, by the following:

Atn

ADy lof, 70 )= A
(o0, 9

and cladding failure is assumed to occur when the total cumulative damage, D, given by

reaches a threshold value. Generally, a threshold value of unity is used in FALCON which
represents a best-estimate failure probability. The cumulative damage concept has been applied
to stress-corrosion cracking of Zircaloy cladding with reasonable success [49]. Bocek used it to
develop a model to predict clad rupture under transient temperature and stress ramps [50].
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Second, the failure model for mechanical fracturing by PCMI uses a critical limit state approach
based on the cladding strain energy density. In this approach, a cladding response parameter is
selected and compared to a limit value. Cladding failure is assumed once the response parameter
exceeds this limit value. Candidate response parameters include strain, stress, and strain energy
density. Because the limit states for strain or stress are strongly dependent on the method used to
obtain them, the strain energy density was selected for use in FALCON for evaluating the
potential for failure by PCMI.

5.4.1 High Temperature Transient Failure Model (Burst)

Equation 5-55 is valid for constant stress and constant temperature. Under these conditions the
failure time, t, can be determined experimentally as a family of curves described by various
values of 6, and T,. However, the ultimate application of this concept is to time varying stress
and temperature. Furthermore, the independent variables ¢ and T in the analysis problem are
inhomogeneous local quantities whereas in the experiment they are generally uniform gross
quantities. Hence, in order to derive a useful relationship for application to transient problems
with spatially varying stresses and temperature, we first express eq. 5-55 in differential form and
substitute the strain, which is a more appropriate measure of the material local response, in place
of the stress as follows:

ob 8D
dD(g, T) = de dT eq. 5-56
(£T)=——do+ — (eq. 5-56)
and giving the failure condition as
D=[dD(T)>1 (eq. 5-57)
Equation 5-8 can be further simplified as
t 0D t oD
D = edt + — Tdt<1 eq. 5-58
I oe J‘0 oT (cq )

Let 0D/0e = ay/eg and dD/OT = ap /Ty, then eq. 5-58 becomes

D=a, [ttt zjt Tdt (eq. 5-59)

where ¢, is the rupture strain at constant temperature, T, is the rupture temperature at constant
stress and constant heating rate, and o, and ., are constants determined from experimental data.

This equation gives the failure condition in terms of the strain and heating rates and two
experimentally determined parameters ¢, and T,. These parameters are determined from work
by Cheung and Rosinger [51] and Erbacher [52] who derived expressions for the burst stress o,
and burst strain ¢, for pressurized tube experiments as follows:
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oy =ae PTe (eq. 5-60)
g, = 1 In R e e (eq. 5-61)
2 P, o,
where
a = 4.03 x 10°
,  for T <1085K
b = 2.695 x 10
a=151x10"%
,  1085K < Tg <1248K
b=124x10"
a =119 x 10°

3 1248K < Tg <1873K
b =3.016 x 10~

In these equations, a and b are experimental constants, T, is the burst temperature, P, is the burst
pressure and P, is the initial pressure. It is important to note that these expressions are valid for
pressurized tubes in which the primary forcing function is the internal pressure which gives rise
to stress and strain states that are uniform along the tube and across the thickness; furthermore,
the heating rate is constant. To go from these conditions to inpile fuel rods, we make use of the
large-deformation long cylinder solution and equations 5-58, 5-59, and 5-60 give the following
final expression for the damage factor:

t 1.5 ¢ dt ¢ Tdt

D = Y AL
' golnfae™ e /o] ¢ (Ts-Ty)o

(eq. 5-62)

where T, is the initial temperature, a and o are experimental constants which represent material
property dependence of irradiation conditions and phase transition, and the other parameters are
defined as before. The independent variables in this equation, namely €, €, and o, are
computable local quantities. The new parameters o and ® are given by

-21c q
. [0'33+e J{“ZQJ for Tg <1090 K

1.33 3
1 otherwise

where ¢ is the material cold work ratio and q is the fast fluence, n/ m2 / 10 23 ,and
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-3
3.17 ¢ 1119x10 " Tg Tg < 1090 K
-3
4828.3¢~1843x10 " Tg 1090K < Tg < 1170 K
-2
31385 x1070¢10237x10 "B 1170 K < Tg <1248K

-4
0.4779¢5-7523x10 " Tg Tg > 1248K

Further details of this model are given in Reference [53].

Equation 5-62 is applied incrementally and the integration is carried out in time for each
integration point. The value of the damage factor is accumulated and compared to the theoretical
limit of unity or to a user input quantity. When the limit is reached, the clad is assumed to fail at
that location and, consequently, the internal and external pressures are equalized for the
remaining time of the analysis. Also inside oxidation begins as was described in the previous
section.

It is important to mention that the theoretical value for D of unity gives best estimate measure of
cladding failure. However, pre-selected values of D < 1 or D > 1 may be used by the user to
bound the data from below or from above, respectively. Needless to say that an appropriate
value, different from unity, to use for a particular application requires experimental verification.

5.4.2 Low Temperature PCI Failure Model (SCC)

Cladding failures incurred under normal operating conditions are generally PCI-induced, and the
failure mechanism is intergranular stress corrosion cracking. The problem surfaced in the early
seventies in some of the BWR and CANDU power plants, and not many years after it was
recognized as a generic thermal reactor problem. After a significant amount of analytical and
experimental research several possible remedies emerged, the earliest of which was to impose
certain operational restrictions on nuclear power plants, which was followed by the development
of a PCI-immune-barrier fuel design. The physical problem can be described as follows. Under
long service the fuel pellets sustain a complex history of cracking, relocation and crack healing
which could lead to hard fuel-clad contact at low power levels (well below the average rod
power) at one or more local points in the fuel rod. If the contact power is sufficiently low, such
that a relatively high power increase is experienced at the region of contact, the resulting hoop
stress can be high enough to cause stress corrosion cracking failure. The process that leads to
this type of failure is highly random and the prediction of the number of failed rods in the reactor
core as a whole is a statistical problem. However, deterministic modeling of this mechanism is
useful in evaluating worst-case conditions and in interpreting test results or specific field
occurrences. The model used to calculate clad failure in FALCON is based on the cumulative
damage concept already discussed. Data for unirradiated zircaloy tubes containing iodine gas
and pressurized internally [54] are used to quantify the model parameter. Considering the
previous cumulative damage index:

dt

—tf (G’ 5.7) (eq. 5-63)

t
D= ('
'[0
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where D is the amount of damage at t, and ¢, is the failure time at stress o, temperature T, and
burnup B; t_has been evaluated from pressurized tube data:

5 e[(1.015 oy +L74 G —2.7750)x1072]

tf (eq. 5-64)
where
_ -0.75
t=5(113 %107 B - 0.13) " "e(20Q-611/T)
and
o 336.476 (B —5000)~ 207262 for Zr2
“"310.275(B - 5000)~ 294490 for zr4
o,. Yield stress (MPa)
B:  Burnup MWd/MTU)
T: Temperature (K)

c: Calculated hoop stress (MPa)

A threshold stress, 6, and a minimum burnup (>5000 MWd/MTU) are used as criteria to
activate the model. Both values must be exceeded before the SCC process is initiated. Equation
5-63 is the low temperature (normal operations) equivalent of eq. 5-62. FALCON uses eq. 5-63
during the steady state power history, then switches to eq. 5-62 after initiation of the transient.
However, damage factors calculated from both of these equations are not additive, and the code
calculates and prints out the applicable factor for each integration point in the clad elements.

5.4.3 Pellet-Cladding Mechanical Interaction (PCMI) Failure Model

For fast power ramp transients or postulated accidents, the cladding may crack by mechanical
fracture, depending on the extent of cladding embrittlement from the fast neutron fluence, outer
surface corrosion, and temperature. Mechanical fracture occurs in the cladding at the point when
the combined stress and strain conditions caused by PCMI forces arising from pellet expansion
exceed the mechanical capacity of the cladding. This failure mode differs from failure induced
by stress corrosion cracking since cladding crack formation is controlled by the condition of the
cladding and not by chemical assistance from fission product reactions at the inner cladding
surface. Cladding from high burnup fuel rods are more susceptible to failure by mechanical
fracture because of a reduction in cladding ductility by the combined effects of fast neutron
damage and zirconium hydride formation. Mechanical fracture by PCMI occurs at cladding
temperatures less than 450°C. Failure by high temperature ballooning and rupture or oxidation-
induced embrittlement is still possible in high burnup fuel, provided the cladding survives the
PCMI loads developed during the heating process.

The failure model for cladding mechanical fracture induced by PCMI assumes that cladding
failure occurs at the instant that the combined stress and strain conditions exceed the capacity of
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the cladding to withstand these conditions. This approach is consistent with the formulation of
static failure theories (or strength theories) found in mechanics of materials textbooks. In
general, the static failure theories development since the late 1700’s [55, 56] can be grouped into
five different categories, including:

e Maximum-Normal-Stress Theory (Rankine 1802-1872)

e Maximum-Shear-Stress Theory (Coulomb 1736-1806)

e Maximum-Normal-Strain Theory (Saint Venant 1797-1886)

e Maximum-Strain-Energy Theory (Baltrami 1885)

e Maximum-Distortion-Energy Theory (von Mises-Hencky 1913-1925)

Primarily, these theories have been formulated to establish the conditions of material failure as
defined by yielding, for biaxial and triaxial stress states. Each of these failure theories relates the
results from uniaxial tension tests to a multiaxial stress state through the development of a yield
surface that depends on the stress state. In FALCON, a modified maximum-shear-stress theory
(Mohr-Coulomb) is used to represent fracture of UO, material under biaxial tension and
compression states (see Appendix C). Conversely, the maximum-distortion-energy theory (von
Mises-Hencky) is used in FALCON to represent the yield surface for cladding under biaxial and
triaxial stress states (see Appendix C).

Possible candidates to develop the PCMI failure model for FALCON include any one of the
above listed static failure theories. The primary requirement is to extend them from defining the
conditions for yielding to the conditions for fracture. Such approaches are complex and are
beyond the scope of this manual. For the plastic regime, methods have been developed to
expand and translate the yield surfaces for these different static failure theories, including
isotropic and kinematic hardening laws. FALCON uses kinematic hardening to expand and
translate the von-Mises yield surface for irradiated Zircaloy.

The maximum-strain-energy theory was selected as the basis for the PCMI failure model in
FALCON. This model is best suited for the analysis of irradiated Zircaloy cladding, which can
exhibit either ductile failure, brittle failure or a mixed mode failure, depending on the conditions
of the material. A failure model based on strain energy is consistent with the von Mises-Hencky
plasticity/yield surface approach used in FALCON for Zircaloy cladding.

For the PCMI failure model, the cladding strain energy density is calculated by FALCON and is
compared to a limit (critical) value derived from the results of mechanical property tests on
irradiated Zircaloy cladding material. The model assumes that mechanical fracture occurs once
the calculated strain energy density exceeds the critical value (Critical Strain Energy Density —
CSED). As shown above, other parameters could be used to define cladding failure; e.g., the
maximum-normal-strain theory would use a simple strain to failure approach. Such a strain to
failure model would compare the maximum cladding strain calculated by FALCON with a
critical strain value obtained from mechanical property tests, i.e. uniform elongation or total
elongation. This strain limit could be a function of temperature, hydrogen content, strain rate,
etc.. Unfortunately, there are two main weaknesses with using a strain to failure approach for the
cladding. First, strain to failure data depends strongly on the type of mechanical property tests
used to obtain the strain data. Such tests do not generally simulate the strain and stress-state the
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cladding experiences under PCMI loading conditions. Second, the strain to failure is not path
independent, and it depends on the rate of loading and the multi-axial condition of the imposed
stresses.

The strain energy concept is important to the understanding of the behavior of materials under
both static and dynamic loading [57, 58, 59]. In mechanics, energy is defined as the capacity to
do work, where work is the product of force and the distance in the direction the force moves
[55]. As an example of this concept, the illustration in Figure 5-6a shows a bar of uniform cross
section subjected to an applied axial load P at the lower end and held at the upper end by a rigid
support.

The work (W) done in elongating the bar an amount §, is given by
W = 1052 P(3)d5 (eq. 5-65)

which represents the area under the load-deflection curve shown in Figure 5-6b. Clapeyron’s
theorem states that the work done on the bar must equal the change in energy of the material
[55]. Since this energy changes involves a strained configuration of the material, the change in
energy is termed strain energy, U’.

Relating the axial load and deflection to axial stress and strain, eq. 5-65 can be expressed as
W=U'= ALJ;Z o (e)de (eq. 5-66)

where A is the cross-sectional area and L is the length of the bar. The product of AL in eq. 5-66
represents the volume of the bar. Dividing by AL yields the strain energy per unit volume (U)
given by

U= [ 2o(e)de (eq. 5-67)

Equation 5-67 represents the area under the stress-strain curve as shown in Figure 5-6¢ and is
sometimes referred to as the strain energy intensity or the strain energy density. Strain energy
density or SED will be used herein in reference to eq. 5-67.
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Figure 5-6
Schematic Diagram of Strain Energy, Force Deflection and Stress-Strain Relationship

Evaluating eq. 5-67 from zero strain to the elastic limit (or the proportional limit), produces a
property known as the modulus of resilience [55, 58]. This modulus is an index of the material’s
ability to store or absorb strain energy without inelastic deformation. Similarly, the area under
the entire stress-strain curve from zero strain to the rupture strain gives the property known as the
modulus of toughness and denotes the strain energy density necessary to rupture the material [55,
58]. For a material that obeys Hooke’s law, eq. 5-61 can be shown to reduce to
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ut=2_ (eq. 5-68)

for stresses within the elastic regime. In eq. 5-68, E is Young’s modulus for the material. The
expression in eq. 5-68 represents the elastic strain energy density at a given elastic stress of c.

Up to this point, the strain energy expression has been discussed from the vantage point of a
uniaxial loading condition. Since energy is a positive scalar quantity, it is possible to sum
arithmetically the energies from all different stresses coming from biaxial or triaxial loading
conditions. The total strain energy density for a multiaxial state of stress can be represented as

’

U= IOSX Ox (’3x)d8x + IOSV Oy (sy)day + IOSZ c, (sz)daz (eq. 5-69)

where the indices represent the stress and strain coordinate directions. The integration shown in
eq. 5-69 is from zero to the strain of interest, €', in each of the different coordinate directions.

.. . . . 1
For conditions where €' exceeds the elastic limit (¢7), €' can be represented as

g =% +¢f (eq. 5-70)
Using eq. 5-70, it 1s possible to rearrange eq. 5-69 into elastic and plastic terms

gél g®l 4¢P

U= Io oy (ey )dey + fgel oy ey )dey + ... (eq. 5-71)

where the first term in eq. 5-71 is the elastic strain energy density (Ue) and the second term is

the plastic strain energy density (Up) . The total strain energy density can then be written as

U=u®+UP (eq. 5-72)
where
el el el
u® = fog oy (ex )dey + IOS Gy<8y)d8y+ jog o, (g, )de, (eq. 5-73)
and
el p el p ol o
uP = j:el "oy (ex )dex + .[:el e cSy(“‘:y)dgy + .[:el o (e, )de; (eq. 5-74)

For strains within the elastic regime, the contribution from the plastic component is zero and eq.
5-73 can be simplified to yield the total elastic strain energy density as
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Oyx €x + GySy + G, &,

€ _
U_2 2 2

(eq. 5-75)

Furthermore, eq. 5-75 can be expressed in terms of stress only using the generalized Hooke’s law
for isotropic materials. Assuming that 6, ©,, 6, are principal stresses, eq. 5-75 can be rewritten
as

ué = % 0)2( + 05, + G% - ZU(GXGy +0y0; + 6,0 )] (eq. 5-76)

where E is Young's modulus, and v is Poisson's ratio

Because of the complex nature of the stress-strain relationship in the plastic regime, it is common
to reformulate eq. 5-74 into a differential form. The incremental change in the plastic strain

energy density (dUP) is given by
dUP = o,def + GdeI;, + o, del (eq. 5-77)

where da? is the plastic strain increment in the three principal directions. The plastic strain

energy density is given by integrating eq. 5-77 over the range of plastic strain increments which
yields

p p p
uP = J'OSX oy deh + fogy oydel + .[082 c,ded (eq. 5-78)

The total strain energy density can then be obtained by the addition of equations 5-76 and 5-78.
This methodology has been used to develop an analytical expression to compare the FALCON
calculations under idealized stress and strain conditions.

The approach used in FALCON to calculate the strain energy density differs slightly from the
approach described using equations 5-76 and 5-78. Because the general formulation in FALCON
is based on an incremental strain approach, the method to calculate the strain energy density uses
the differential form of eq. 5-69. The incremental change in strain energy density (dU) is given
by

dU = oydey + oydey + o, de, (eq. 5-79)

The form of eq. 5-79 is analogous to that shown in eq. 5-77, except that it is a general
formulation that applies equally to elastic or plastic strains. The expression in eq. 5-79 can be
rewritten in cylindrical coordinates for a fuel rod as

AUjy = % _ % (cil - oi1+1)-AsiJ+1 (eq. 5-80)
J=r,0,z
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Uiyp = Ui + AUy (eq. 5-81)

where

U.: Strain energy density at time t

U,,: Strain energy density at time t+At
AU, : Change in strain energy density at time t+At
Gij +1° The j-component stress at time t+At

o). The j-component stress at time t

o
A8i+l'

The j-component strain increment at time t+At

Figures 5-7 through 5-9 compares the results of the FALCON calculation using equations 5-83
and 5-81 and an analytical approach using equations 5-76 and 5-77 for three different stress
ratios (uniaxial, 0.5, and 1.0). The results shown in Figures 5-7 through 5-9 are for a plane stress
problem in the Cartesian coordinate system. The material constitutive law was elastic-perfect
plastic with a yield stress of 900 MPa and a Young’s modulus of 9x10° MPa. Excellent
agreement is demonstrated between the incremental approach used in FALCON and the
analytical solution given by equations 5-76 and 5-78.

Using this approach, cladding failure is assumed to occur when the strain energy density
calculated by FALCON using equations 5-80 and 5-81 exceeds a critical strain energy density
(CSED) value obtained from material property tests. The influence of material conditions, such
as temperature, fast fluence, hydrogen content, and zirconium hydride distributions, on the
cladding failure response is obtained through the mechanical property data used to develop the
CSED. At this time, no specific CSED model is included in FALCON. The user is required to
provide the CSED model as a function of the key material variables such as temperature, fast
fluence, hydrogen content, and zirconium hydride distribution. An example of a CSED
developmental approach for Zircaloy cladding is included in Reference 60.
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Strain Energy Density as a Function of Strain for Biaxial Strain Ratio of 0.5 ( 0,/c,=0.5)
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5.5 Fission Gas Release

The process of fission gas production in light water reactor fuel and their subsequent release to
the various voids in the fuel rods depends on the irradiation and power histories of the fuel, and
the transient power changes. The released fission gases degrade the thermal conductivity of the
fill gas and increase the fuel rod internal pressure, thus affecting both the thermal and mechanical
responses. Steady state fission gas release calculations in FALCON are based on the ANS-5.4
model [61] the Forsberg-Massih model [62] or the ESCORE model [4]. The MATPRO
FGASRL model is also included for completeness [1]. However, this model is not recommended
and was not included in the code validation. During power transients, the EPRI/CE model [63]

is used to calculate the release of gas from grain boundaries based on out-of-pile thermal anneal
tests.

For non-zero burnup transient anlaysis, options are available to specify the fission gas molar
concentration distributions (moles/cm®) within the fuel grains and on the fuel grain boundaries as
functions of axial and radial position. In addition, the percent release is input and is used to
determine the fuel-cladding gap fission gas molar concentrations. This option is made available
in the code to allow for initialization from fuel performance codes other than FALCON. The
values specified on the input are obtained from steady state fuel performance calculations of the
power history by such programs as ENIGMA[64] or FRAPCON [14]. This procedure
establishes the fission gas conditions for further steady state or transient calculations with
FALCON. The input process only works as an initialization procedure for the EPRI/CE
(transient) gas release model.
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The production of fission gas moles is calculated in FALCON at each integration point within
the finite element grid. The formula used in FALCON to calculate the production of fission gas
moles is as follows:

Y
AC,, = PrYFG . PL -V, - At (eq. 5-82)

where
AC : Change in fission gas moles during the time step

pr

Y, Fractional yield of fission gas atoms per fission (0.3017)

A, Cross sectional area of the pellet

A, Avogadro’s Number (6.23x10” atoms/mole)

v

P,:  Local power at an integration point

V.. Integration point volume

1

At:  Time increment

B: Conversion factor from watts to fission/sec and is calculated assuming 200
MeV/fission

The ratio of B/A_ can be input by the user for situations where the relationship between the
fission density and power differ from that described above.

The fission gas release is calculated in FALCON at each integration point using the release
models summarized below. The total xenon and krypton release is calculated by summing the
fission gas release for all the integration points and multiplying by the individual mole fraction
for the two gases. The mole fraction for xenon release is 0.847 and for krypton release is 0.153,
yielding a Xe/Kr ratio of 5.54 in FALCON.

The verification and validation of FALCON for fission gas release calculations focused on the
Forsberg-Massih and ESCORE models [65]. These models are recommended for best estimate
fission gas release analyses under steady state fuel performance. Power ramp calculations have
been performed using a combination of the Forsberg-Massih model for the base irradiation
fission gas release and the EPRI/CE for the power burnup. Reasonable agreement has been
found in this case, see Reference [65].

The following provides a summary of the ANS-5.4 model, the Forsberg-Massih model, the

ESCORE, and the EPRI/CE model. Further details on the MATPRO FGASRL model can be
found in Reference [1].

5.5.1 ANS-5.4 Model and ANS-5.4 Modified Model

The ANS-5.4 model utilizes what might be the simplest phenomenological model, namely, the
Booth diffusion-type model, to predict the fission gas release. The Booth model, which
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describes only the diffusion of fission product atoms in a sphere of fuel material is a
simplification of the physical process and contains only the mechanism of mass flow regardless
of the complicated nature of the release mechanisms. This model fits empirically the various
selected stable fission gas release data to characterize the effective diffusion parameter which is
assumed to be temperature and burnup dependent. A complete derivation of gas release
formulation used in FALCON can be found in Reference 61. The following is a summary of the
key expressions used in the program.

The total cumulative release of stable fission gas isotopes during the time (t) is calculated from
eq. 69 of Ref. 61 with A =0 as

 1- —m? 7%(z(t) -1
R(t) = 6 jot Bu)au & Loelom Ll (4] (eq. 5-83)

m=1 m-n

where

R: Total fission gas release during time t (mol)
(0): j; D'(u) du

D': D/a’, modified diffusion coefficient (1/sec)
D: Diffusion coefficient (cm’/sec)
a: Radius of the sphere (cm)

The modified diffusion coefficient, D', was assumed to be a function of temperature and burnup
in the following form:

D' = (D,/a%) e ¥Re" x 1008/ (eq. 5-84)

where
R_: Gas constant (cal/mol-K)
Q: Activation energy (cal/mol)
DO/aZ: Empirical constant (1/sec)
B Empirical constant (MWd/T)
Fitting to the low and high burnup data sets and meeting the low temperature requirement
resulted in the following parameters:
Q 2,000 cal/mol
D/a° = 0.61 /sec
B, = 28,000 MWd/T

u

The numerical implementation of the ANS-5.4 model in its present form requires prohibitive
computer storage for large size problems. The formulation of the Booth diffusion-type model
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was formatted and expanded into numerical recurrence forms which include diffusion variables
that depend on temperature and burnup histories. This requires the recalculation and storage of
these variables for all prior time steps and at each integration point. As a result, very large
computer memory is needed to solve problems of practical size and time steps. It was necessary,
therefore, to modify the numerical structure of the model to reduce the computer storage
requirements. This modification is described in Appendix D.

5.5.2 Forsberg — Massih Model

Similar to the ANS 5.4 model, the Forsberg-Massih model is based on spherical diffusion of
fission gas atoms within a fuel grain. However, it incorporates a two-stage fission gas release
approach, and in contrast to previous models, utilizes time dependent boundary conditions to
determine grain boundary gas accumulation, resolution, saturation, and release parameters [62].
Release from the grain boundaries is controlled using a grain boundary saturation criterion. The
Forsberg-Massih model has been incorporated into FALCON as a best-estimate fission gas
release model for the steady state analysis of fuel performance. A version of this model has also
been incorporated into the FRAPCON-3 code [14]. The following provides a very brief
summary of the general basis of the Forsberg-Massih model into FALCON and specific
modifications made to the model following calibration against the Vitanza threshold [66]. A
detailed description of the numerical approach used in the Forsberg-Massih model can be found
in Reference 62.

The time rate of change of the fission gas concentration as a function of radial position can be
written as;

%(r, t)= D(t)A,C(r,t)+ B(t) (eq. 5-85)

C (r,t): Concentration of gas atoms in the grain

D(t): Gas atom diffusion coefficient

B(t):  Generation rate of gas atoms (assumed to be uniform throughout the grain)
t:  Time

r:  Radial position within a grain

A:  Spherical Laplacian operator iﬁﬁ
o2 ror

Eq. 5-85 is solved subject to the following initial and boundary conditions,

C(r,0)=0 (eq. 5-86)
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Cla,t)= b(LAN() (eq. 5-87)

where,
a:  Grain radius
b:  Resolution rate of gas atoms from intergranular bubbles (1.84x10°/s)
L:  Resolution layer depth from the grain boundary (1x10° m)
N(t) : Number of gas particles per unit area of grain boundary (surface gas concentration)

The time dependent grain boundary concentration accounts for gas resolution from grain
boundary bubbles back to the grain.

Forsberg and Massih developed a solution to eq. 5-85 and the boundary condition given by eq. 5-
87 using an approximation to the integration kernel. This approximation uses a three term
exponential expansion series to determine the gas atom flux from the grain. Details of this
solution can be found in Reference 62.

The results of solving eq. 5-84 is the grain boundary concentration (Gg) as a function of time.
Release of fission gas to the fuel rod free volume occurs once the grain boundary concentration
reaches a saturation density given by

4ro(O)V, (2y j
N. = c[<¥.p eq. 5-88
s 3KgT [ ; ext ((eq )

where

v:  Surface tension of the grain boundary bubble
Grain boundary bubble radius
Boltzman constant

T: Temperature

®(0): Non-spherical bubble shape factor = (1—1.5 cos(8)+0.5 cos® (9))/ sin 0
P_: External hydrostatic pressure

V.. Fractional coverage of the grain boundary at saturation.

Fission gas release is calculated to occur in the Forsberg-Massih model when the grain boundary
concentration equals or exceeds the saturation concentration given by;

3
G = %a Ng (eq. 5-89)
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When G, > G,, a fraction of the grain boundary gas is assumed released to the fuel rod void
volume. This fraction can very between zero and one.

The Forsberg-Massih model has been implemented into FALCON with the grain boundary gas
resolution capability activated. To ensure numerical stability and that the mass balance
(G,+G,+G =0) is maintained at all times, the ratio of b/p is enforced to be a constant with time.
This is accomplished by calculating the time average production rate (3) for the entire power
history for the analysis and computing the ratio b/p for use in the Forsberg -Massih model.

The Forsberg -Massih model was calibrated to reproduce the Vitanza threshold by adjusting the
parameters used to calculate the grain boundary saturation density (N) given in eq. 5-87 [66]. In
calculating N, the fuel hydrostatic pressure from PCMI is used. The remaining parameters are
summarized in Table 5-6. The values shown in Table 5-6 are those recommended in the original
Forsberg-Massih paper, except the fractional coverage of the grain boundary at saturation. This
value was increased. In addition to the parameters shown in Table 5-6, N, is multiplied by a
factor of 6.5 in the FALCON implementation. Finally, the fraction of grain boundary gas
released once saturation occurs was set to unity for the calibration of the model.

Table 5-6
Model Parameters Used to Calculate Grain Boundary Saturation Density in Forsberg-
Massih Model

Parameter Value
y 0.6 J/m?
r 0.5 um
K, 1.38X10*
®(0) 0.2873 (6=50°)
V, 0.85

The results of the calibration are shown in Figure 5-10.

Figure 5-10 illustrates the performance of the calibrated Forsberg - Massih model as compared to

the Vitanza threshold for 1% release as a function of temperature and burnup as implemented in
FALCON.

The diffusion coefficient used in the Forsberg-Massih model is that published by White and
Tucker [67] and is given by;

D =1.09x10 exp[- 661%.)for T > 1650K (eq. 5-90)
D = 2.14x10 B exp[- 2288%)f0r 1381< T <1650K

D =1.51x10Y exp(- 950%)f0r T <1381K
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Furthermore, the lowest temperature used in FALCON to calculate the diffusion coefficient is
700K to minimize numerical instability problems in the Forsberg-Massih model at low
temperature.

During benchmark testing and verification and validation, the Forsberg-Massih model was
designated as the default steady state fission gas release model. The model performed fairly well
over a wide range of rod designs and operating conditions, however two trends were noted: 1)
the model tends to under predict BWR rods, and 2) response to late ramp or bump tests indicated
a consistent trend to under predict release during the hold periods after the ramps. Evaluation of
the response of the model to bump tests indicated that it was due to a combination of factors
including the calculated grain boundary inventory, saturation concentration, and grain boundary
gas resolution. Under high temperature conditions (>1600°C) additional release mechanisms
such as diffusion of gas bubbles or sweeping of intragranular gas bubbles through grain growth
may further enhance diffusional release Reference [68]. No satisfactory solution was found
using the Forsberg - Massih model alone that adequately addressed the entire range of potential
operational conditions required. However, coupling the Forsberg - Massih model to the
EPRI/CE transient fission gas release model (applied only during the ramp portion of the power
history) did appear to provide a reasonable response to the rapid release measured during bump
tests. An example of the fission gas release response of FALCON using this method is shown in
Figure 5-11 below.

2200

—e&— Vitanza Curve
2000 —— Calibrated Forsberg and Massih Model

Maximum Fuel Temperature, C

800 T T T T T T T
0 10 20 30 40 50 60 70 80

Burnup, GWd/tU

Figure 5-10
Comparison of the Forsberg - Massih Fission Gas Release Model to the Vitanza Threshold
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Fission Gas Release for RISO lll AN-2 Calculated by FALCON using the Forsberg-
Massih/EPRI-CE models. Experimental data shown for comparison

5.5.3 Athermal Fission Gas Release Model

Athermal fission gas release takes place by recoil and knockout of fission gas atoms by energetic
fission fragments. Only fission gas atoms located within a short distance (= 10um) from a free
surface can be released by these mechanisms [69]. However, the formation of the high burnup
microstructure (HBS) at the pellet rim has the potential to enhance the athermal FGR above the
local burnup of 60~70 GWd/MTU. The typical features of the HBS include a subdivision of the
grain and an increase in porosity. Both effects contribute to an increase of the specific surface.
Based on these experimental observations, an athermal release model is incorporated in
FALCON for use with the ESCORE and Forsberg-Massih thermal fission gas release models.
This model is purely empirical and locally applied, which means that for radial integration points
located within the re-structured rim zone, a certain fraction of the fission gas production is
directly vented to the rod free volume. Neglecting the recoil contribution, the athermal FGR
fraction is of the form C,(S/V)B, where C, is a model parameter, S/V is the specific surface of the
fuel and B is burnup [70]. Contributions from fuel open porosity and from the HBS at the pellet
periphery are included in the specific surface calculation:

S/V =(S/V)q + C2Popen + (S/V)Rim (eq. 5-91)

5-57



EPRI Licensed Material

Material and Physical Models

Where, (S/V), is the intrinsic specific surface, C,= 50000 cm™ is a model parameter, P_..1s the

open porosity (fraction), and (S/V), _is the additional specific surface that develops in the rim
region HBS. Inside the rim, the specific surface takes the form:

(8/V)rim = C3(r =15 + w), 0 < (S/V)rim <(S/V)qo (eq. 5-92)

Where, r is the radial distance to the pellet center in mm, r_ is the pellet radius in mm, w is the
width of the rim in mm, and C,= 75000 cm'mm'is a model parameter. Experimental data from
Electicite de France (EDF) pressurized water reactors are shown in the Figure 5-12 were used to
adjust the model parameters [70]. There are clearly two distinct regions, low and high burnup.
At low burnup, the HBS has not formed and the release of gas from thermal diffusion has not yet
occurred. As aresult, fission gas release is proportional to burnup and the coefficient C, is
adjusted to fit the data. At high burnup, additional fission gas can be released from either a
thermal effect or a the formation of the HBS, or both. In the model used in FALCON, the
increase in S/V due to HBS formation causes an acceleration of athermal release at higher
burnup.
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Figure 5-12

Gas release fractions from FRAMATOME fuels irradiated in EDF reactors [70]
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5.5.4 ESCORE Fission Gas Release Model

The ESCORE fission gas release model calculates the amount of fission gas that is released from
the fuel matrix and retained within the grain and grain boundary regions of the fuel matrix. The
model considers both direct gas release mechanisms and indirect gas release mechanisms. A
detailed description of the ESCORE model and the coefficient calibration is contained in
Reference 4. The following is a brief overview of the model structure as incorporated into
FALCON.

The ESCORE model includes two direct gas release mechanisms: athermal release by high
energy knockout/recoil and release by grain boundary sweeping during grain growth. In the
FALCON implementation, the athermal release term in the original ESCORE model has been
replaced by the more detailed model described in Section 5.5.3. Gas release by grain boundary
sweeping is calculated based on grain growth during high temperature operation. During the
grain boundary sweeping process, some fission gas is promptly released from grain boundaries to
open void volumes such as crack or pellet surfaces.

Equiaxed grain growth is calculated in the ESCORE model using the MATPRO-11 Rev. 0 fuel
restructuring model with recalibrated coefficients. Once the change in grain size is determined,
the amount of volume swept by the grain boundary is used to calculate the amount of fission gas
released directly by this process. Direct release by grain boundary sweeping occurs at

temperatures in excess of 1200°C. An incubation period for release by grain boundary sweeping
is included in the ESCORE model. The incubation period is completed by ~20 GWd/MTU.

The ESCORE model considers the indirect release process of time dependent, thermal diffusion
of fission gas using a two stage model similar to the Forsberg -Massih approach. The first step
in the ESCORE model is the thermal diffusion of fission gas atoms within the fuel grain to the
grain boundary. The second stage is the migration of fission gas from the grain boundaries to
open void volumes within the fuel stock, such as open porosity, cracks and fuel pellet surfaces.
In the ESCORE fission gas release model, gas atom diffusion during each time step is calculated
using time-constant equations that employ closed-form solutions. Time constants are used for
each stage that dependent on temperature and grain size. In addition, the grain boundary time
constant is burnup dependent, reflecting grain boundary saturation effects at higher burnup. The
model uses incubation effects at burnups less than 20 GWd/MTU to inhibit gas release at these
burnup levels.

5.5.5 EPRI/CE Transient Model

Fuel temperatures may rise above steady state values during transients. These higher fuel
temperatures may cause additional fission gas release. The steady state gas release models above
describe a smooth continuous process and although they include transient release data as part of
their correlation base, they are not capable of predicting short time transient events. In order to
model discontinuous or burst releases (i.e. abrupt releases observed during sudden temperature
changes) in a quantitative manner the EPRI/CE model [63], which explicitly considers
temperature and time dependence, is used. This model is based on data from transient direct-
electrical-heating tests at Argonne National Laboratory (ANL) [71].
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The temperature and time dependence of the gas release in this model is given in the following
functional form:

F=1- exp(mtn) (eq. 5-93)

where

F: Fraction of the pre-transient gas inventory that is released during the time t (sec),
relative to the beginning of the transient

m: Temperature dependent variable

n: Constant

This model is applied such that fission gases are released only if the fuel temperature increases
above the operational steady state temperature and if the temperature is above 1000 °C. This is
accomplished by storing the prior steady state fuel temperatures at the initiation of the transient.
The fuel temperatures during the transient are then compared to the saved values, and the
transient fission gas release process is not started until the fuel temperatures during the transient
exceed the saved values and 1000 °C.

The best expression found for m and the best fit value for n are:

m =222 x 107 (T - 1000)’
n=0.25

5.6 Radial Power Distribution

The variation with burnup of the radial power profile across the pellet in a thermal reactor fuel
rod is a complicated function both of rod design parameters, such as geometry and initial
enrichment, and of the reactor operating conditions. General purpose fuel performance codes
require a model of the radial power profile not only to calculate a satisfactory start of the life
rating profile, but also to modify its shape as burnup proceeds. This means that the buildup of
plutonium in a thin layer near the pellet surface and the consequential effects on the center
temperature and the rate of crack closure are taken into account in order that the temperature
distribution within the fuel may be determined accurately.

The calculation of the radial power distribution across the pellet is performed in FALCON using
either the RADAR-G or the TUBRNP model. In addition, the radial power profile may be input
by the user, which overrides the internal models. The following gives a brief overview of the
RADAR-G and TUBRNP models. Detailed descriptions of the models can be found in
Appendix E and References 72-75

5.6.1 BNFL -- RADAR-G Model

The RADAR-G model [72] described here (RAting Depression Analysis Routine incorporating
Gadolinia) was developed by BNFL (British Nuclear Fuels Limited) specifically as a means of
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calculating the radial power profile in a fuel rod of any type thermal reactor for use within a
general purpose fuel performance code. RADAR-G was developed to represent the influence of
gadolinia used as a burnable poison on the radial power profile. The routine is equivalent to the
original RADAR routine in the absence of gadolinium [73].

The presence of gadolinia in the fuel pellet results in a rapidly varying neutron spectrum across
the pellet as low energy neutrons are absorbed at the pellet periphery. As the gadolinium
isotopes 155 and 157 are depleted, the low energy neutrons are able to penetrate further into the
pellet. This behavior causes an irradiation dependence for the effective cross-sections of the
gadolinium, uranium, and plutonium.

The gadolinium isotopes only influence the thermal fissions in the pellet, and the fast fissions
which account for about 8% of the total power in a fuel assembly are not affected. As the
gadolinium isotopes 155 and 157 are depleted, the ratio of fast-to-thermal fissions decreases.
However, the total power produced by fast fissions remains unchanged throughout burnup in the
presence of gadolinium. The RADAR-G model must therefore treat the fast fissions separately,
requiring an additional input value which is time dependent. The relative power rating of the
gadolinia fuel rod to the assembly rating is necessary to account for the fast fissions. This
procedure is contrary to the treatment of fast fissions in the RADAR model. However, the
methods produce comparable results when no gadolinium is present.

The self-shielding effects of the gadolinium isotopes influence both the fission and absorption
cross-sections of the fissionable isotopes in addition to the gadolinium and results in cross-
sections that are radius and irradiation dependent. The evaluation of the self-shielding effects in
the presence of gadolinium requires multi-group neutron transport calculations within the fuel
pellet. The neutron transport method is not possible in routine fuel performance calculations.
Therefore, the self-shielding effects are incorporated in RADAR-G through empirical
relationships used to determine effective thermal cross-sections and effective thermal fluxes.
The relationships yield the cross-sections at a given radius as a function of the number densities
of the gadolinium isotopes integrated from the pellet outer radius. An empirical multiplier is also
applied to the inverse diffusion length to account for transport effects. The model's equations
and their numerical representations are described in detail in Appendix E.

5.6.2 TUBRNP Model

The TUBRNP model (TRANSURANUS burnup model) was developed by Lassmann, et al. as
an extension of the RADAR model for high burnup applications [12, 74, 75]. The approach used
in the TUBRNP model employs single neutron group, spectrum-averaged cross-section to
calculate the production or loss of selected isotopes. This approach is the same as that used in
the RADAR model, however, additional plutonium isotopes are considered in the TUBRNP
model. Furthermore, Lassman, et al, refined the empirical radial shape function used for the
resonance absorption process using plutonium isotope measurements from fuel rods with burnup
levels ranging between 23 and 63 GWd/MTU. Comparison of the plutonium concentrations
calculated by the TUBRNP model and post-irradiation EPMA measurements show good
argument.
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The TUBRNP model is applicable to UO,, UO, Gd,O, and MOX fuel types irradiated in LWR or
heavy water moderated reactors (HWR). TUBRNP uses a single set of common cross-sections
for both PWR and BWR reactors. A separate set is used for HWR conditions. The TUBRNP
model has been incorporated in several fuel performance codes, including FRAPCON-3 [14]. A
detailed description of the model approach is provided in Appendix E.

5.7 Burnup Calculation

The fuel rod burnup distribution is used in FALCON to calculate the fuel pellet properties, the
swelling and densification rates, and the formation of the high burnup structure. The axial and
radial burnup distributions are also output by FALCON for comparison to other core analysis
codes or measured data. The method used by FALCON to calculate the pellet average burnup
and the local burnup distribution across the pellet is described below.

The change in pellet average burnup for a time step At is calculated in FALCON by:

ABU(Z): [Pt+At (Z)+ Pt(z)]3 At (eq 5_94)
2.M, -f,-10

where
ABu(z) : Change in pellet average burnup at axial location z
P.a(z): Current step linear power level at axial location z
P (z): Previous step linear power level at axial location z
At:  Time step
M,: Linear mass of UO, at axial position z

f: Conversion factor between UO, and uranium metal (0.8815)

u

The linear mass at axial position z is given by;

V,
M :(1_de)'(1_fp)'pth '(Ap —T"j (eq. 5-95)
where
.. Fractional enrichment of gadolinium
f: Fractional as-manufactured porosity
A . Cross-sectional area of the pellet based on as-manufactured dimensions

V.. Void volume associated with pellet dish ends, chamfers, and central hole

L: Axial length of the segment containing the void volume
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The fuel material theoretical density, p,, is a function of gadolinium content and is given by [76];
Pth = pUOZ — 4610 -de (eq. 5—96)
where

PUO, s the theoretical density of UO, (Default = 10,980 kg/m’)

The UO, theoretical density can be changed via input for fuel material that may differ from the
default value used in FALCON.

The pellet average burnup is given by;
Bu. at(z)= ABu(z)+ Bu;(2) (eq. 5-97)
Furthermore, the radial burnup profile at axial position z is given by
Bu,at(r,z)= ABu(z)-f,(r,z)+ Buy(r,2) (eq. 5-98)

where
r:  Radial position
f(r,z) : Radial power distribution factor calculated from the RADAR-G or TUBRNP model
at radial position r and axial position z.

To obtain an accurate calculation of the burnup accumulation based on the power history input to
FALCON, the proper definition of the theoretical density, pellet dimensions and void volumes is
required. Care should be taken in defining these parameters in FALCON.
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6

NUMERICAL SOLUTION PROCEDURE

6.1 General

FALCON solves a complex set of coupled thermal-mechanical heat conduction and equilibrium
equations. This coupling occurs because the thermal solution depends on both the temperature
and deformations of the fuel and clad, especially as they affect the gap thickness which affects
the gap conductances. The fuel and clad thermal solution affects and is affected by the (optional)
coolant channel enthalpy solution. The mechanical solution is strongly dependent on the thermal
solution in that fuel thermal expansion and fission gas release are determined by the temperature,
and the fuel and clad mechanical properties are strong functions of temperature.

6.2 Iteration Procedure Between Thermal and Mechanical Analysis

An important consideration in fuel rod modeling is the procedure used to provide proper
interaction between the thermal analysis and the mechanical analysis during a time step. The
complex interdependence of the two solutions requires adequate coupling to insure solution
accuracy. A staggered thermal-mechanical situation strategy is implemented in FALCON that
links the thermal and mechanical results during a time step solution. Convergence and improved
accuracy is achieved by this method.

The staggered solution strategy loops around the thermal and the mechanical solutions in each
thermal-mechanical iteration as follows. At time, t+At, the time step is initiated by conducting a
thermal analysis using the current conditions for the coolant and power. The mechanical results
from the previous time step, t, are used to establish the gap conditions required in the gap
conductance calculation. Within the thermal analysis, a Picard iterative solution for steady state
conditions or a direct solution for transient conditions is used to solve for the temperatures
throughout the fuel rod. Next, the mechanical analysis is conducted using a Newton-Raphson
iterative solution using the thermal results just calculated to define the temperature dependent
material properties, the thermal forces and expansion strains. The mechanical solution produces
a new deformation state which may change the fuel-clad gap status, thus affecting the gap
conductance. This completes the first thermal-mechanical iteration in the step. At a minimum, a
second iteration is conducted using the new deformation state and the new temperatures. The
new thermal results are then used in a second mechanical analysis. User options are available to
control and increase the number of iterations, if necessary.

The MOD-1 release of FALCON includes substantial enhancements and improvements to the

iteration procedures. In the next release, it should be possible to fully test for convergence and
eliminate the need for users to deal with these numerical issues.
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The final thermal solution is used to compute the fission gas release increment for time t+At.
The fission gas release results are then used in the next step for both the thermal and mechanical
solutions.

6.3 Thermal Analysis

A large body of literature [1, 2] is available on possible time integration schemes for equations of
the heat conduction type. Both implicit and explicit methods have been used successfully. In
order to efficiently apply typical explicit integration schemes to the heat conduction equation, the
capacity matrix M defined in eq. 3-12 is replaced with an "equivalent" matrix M p which has

non-zero coefficients only on the diagonal. This lumping procedure, which expedites the
inversion of M as required in explicit schemes, has been widely studied for use with lower order

finite element approximations, e.g., bilinear approximations for the dependent variable. In
FALCON, a higher order finite element approximation was chosen (biquadratic), and rather than
perform an exhaustive study of lumping procedures for such an element, an implicit integration
method was used. Implicit methods have the added advantage of unconditional numerical
stability thus allowing the use of larger time increments. However, implicit integration produces
zero-energy spatial variations in the temperature field when time steps too short to allow
conduction are used. This can be eliminated by switching to explicit integration when small time
steps are needed.

The numerical integration procedure implemented in FALCON is a central difference method
which is related to the ¢ Crank-Nicholson scheme. The derivation of the algorithm is given
elsewhere [2, 3]. Based on eq. 3-19, the integration procedure is

:2 ( a ) a a a :2 ( a )—r-n
—MIT" +K*T" ) T" =F*\T" |+ —M*|T . 6-1
I P S o
where’
Tn+l TN
"= (eq. 6-2)

and superscript n indicates the time step number and At the time step size (At = t™' - t").

' Superscripts on nodal vectors such as Tn’i denotes Step number (n=1,2,...) and Iteration number (i=1,2,...) with

1341 [T9%1]
1

steps always identified using the superscript “n”, iterations always identified using the superscript “i”, and “a” is

[T 1]

always used for average. T™ means the nodal point temperature at step “n” and iteraton

(1342
1

. T" means the

€ .9

converged or final temperature at Step “n”.
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6.3.1 Steady State Solution

In eq. 6-1, if At > oo, then the steady state form of the heat conduction equation is recovered.
For this condition, the basic matrix equation reduces to

K*(r) 17 = E< ) (¢q. 63)

Considering first the case where K* and F* are not functions of T, eq. 6-3 reduces to a linear

matrix equation which may be solved directly. When eq. 6-3 retains its nonlinear form, an
iterative technique is required. FALCON uses a Picard iteration (successive substitution)
method which is expressed by

5* (Tn+1,i ) R -[ nHLi+l E* (T“J’l’i) (eq. 6-4)

where superscript i indicates the iteration level within the time step n. The algorithm in eq. 6-4 is
equivalent to solving a time dependent problem using eq. 6-1 with At - «. As can be seen
from eq. 6-4, the steady state solution is not governed by the size of the time step but rather by
the power increment. Experience has shown that a power increment in the range of 2-3 kW/m
provides sufficient accuracy for the thermal as well as the deformation solutions.

The algorithm in eq. 6-1 is identical to a standard Crank-Nicholson method except that the
solution is not extended to the end of the time interval. This method (termed an averaged Crack-
Nicholson) can be shown to be unconditionally stable for linear problems. For nonlinear
problems, predictor-corrector methods [2] can be used in conjunction with eq. 6-1 to improve the
temperature estimates for evaluation of the temperature dependent terms. In actual
implementation of eq. 6-1, note that if At is kept constant and the problem is linear with time
independent boundary conditions, then the left-hand side of eq. 6-1 needs to be triangularized
only once. This is not the case in FALCON since the problem is highly nonlinear and the time
step size, which is also influenced by the deformation solution, varies from step to step. This
requires that the governing equations be reformulated at every time step.

6.4 Deformation (Mechanical) Analysis

The derivations presented in Section 4 produce a set of equations that relate the incremental
displacements (two components at each node in the grid), to the incremental nodal forces. The
net incremental nodal force vector is the sum of external and internal forces, thermal forces,
inelastic internal forces, and fuel-clad interaction forces. Designating the incremental nodal
force vector by AF, then

AEZAEP +AE| (€q6-5)
where
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AE| =AET +Afc+ AER (eq6—6)

In the above

AFp: External force vector due to surface pressures;

AF|: Internal force vector due to internal stresses;

A ET : Thermal force vector;

AFc: Inelastic force vector due to material nonlinearity (creep and plasticity); and

AFR: Interaction force vector due to changes in fuel-clad gap status.

The governing equations can then be expressed as:

Av=AF (eq. 6-7)

N

where AV is the incremental nodal displacement vector and K is the tangent stiffness matrix

which consists of three parts as follows:

K=Ky +Kg+Kp (eq. 6-8)

Ky: Updated Lagrangian tangent stiffness matrix referenced to the current (deformed)

configuration which counts for material nonlinearities and the displacements.

Ks: Initial stress stiffness matrix.

Kp: Load stiffness matrix resulting from pressure applied on the deformed surface or, in

general, deformation-following loads.

The step-by-step solution of eq. 6-7 requires that

AFM = kM Ay ™ (eq. 6-9)

where n is the current time step or the time step for which the new solution is sought. Equation
6-9 presumes that the structure is in equilibrium at the end of the preceding time step; i.e., the
internal stresses are in exact equilibrium with the external loads and no residual unbalanced
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forces exist. Such an ideal case, however, would exist only if the system is linear and if the
computations are done in infinite precision. Neither condition exists here; hence, it becomes
necessary to restore equilibrium by calculating the residual vector and adding it to eq. 6-9. Let

an) be the nodal force vector which results from converting the element stresses s to

equivalent nodal forces in the current configuration, then the residual vector is

RO = g (eq. 6-10)

where

I3 (n+1) : Residual (out of equilibrium) force vector for time step n+1.

F|(3n) :  Total external load vector (due to surface pressure in this case) at time step n.

Clearly, R (n-+1) approaches the null vector as equilibrium is satisfied. Adding the residual load

vector to A E(n D and making use of eq. 6-5 gives

E|(:>n+1) B ESjn) 4 AEEn+1) _ §(n+1) Ay(n+1) (eq. 6-11)

The solution if eq. 6-11 gives rise to a new set of stresses which are referenced to the beginning-
of-step configuration. Also, since the stiffness matrix K and internal force vector AF| are

functions of the stresses and displacements, iteration is required to satisfy not only the new
equilibrium balance but also the material properties data. Consider the i" iteration in the step
At =1"" —t™  then eq. 6-11 can be written as

(i) F|(:>n +1) ©p®m) (i)Aan +1) _ (i-1) i (n+1) (i) o, (N+1) (eq. 6-12)

~ ~c ~ ~ ~

where the left-position superscript (i) refers to the i" iteration in the step and the (0) left
superscript on Egn) refers to beginning-of-step conditions, i.e., (O)Egn) is based on g(n) rather
than g(i_l) . At the end of the step, one usually carries out a Newton iteration in which a small

correction on the displacement due to the residual load vector is calculated as follows:

(i+1) z(n+12) e+ _ (@) (n+1) (i+1)g,,(n+1)
YR - Flo =K sy (eq. 6-13)
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The final displacement increment is the sum of O Y(n D and (495 \~/(n 1) Equilibrium

balance demands that

tim C)pQHD — DD o (eq. 6-14)
0 (e}

where e, is an arbitrarily small number.

In the above, Dk (1+1) s based on the most recent displacements and beginning-of-step stress

state, i.e.,

(i)}S(n+1) _ (O)Bgnﬂ) + (i)lsgnﬂ) N (i)}sénﬂ) (eq. 6-15)

Convergence is achieved if eq. 6-14 is satisfied or alternatively if the displacement correction
satisfies

lim DAy DAy e (eq. 6-16)
— ©

where e, is arbitrarily small.
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6.5 Time-Step Selection Criteria

The selection of an appropriate time step size is governed by stability and accuracy requirements
for both the deformation and thermal solutions. Because of the very complex interaction of the
many material and geometric nonlinearities that exist in fuel rod analysis, it is almost impossible
to devise a fool-proof method for selecting an economical time step size while simultaneously
satisfying solution accuracy. Users experienced in analysis of this type are usually very adept at
selecting workable time step sizes that suit the particular problem being solved. It is more
convenient, however, to rely on a form of automatic selection of the time step size.

6.5.1 Thermal Solution Criteria

During the steady state part of the thermal solution, two criteria are used to limit the time step

size. For steady state power ramps, At is chosen to give a maximum power change (positive or
negative) of 3 kW/m, i.e.,

max| Q") — oM <3 | j=1 .. (eq. 6-17)

2
The inequality is evaluated at all axial positions z, at which the axial power profile is specified.
The maximum power change per step can be defined by the user. For steady state constant
power hold times, a maximum time step size is required to provide for an accurate solution. The
default value is 200 hours, and a user option is available to redefine this criterion.

For transients, two criteria are used to determine a At for stability, maximum flow rate change
(Arn), and maximum coolant pressure change (Ap). The percent change is limited to 2% at the

inlet by default; however, user input options are available to allow for modification of these
criteria. The selection process is represented by

[+ _ ()

max I.(n +1)

inlet

<0.02 (eq. 6-18)

where r represents the response parameters M and p, respectively. These criteria are only
activated for analysis using the coolant enthalpy model.

A stability time step criterion of the type normally used for explicit solutions is not required in
FALCON. The implicit solution method used for the transient solution is unconditionally stable.
The thermal time step selection criterion as specified above has been established to provide
satisfactory accuracy of the results based on the coolant channel/fuel rod interface.
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6.5.2 Deformation Solution Criteria

Criteria for time-step selection in the deformation solution are more complex due to the many
variables that influence the accuracy of the solution. The most important of these variables are
the thermal expansion and creep rates of the fuel and the cladding. Taking this as the primary
measure, one can derive an expression for the upper bound on the size of the time step that
ensures a well-behaved solution.

Let the calculated strain rate in the element be ¢, and the material data strain rate that

corresponds to the calculated stresses, temperature, etc., be €y,. Then the condition that

g0 =l j_q g (eq. 6-19)

This equation ensures compatibility between the structural response and material data. In this
equation, J is equal to the total number of integration points in the grid including fuel and clad
elements. Large differences between ¢ and €y, indicate inaccurate or unstable solution. This

occurs when At becomes large. Using this fact we can require that

(n)

(n+1) .
=14 ..., (eq. 6-20)

. <
mechanical — m?x

At Ag

£

The quantity Ae, is the maximum strain increment that can be calculated without incurring
instability or accuracy deterioration. Ae, is assigned on the basis of experience. In small strain
analysis Ae, is usually limited to a fraction (less than 50%) of the elastic strain [4]. In large strain
transient analysis, however, Ae_ can be as high as 0.2% strain. This value of 0.2% is used for
both the fuel and cladding. Equation 6-21 is implemented in FALCON with a user override
input value that limits At from below.

Equation 6-20 is applied to both fuel and clad elements. However, the fuel governs the At
selection during steady state where the clad temperature, consequently the clad strain rate, is
much smaller than their fuel counterparts. The cladding behavior, on the other hand, controls the
time step selection during transients.

In summary, the FALCON code provides an automatic time stepping procedure which selects the
minimum of the following:

1. An equivalent power step of 3 kW/m (see eq. 6-17)
2. Maximum constant power At = 200 hours

3. At fromeq.6-18

4. At_. . fromeq. 6-20

5. User specified At

6.

Satisfying the inflection points of all input forcing functions
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As guidance to the user's choice of Criteria 5 above, the following table is provided.

Table 6-1

Guidelines for Time Step Size Selection

Type of Problem

Time Step

Steady State/Fuel Performance
Analysis

Time step size required to give 3 kW/m per step. During
constant power, time step size may vary geometrically; e.g., 0.5,
1,2, 4,10, 20, 50, 100, 200, 500, 1000 ... hrs.

Power-Coolant-Mismatch (slow
coolant mass flux decrease at
constant power

Time step size required to give 2%-3% reduction in mass flux per
step. Activate automatic time stepping option with minimum step
size to give 2% decrease in mass flux per step.

Power Excursion due to Reactivity
Insertion

During the power spike use a time step size equal to 5%-10% of
the time period of the spike. Also use automatic time stepping
with 0.0025 sec. minimum step size. Restart the problem at the
end of the power spike with automatic time stepping and
minimum step sizes of 0.05, 0.1, 0.5 and 1.0 sec., respectively,
for 2-sec. duration, 3-sec. duration and 10-sec. duration, and the
remainder of the transient, respectively.

Loss of Coolant Blowdown Event
(rapid changes in power, coolant
pressure and mass flux)

Time step size required to give about 2% change in the coolant
pressure and/or mass flux. Combine automatic time stepping
with minimum step size equivalent to 2% of the blowdown period.
Use multiple restarts and use code recommendations for
changing the minimum step size in each restart run.

Oscillatory Power

Time step size required to give 3 kW/m per step.

Other Events

Interpolate between the above criteria, depending upon the
severity of the event.
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APPENDIX A: FINITE ELEMENT SPATIAL EQUATIONS

There are three types of elements available in FALCON: two-dimensional quadrilateral
continuum elements, triangular continuum elements, and one-dimensional gap/contact elements.
There is a complete family of linear to quadratic isoparametric quadrilaterals and triangles
available as shown in Figures A-1 and A-2, respectively. For the quadrilateral, there are
elements with 0, 1, 2, 3, and 4 quadratic sides; for the triangular, there are elements with 0, 1, 2,
and 3 quadratic sides. A total of sixteen quadrilateral and eight triangular elements are possible.

The triangular and variable node quadrilateral elements are included in this section for
completeness. These elements have been used for special interest problems only and have not
been verified for fuel rod analysis. These elements are not recommended for licensing analysis
unless independent verification is conducted for these elements. The only elements
recommended for fuel rod licensing analysis are the linear (4-node) and quadratic (8-node and 9-
node) quadrilateral elements and the linear (2-node) gap/contact element.

A.1 Element Shape Functions and Basic Equations

All points within an element are identified by their natural coordinates (L) using the shape

functions and nodal point coordinates

N
X(L) = X on(L)Xn

n=1
for plane geometries (eq. A-1)
N
Y(L) = 2 on(b)Yn
n=1
N
R(L) = 2 ¢n(L)Ry
n=1
for axisymmetric geometries (eq. A-2)
N
Z(L) = X on(L)Zn
n=1
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Figure A-2
Linear-Quadratic Triangular Elements

In the above, X and Y or R and Z represent the material coordinates of a point in two-
dimensional planar or axisymmetric geometries, respectively, ¢, is then the n" shape function,
and X ,Y, or R , Z are the coordinates of the n" nodal point. The total number of nodal points in
the element is N, for quadratic quadrilaterals, N=8 or 9, and for quadratic triangles, N=6. As
shown in Figures A-1 and A-2, the nodes are numbered counterclockwise starting at any corner
node and numbering all corner nodes first, then all possible midside nodes are numbered.

The choice of the "natural" coordinates for the elements is a critical step in the development of
the finite element methodology. As illustrated in Figure A-3, the natural coordinates for
quadrilateral elements are the so-called "parametric" coordinates & and n,i.e., L, =& and L, =n.
These coordinates are defined such that -1 <&, n < 1 and the extreme values represent the edges
or sides of the element:

E=-1 is the node 4-1 side
E=+1 is the node 2-3 side
n=-1 is the node 1-2 side
n=+1 is the node 3-4 side
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Figure A-3
Symbolic Natural Coordinates for Quadrilateral and Triangular Elements

The following is a list of the values of the parametric coordinates at all eight possible nodes in a
quadrilateral element:

Node (n) &, n,

Corner Nodes: 1 -1 -1
2 +1 -1
3 +1 +1
4 -1 +1
Midside Nodes: 5 0 -1
6 +1 0
7 0 +1
8 -1 0

The "natural" coordinates for a triangular element are the "area" coordinates. As illustrated in
Figure A-3,
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Li = Aj/A for plane geometries
where

A=A +Ar + Az
The area associated with the i" node is the area bounded by the side of the triangle opposite the i"
node and the curves drawn from the corner nodes of the opposite side. There are, of course, only
two independent natural coordinates because of the constraint L, + L, + L, = 1. The L, area

coordinates vary from 0 at all points on the opposite side to +1 at the i" node. The following is a
list of the values of the area coordinates at all six possible nodes in a triangular element.

Node L, L L

Corner Nodes: 1 1 0 0
2 0 1 0

3 0 0 1

Midside Nodes: 4 %3 Ya 0
5 0 %) %)

6 Va 0 Va

A-4
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A.2 Quadrilateral Shape Functions
The linear shape functions for a quadrilateral element are:
QHj = L+&&j)L+mmj)/4 for1<i<4

The quadratic shape functions for an 8-node quadrilateral are:

QQj = (§&j +mmi —1)QH; for1<i<4

QQj = (1—5_,2)(1 +T]T]i)/2 fori=5,7

and

QQi = 1-n?)lt +2¢;)/2 fori=68

The quadratic shape functions for a 9-node quadrilateral are:
Q% ={t-&%) i-2?)
Q9; = QQ;j +%Q99 forl<i<4

Q9; = QQ;j —%Q99 for5<i<8

A.3 Triangular Shape Functions (For Research Purposes Only)
The linear shape functions for a triangular element are:

TH, = L; for1<i<3
The quadratic shape functions are:

TQ, = Lj(2L; — 1) for1<i<3

and

TQ, = 4LjLy  ford<i<6

where j=1-3,1<k<3, k#1-3,and k#].
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A.4 Shape Function Derivatives/Jacobian

The development of finite element stiffness and conductivity matrices for solid continuum
elements requires the evaluation of the first derivatives of the shape functions. Since the shape
functions have been expressed in terms of the natural coordinates, I: = L1, Ly (equations A-1

and A-2), this requires the development of the Jacobian matrix. For simplicity the derivation
will be done in plane geometry. Using the chain rule

0 _ 0 0X ., 0 0Y
oL, X oL, T aY @

o _ 8 08X , & oY
oL, ~ 09X oL, T oY oL,

where

- UX oY

(')Lz oLZ

The coefficients in the Jacobian matrix are easily evaluated from the shape functions

N
TR L OLE

0 8L1 + 0 8L2
oX ~ 8L, oX T aL, X

or
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0 0
X _[J—l] oLy
o | 0
oY oL,

Thus,
oLy /oX = (aY/aLy)/d
dLy/0X = —(0Y/0Ly)/]
dLy/oY = —(6X/aLy)/]
oLy /0Y = (0X/oLy)/]
where

J = (0X/aLy)(8Y/oLy) - (8Y/oLy)(6X/oL5)

A.5 Isoparametric Interpolation

All of the continuum (solid) element types in the FALCON code are isoparametric elements; that
is, the nodal point unknowns (temperature and displacements) are interpolated using the same
shape functions as were used to interpolate the coordinates. Thus

N
T(LY = 3 én(L) On(0) = ¢ (L) 0D
n=

and
N n T
Ui (L,t) = Zl P (L) vi(t) = ¢" (L) vi(t)

where T and U, are the temperature and displacement fields, respectively, and 6 and v are

vectors of nodal point temperatures and displacements for a particular element.

Gradients of the interpolated variables are computed using the chain rule and Jacobian matrix;
e.g.,

OT/oX; =i T=T" ¢,
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where
bi = ;:*31 S)IZ ’ 68:*32 Zl;<2i
thus
aplox = (a¢loLy (0 /aL,) - a¢loL,(Y/o L)/ 3
Recall
X =¢" X
Y=¢'Y
thus
o9lox = (a¢loLy (09T/oL,)Y - a¢loL, (09T loLy)Y) /3
Denote

61 0] = (0¢loL;) (a9 foLy)

Note that commas are not used because the differentiation is not with respect to the Cartesian
coordinates. Thus,

oT/oX =T (9193 Y - 0207 )/

In the above, note that the shape function product matrices are independent of the nodal
coordinates.
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APPENDIX B: COOLANT ENTHALPY MODEL

The coolant channel model is based on a homogeneous closed channel flow model with thermal
equilibrium between the vapor and liquid phases. These assumptions do not provide for energy
or momentum transfer to other channels in the rod bundle. The continuity equation and the
energy equation are used to solve for the enthalpy and velocity distributions along the channel.
A total pressure drop for the channel can be input that is assumed to vary linearly along the rod.
The coolant channel is subdivided into control volumes, as shown in Figure B-1, each of which
coincides with a clad element. The input inlet conditions for the mass flow rate, fluid
temperature or enthalpy, and pressure are used to initialize the model at the lower plenum. For
each control volume, the inlet conditions at the lower interface (z,) are used to solve for the exit
conditions at the upper interface (z,,,). As will be shown, average control volume parameters (p,,
V., u,) are also used in the energy equation.

The following presents the derivations required to produce the steady state and time dependent
solutions to the continuity and energy equations that provide the basis for the coolant model in
FALCON. A one-dimensional approach in the axial direction is used; therefore, all components
in the lateral directions (X, y) can be set to zero. A complete explanation of the consequences
and limitations resulting from the assumptions used to develop the coolant flow model are
presented in Section 3.

B.1 Steady State Flow Conditions

The steady state conservation of mass and energy equations in the axial direction (z) can be
written as follows.

Continuity Equation:

0 _ _
07 (PV) =0 (eq. B-1)
Energy Equation:
% [pv(u+% V2+gzﬂ + % (pV) = Q (eq. B-2)

where p is density, V is velocity, u is the coolant specific energy, p is the pressure, Q is the heat
energy, and g is the gravitational acceleration. The assumption of homogeneous equilibrium
flow (i.e., V, =V, = V) requires that only one system of equations be used to determine the

B-1
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enthalpy at each control volume. Integrating the continuity equation over the length of the
control volume yields:

(PV)is1 = (PV); (eq. B-3)
(Y |
¢ CLADDING . gaghﬁ'é[
: | |
| | | Pi+1: i+l
! hi+1: Gi+1
.
¢
Zi+1 I .
s AZ
2 G B
¢
.

ri» Vi hi, Gj

) . |
Pl

hinlet  Pinlet Minlet

Figure B-1
Coolant Channel Nodalization

The integral of the energy equation produces:

Vil +1v2rgz) - pvilu+Lv2gz) + (V) - (V) = Quaz (eq. B4)

where Q, is the average heat added in the control volume. Utilizing the continuity equation and
combining like terms, the energy equation can be rewritten as:
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P; P;
PVt i) + 4 pVivA - V2) s pvgaz + pv(p— . p—j _QuAz (eq.B-5)

The mass flow rate, G, is defined as:
Gi = pj Vi Aj (eq. B-6)

where A is the flow area at interface i. Currently, FALCON does not consider the change in
flow area with axial position. Therefore, G, is the same for each control volume for steady state
conditions and will be represented as G. Dividing by pV and using the relationship between
specific internal energy and enthalpy:

hi = Uj + pjv; (eq. B-7)

where v, is the specific volume. The energy equation can be simplified to:

QAzZA

hisg = hi _l( i2+1_Vi2)_gAZ+ G

5 (eq. B-8)
Equation B-8 is used to determine the enthalpy at the exit of the control volume. Once h,, is
calculated, the density (r,,,) is determined from the water properties. The flow velocity (V,,,) is
calculated from:

Gi+1
A

Vig = (eq. B-9)

pi+1

An iterative procedure is used at each control volume until the flow velocity V., is within 1% of

i+1
the previous iteration, i.e.,

v _ v o071 v

i+1 i+1

(eq. B-10)

where the superscript j represents the iteration index.

B.2 Transient Flow Conditions

The time dependent continuity and energy equations can be written in differential form as:
9P 0 (W) =0 (eq. B-11)

and
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o L2y 2 12 _ 2 i
Py [p(u+ 2V H + e {pV(u+ > Vo+g Zﬂ 22 (pV) + Q (eq.B-12)

respectively, where the terms have been previously defined. First, the continuity equation, eq.

B-11, will be solved to provide a solution for flow velocity VitflAt for the current step. In

integral form, eq. B-11 can be written as:

i+1 ct+at Op t+at i+l O _
0 Edtdz+ft f E(pv) dtdz = 0 (eq. B-13)

The time integral in the first term reduces to

t+At 89 t+At t
— dt = - eq. B-14
2 p p (eq. B-14)

Using eq. B-14, the first term in eq. B-13 becomes

I.i+1 (pt+At B pt) dz = Az (p”M _ pt)i+lfl +(thrAt - pt)i - fl)] (eq. B-15)

Using the same approach, the second term in eq. B-13 can be written as

t+at ci+l O
P (pV) dt dz (e, B-16)
= At [(Pi+1Vi+1 —piVi) Y fy — (piya Vi —piVi) (- T7)

Using a Crank-Nicholson method for the spatial integration and a fully implicit method for the
temporal integration results in

1

f1 ==

172

fro =1
Therefore, eq. B-13 can be written as

B2 i pt gl i+ sttt VIS ol Vi) = 0 (eg B

Rearranging eq. B-17, the flow velocity at the control volume exit for the current time step is
given by
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Via™ = |:pit+AtVit+At - ZAAZt oL +pi ™~ ply —p! )} / pii'  (eq.B-18)

The form of eq. B-18 used in FALCON substitutes the term p;HAtVHAt with p,V,t which

represents an approximation to eq. B-18. This approach was used to provide faster convergence.
The amount of error introduced is minimal for the conditions under which FALCON is applied.

The integral of the energy equation, eq. B-12, can be written as

! t t ! oz (eq. B-19)
_tat il t+At i+l
=L (pV)dzdt + | [, Qdzdt
where
U= p(u + % vz) (eq. B-20)
and
E - pV(u + % Y gzj (eq. B-21)
Conducting the first integration for each term produces
[Lrat Y g = ytat _ gt (eq. B-22)
t ot
1 0E
.[IH- oz dz = Ejy1 - Ej (eq. B-23)
W9 (6V)dz = (V) — (V) B-24
i 5, PV)dz = (V)i — (pV); (eq. B-24)
[ Qdz = [f3 Qi + (1-5)Qi]Az = QAz for f5 = > (eq. B-25)

Conducting the second integration and, as in the previous derivation, using a fully implicit
algorithm in the temporal integration and a Crank-Nicholson in the spatial dimension results in
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ji”l (Ut+At - Ut)dz = az [uRrAt -l ] (eq. B-26)
t+At
o4 (Bivg - Eq)dt = at[EFFA A (eq. B-27)
T+At t-+At t+At
A OV - V) dt = AtV - (V)] (eq. B-28)
and finally
jt”At Qi Azdt = AtAzQEHA! (eq. B-29)
Recalling that UL’LAt can be rewritten as
A A At 1 2
ULHAL _ ot ‘[u}j Lo j (eq. B-30)
and
trAL _ 1( trAt t+At)
Uk =3 Uiy + U (eq. B-31)
UEM becomes
t+At _ 1 teAt( t+Aat | tAt) 1 taAtf teAt
U =5 (uij:l Ui )* 5Pk (Vk+ )2 (eq. B-32)

The second term in €q. B-26 can be written as
U +A 1 +A ’2 33
t I 1:( t 1:( 2 | ::( t(vﬂ(: ( 1- B- )

by assuming that p}( = pE’At for small time steps. Concentrating on the second term in the

energy equation, eq. B-27, can be reduced to

t+AL At S teAt[ | t+AL 1( t+At)2 t+At
Bl =Pk Vi [“i+1 5 Vin +92i+1j (eq. B-34)
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AL _

| t+At V&+At(u_t+At N %(ViHAt)z N gz}mt] (eq. B-35)

E Pk i

where the following assumptions are made

pitilm Vitlet _ pL+At Vl'i+At (eq. B-36)

pit+At Vit+At _ pL+At V&+At (eq. B-37)
and

pLJrAt _ %(pﬁl& N pit+At) (eq. B-38)

Vl£+At _ E(Vitrlm N Vit+At) (eq. B-39)

Consolidating the like terms, the energy equation becomes

1| trat t+At) 1 t+At( t+At)2_ ALt L 1 t+At( t)z
Az[gpk(“m U ok Vi P Uk TPk Mk

t+At |, t+At  t+At t+At | t+At t+At]
+At[9k Vie Ui TPk VY

2
At _t+Aty AL ( t+At) _( t+At)2_
+ Aoty {Vm V. g Az At

(eq. B-40)

= QUM At Az - at|(pV)ER (o)A

Rearranging and solving for the internal energy u}:lAt , the result is

1 _ U+At At

t+At [_
2 k Az

t+At _ T+At T+At
U1 ‘{ Kk At-gAL-u7 T py
v

t+At | t t+At] [\, t+At t
Py “k‘%Pk+ {(Vk+ )Z‘(Vk)}
(eq. B-41)

2
At _tHAty AL ( t+At)2_( t+At)
2z Pk Yk {Vm Vi

t+AL At

At t+At t+At t+At |1
T Az (Pv)iil - (pV)iJr ]} Pk+ [E"' Vk Az
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Equation B-41 expresses the internal energy at the exit of the control volume for the current step
in terms of the average control volume values for p and V. The method for calculating the
coolant conditions at time t+At and axial position i+1 is as follows:

1. Use eq. B-41 to determine the internal energy uitilAt, assuming Vitlet = VitJrAt and
+At _ t+At
Pivy =Pi -
2. Use relationship between specific internal energy and enthalpy (eq. B-7).
+At | T+At t+At / _t+At
hist =Yg * Pyl /Pip
. . t+At . . t+At
3. Determine the density, p; 1 , from the enthalpy using the water properties at p; ¢
4. Calculate the flow velocity, Vitlet , using eq. B-18 (continuity equation) and the new value
. t+At
for density, Pii1
. . . . t+At t+At :
5. Repeat steps 1 through 4 using the previous iteration results for V; ;= and p; ;= until the

convergence criteria are satisfied, namely,

(J4D) \t+At (P t+AL _ (D /t+At
Vi+1 Vi+1 =0.01 Vi+1

and
(J+D t+At () t+At _ (J) .t+At
Pit1 Pit1 = 0.01 Pi+1

where j and j+1 represent the previous and current iteration results, respectively.

The iteration method for the coolant channel model consists of a sub-stepping approach in which
the time step At is subdivided into several sub-steps using the formula

Atgyp = 2_Atz (eq. B-42)
Vk
with a maximum of five sub-steps per time step. For each sub-step, the previous iteration

method is carried out at each control volume along the coolant channel. The approach produces
a coolant enthalpy model which is conditionally stable and numerically efficient.
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B.3 Heat Transfer Coefficient and Critical Heat Flux Correlations

This appendix describes the heat transfer, critical heat flux and critical power ratio correlations
included in FALCON. The coolant enthalpy rise model in FALCON can treat either water
(liquid and vapor) or sodium (liquid). The entire single and two-phase heat transfer regimes are
considered for flowing water conditions. However, only single-phase heat transfer is considered
for liquid sodium conditions. The sodium convective heat transfer correlation is from Lyon [1].
The correlations for water used are consistent with the heat transfer correlation packages
employed in the RETRAN and VIPRE codes [2, 3]. However, these correlations are applied
using the coolant channel model described above. As a consequence of the assumptions and
limitations inherent to the FALCON coolant model, the application of some correlations may
result in errors in the predicted heat transfer regime or heat transfer coefficients. It is
recommended that the user judiciously select the correlations which are appropriate for the
anticipated channel conditions for the application. For licensing applications, the use of these
correlations should be restricted to pre-DNB conditions. The symbols and dimensions used in
Appendix B are defined in Table B-1. The ranges of applicability of the data are given in Tables
B-2 and B-3 for the heat transfer correlations and Table B-4 for the critical heat flux correlations.

Table B-1
Symbol Definitions for Appendix B

Specific heat at constant pressure (Btu/lbm-°F)

°

Specific heat of vapor phase (Btu/lbm-°F)

°
@

Specific heat of liquid phase (Btu/lbm-°F)

h=2

Heated equivalent diameter (ft)

=
@

Hydraulic diameter (ft)

>
<

m O O O O O

>
el
=

Axial power profile factor for critical heat flux correlation at elevation station k

M

o
H

Cold wall factor
Mass flux (lom/ft*-hr)
G/10° (MIbm/ft>-hr)

O o

Heat transfer coefficient (Btu/ft>-hr-°F)

Heat transfer coefficient based on Modified Condie-Bengston Correlation (Btu/ft*-hr-°F)

IS

Heat transfer coefficient based on stable film boiling with the T, = T, (Btu/ft*-hr-°F)

o

Heat transfer coefficient for transition from Mode 4 to Mode 5 (Btu/ft>-hr-°F)

Heat of vaporization (Btu/lbm)

> 50 O oSS IS 0T

. Enthalpy of liquid phase (Btu/lbm)
Enthalpy of saturated liquid phase (Btu/lbm)

Is

Ah, =h_-h, Subcooled enthalpy at inlet (Btu/lbm)
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Table B-1 (continued)
Symbol Definitions for Appendix B

k,  Thermal conductivity of vapor phase (Btu/ft-hr-°F)
k,  Thermal conductivity of liquid phase (Btu/ft-hr-°F)
L  Coolant channel length (ft)

p  Pressure (psia)

P Critical pressure ratio

Q  Heat flux (Btu/ft*-hr)

Q- Critical heat flux (Btu/ft*-hr)

Q,, Film boiling heat flux at Tw,,,. (Btu/ft*-hr)

g, Surface heat flux at axial node i (Btu/ft-hr)

Q,,, Minimum heat flux (Btu/ft*hr)

Q, Wall heat flux (Btu/ft*-hr)

T. Bulk temperature of coolant (°F)

T, Saturation temperature of coolant (°F)

T, Wall temperature at critical heat flux (°F)

AT .=T,-T,, Wall super heat at minimum heat flux (°F)
AT, =T,-T_, Wall super heat (°F)

z,  Elevation of axial node i from the inlet (ft)

Void fraction

Hq

K

B-10

Viscosity of vapor phase (Ibm/ft-hr)

Viscosity of liquid phase (Ibm/ft-hr)

Viscosity of liquid phase at wall temperature (Iom/ft-hr)
Density of saturated vapor (Ibm/ft’)

Density of saturated liquid (Ibm/ft’)

Quality

Quality at inlet
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Data Ranges for Pre-CHF Heat Transfer Correlations

Thom Jens-Lottes Schrock-Grossman
Fluid Water Water Water
Flow Direction Up Up Up
Channel Geometry Tube, Annulus Tubes Tube
Diameter (in.) 0.5, 0.710, 0.900 0.143 - 0.226 60,000 - 1,450,000
Length (ft) 5,1 N/A 1.3-33
Pressure (psia) 750 - 2000 100 - 2500 42 - 505
'(\I"bansjh'r:_';:i;' Gror 7.7-28 0.08 - 77.4 1.76 -32.8
Heat Flux (Btu/hr- ft%) Upto 0.5x 10° Upto4x10° 60,000 - 1,450,000
Inlet Temperature (°F) 36 -180 239 - 644 N/A
Exit Quality N/A N/A 0-0.57
Table B-3
Data Ranges for Post-CHF Heat Transfer Correlations
McDonough Groenveld Dougall-Rohsenow
Fluid Water Water Water
Flow Direction Up Up Up
Channel Geometry Tube Tube, Annulus Tube
Diameter (in.) 0.152 0.06-1.0 0.108, 0.408
Length (ft) 1 N/A 1.25
Pressure (psia) 800, 1200, 2000 500 - 3100 17 -24
('\I"barfjh'r:'f‘% Gror 2-14 2-30 3.32-8.18
Heat Flux (Btu/hr- ft?) N/A Upto 0.7 x 10° 1.4x10*-4.2x10°
Wall Temperature (°F) T, <1030 N/A N/A
Exit Quality N/A 0.1-0.9 Upto 0.5

B-11



EPRI Licensed Material

Appendix B: Coolant Enthalpy Model

Table B-4
Data Ranges for Critical Heat Flux Correlations

B-12

Barnett Modified Barnett

Fluid Water Water
Flow Direction Up Up
Channel Geometry Annulus Tube
Equivalent Wetted Diameter (in.) 0.0106 - 0.0729 N/A
Rod Diameter (in.) N/A 0.395 - 0.543
Length (ft) 2-5 2.7-14.6
Pressure (psia) 1000 - 1300 150 - 725
Mass Flux, G/10° (Iom/hr-ft?) 1.7-62 0.3-17
Inlet Subcooling (Btu/lbm) 0-412 6-373

Babcock & Wilcox EPRI-Columbia
Fluid Water Water
Flow Direction Up Up
Channel Geometry Rod Bundles Rod Bundles
Heated Equivalent Diameter (in.) 0.2-0.5 PWR, BWR, Typical
Length (ft) 6 25-14
Pressure (psia) 2000 - 2400 200 - 2450
Mass Flux, G/10° (Ibm/hr-ft’) 7.5-40 2-45
Quality (Equilibrium) -0.03-0.2 -0.25-0.75

Westinghouse

Combustion Engrg.

Fluid Water Water
Flow Direction Up Up
Channel Geometry Rod Bundles Rod Bundles
Wetted Equivalent Diameter (in.) 0.2-0.7 0.36 - 0.55
Length (ft) 0.8-12 7-12.5
Pressure (psia) 1000 - 2300 1785 - 2415
Mass Flux, G/10° (Iom/hr-ft?) 10-50 8.7-32
Quality (Equilibrium) -0.15-0.15 -0.16-0.2
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B.4 Sodium Heat Transfer Correlation

Mode 1 - Forced Convection to Liquid (Lyon) [1]

k
h = D_rfy (7+0.025P02) (eq. B-43)
GC,D
P. = max —E hy ,200
14

B.5 Water Heat Transfer Correlations

Mode 1 - Forced Convection to Liquid (Sieder-Tate) [4]

0.8 0.33 0.14

GD C

h— KL (0.023)( hy] ( plulj (ﬂJ (eq. B-44)
Dy W kq Hw

Mode 2 - Fully Developed Surface Boiling [5, 6]

h =Quw/(T2 — Tref) (eq. B-45)
where
_ —-pla, 1/a3
Thom Jenn-Lottes
a, =0.072 a=19
a,= 1260 a, =900
a3 = 2 a3 = 4

Mode 3 - Forced Convection Vaporization (Schrock-Grossman) [7, 8]

0.75

h = (2.5)(0.023) ;‘;y [i‘f jm. (GD“ﬁfl_X)jOB[(ﬁjo'g(S—gjas(i—jfl} (eq. B-47)

Mode 4A - Forced Convection Transition Boiling (Modified Condie-Bengston) [9]

h=cpe v wTsat/2 (eq. B-48)
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where
o, = e[ln(QCHF_QFB)+O-5 Tenr —Tsat —|n(TCHF—Tsat)]

The transition from forced convection transition boiling to stable film boiling is determined
using the surface heat fluxes based on the two different heat transfer coefficients. The method is
as follows:

Qs = hg(Tw—Tsat) 30,000 < Q4 < Qcpr
Qs = hS(TW—Tref)

Q45 = Q4 + Qs

and for Q4 > Qs Q5 < Qcur

hys = Q45/(TW —Tref)

Mode 4B - Forced Convection Transition Boiling (McDonough, Milich, King) [10]

h — QCHF ~ C(p)(Tw —Tref) (eq. B-49)
Tw — Tref

where

p>1200 , C(p)=1180.8 — 201.6 (ﬂ)

800
(eq. B-50)
p <1200 , C(p)=1180.8 + 320.4 200—P
400
Mode 5A - Forced Convection Stable Film Boiling (Groeneveld) [11]
kg | GDp o bre g \©
h=a-9 | W |, 70 q_ P79 | yd eq. B-51
Oy { o (x o L) o (eq. B-51)
where
p
Y =10 - 0101 — 44 [pi - 1} or Y =01 (eq. B-52)
gs
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whichever is larger. Vapor properties of the Prandtl number C_u /k, are evaluated at the film
temperature:

T= 1/2(TW + Tref) (eq. B-53)
Groeneveld eq. 5.9 Groeneveld eq. 5.7
Cluster Geometry Annular Geometry
A 0.00327 0.052
B 0.901 0.688
C 1.32 1.26
D -1.5 -1.06

Mode 5B - Forced Convection Stable Film Boiling (Dougall-Rohsenow) [12]

0.4
k GD C
h = 0,023_9{_hy (“(1_)()% H [Pg_“gj (eq. B-54)
Dy Hg

where the vapor properties of the Prandtl number are evaluated at the saturation temperature.

Mode 6 - Pool Transition Boiling (Berenson) [13]

h =Q/(Tw - Tsat) (eq. B-55)
where
1.504
Q= zo,ooo(mj'”(ﬂmi“’ 20) 0 <90,000Btu/ft2—hr  (eq. B-56)
TW_Tsat
ATmin = (20,000/F (p))*/3
min = (20, p)) (eq. B-57)

with F(p) the same function as in Mode 7.
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Mode 7 - Pool Stable Film Boiling (Berenson) [14]

Q =F(p)(Tw - Tsat)?’/4

(eq. B-58)
/4
h = Q/(TW - Tref)l
where F(p) is linearly interpolated from [15]:
o F(p)
(Btu/ft*-hr-°F*")
15 128
100 236
500 412
1000 510
1500 615
2000 705
Mode 8 - Forced Convection to Superheated Vapor (Dittus-Boelter) [16]
0.8 0.4
k GD C
h=—9 (0.023) P9 Hg (eq. B-59)
Dhy Mg Kg
B.6 Critical Heat Flux Correlations
Correlation 1 - Modified Barnett [17]
A + B Ah;
QcHF = (?Lmj 10° (eq. B-60)
where
0.052 ((~1)0.663 ~11.34D},, G’
A = T73.71D,->*(G) (1.0 -0.315¢e y )888.6/hfg
B = 0.104 Dy5%° (G (eq. B-61)

0.0817 (~r\0.5866
C =4555Dy, (G')
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Correlation 2 - Barnett [18]

A + B Ahj
QcHF = (Tl_mj 10° (eq. B-62)
where

A = 67.45 D028 (G')*1% (1.0 —0.744¢

—6.512DhyG’)
B = 0.2587 D2 ()08 (eq. B-63)

Correlation 3 - B&W-2 (Babcock & Wilcox Company) [19]

1.15509—0.40703 Dy
(12.71)(3.054G' A

QcHE= [(0.3702 E8)(0.59137G')® — 0.15208, hng]/FApk (eq. B-64)

where
A =0.71186 + (2.0729 x 10™) (p - 2000)
B =0.8304 + (6.8479 x 10™) (p - 2000) (eq. B-65)
F,,: Axial power profile factor for the B&W-2 correlation at elevation station k.

The axial power profile factor is calculated by the equation [20]

Fapk = 1-01{31 + éz [{Qi ~ (da/dz);} exp (C1(zj - Zk))

(eq. B-66)
~{ai - (00/02);} exp (C1(2i-1 - zi )] }e 0
where
(da/dZ); = (dj —dij-1/C1(Zi - Zj-1)
C, = 2.988(1—y)"82 /(G’)O'457 [C, has been converted to ft™]
1= % 1 (eq. B-67)

Cp = [L—exp(-Cy Z¢)]
S; = d [exp(Ce(Z1 - Z))—exp (- Cy Zk )]
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Correlation 4 - B&W-2 (EPRI-Columbia) [21]

QcHr _ Fa Py Pr? G(pSHO?IOr)—Xin
10°  F, Fapy ps pP* G(Po *PsPr) +(xé)vcvinj
where

p; = 0.5328

py, = 0.1212

p3 = 1.6151

ps = 1.4066

ps = —0.3040

pe = 0.4843

p; = —0.3285

pg = —2.0749

where the cold wall factors are defined by

F, = GO1
F. =1.183G%1

F,=FR =1 for no cold wall

F,,. 1s the non-uniform axial heat flux distribution parameter for station k.
Y -1)
F =1+
APk 1-G
where

B-18

(eq. B-68)

(eq. B-69)



EPRI Licensed Material

Appendix B: Coolant Enthalpy Model

Correlation 5 - CE-1 (Combustion Engineering) [22]

Qe P1(0/0)P2|(b3+bp)(@)05* 5 - ()1 |

10 - Fapy G'O7P¥D56) (eq. B-70)
where
by = 2.8922x1073
b, = —0.50749
bg = 405.32
by = —9.9290x1072
(eq. B-71)

bs = —0.67757
bg = 6.8235x107%
b, = 3.1240x10%

bg = —8.3245x10?

The axial power profile factor, F,,,, is calculated by the same equation as is shown for the B&W-
2 correlation, except that C, is redefined as follows [23]:

C, =1.8(1- X)4‘31/ [(G')0'478] (eq. B-72)

Correlation 6 - W-3, W3-S, W3-R, W3-L (Westinghouse Company) [23]

Qe =1x10%[2.022-4.302x107#P +0.1722-9.84x10~°P
CHF

exp((18.177 —4.129><10_3P)x)[1.157 —~0.869 ]
[(0.1484 + % (~1.596 +0.1729 ABS()))G’ +1.037] (eq. B-73)

[0.8258+7.94><10_4Ahin [0.2664 +0.8357 exp(—3.151Dp )]
Few Ferip/Fark
where

F Axial power profile factor at elevation station k, the same as for the CE-1

correlation

APK*
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The cold wall factor is calculated by the equation

Fow =1-(1—Dpy /Dre )[13.76 ~1.372exp (L 78y ) - 4.732(G') 005
(eq. B-74)
—0.0619(P/1000)*** —8.509 D207 ]

The grid factor is taken on different forms according to whether the grid type is the simple (or S)
grid, the mixing vane (or R) grid, or another mixing vane grid called L-type. The S grid factor
[23] is given by

FeriD(s) = 1.0 +0.03G'(TDC/0.019)°° (eq. B-75)

where TDC is the turbulent crossflow mixing parameter. The L-grid or R-grid factor [24],
identical except for a leading coefficient F, is given by

ForID(RL) = Fy1(1-445 - 0.0371 L, )(P/225.896)*° [ele+02)° _ 73]
(eq. B-76)

+Kg G'(TDC/0.019)*%}

where
Heated length (ft)

Grid spacing factor (an empirical constant dependent on the distance between grids -
usually proprietary for a given design

TDC: Empirical turbulent cross flow mixing parameter
x_: Equilibrium quality
F: Grid-type modifier; 1.0 for R-grids, and 0.986 for L-grids

Correlation 7 - GE (General Electric Company) [25]

Qchr = 10%(0.8—%) for G > 0.5 x 10°% Iby, /ft2 —hr (eq. B-77)

Qchr = 10%(0.84—%) for G <05 x 1081, /2 —hr (eq. B-78)

B-20



EPRI Licensed Material

Appendix B: Coolant Enthalpy Model

B.7 Critical Power Ratio Correlations

Correlation 1 - Hench-Levy Limit Equations [26, 27]

This correlation defines conservative limit lines for the minimum CHF ratio (MCHFR) in BWR
bundles. The equations calculate a limiting critical heat flux for the bundle as a function of mass
flux, equilibrium quality and empirical constants. There is also a pressure correction for
conditions at pressures above or below 1000 psia. At 1000 psia,

QcHE
=1.0 .B-79
105 (eq )

for

X < 0.273 - 0.212 tanh2(36/106)

% =19 - 33X, - 0.7 tanh2(3€/106) (eq. B-80)

for
(0.273 - 0.212 tanh?(3G /10° ) < %,

< (0.5 — 0.269 tanh?(3G/10° ) + 0.0346 tann2(2G /10%)

Ql%;'F ~ 06 - 0.7, - 009 tanh2(2G /109 (eq. B-81)

for
%o > (0.5 - 0260 tanh2(3G /10° ) + 0.0346 tann2(2G /10%)

where

G: Bundle-average mass velocity (Ibm/hr-ft))

X|

e: Bundle-average equilibrium quality (0 < x, < 1.0)

The pressure correction is

Fy = [1.1-0.1((p - 600)/400)-%°] (eq. B-82)

QcHF = QCHF|1000 psia Fp (eq. B-83)
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The data, which were used as a basis for this correlation, spanned the ranges described below:

Mass flux, G10° (Ibm/ft’-hr)  10.2to 1.6

Hydraulic diameter (in.) 0.324 t0 0.485
Pressure (psia) 600 to 1450
Rod-to-wall spacing (in.) above 0.6

Correlation 2 - Hench-Gillis Quality Correlation [28]

This correlation is a critical quality/boiling length equation. It was derived starting from an
equation of the form of the CISE-II correlation and is based on publicly available boiling
transition data from BWR-type geometries [3].

Xe = 2% (2 - 3) + Ry (eq. B-84)
where
A = 050(G') %43
B =165 + 115((;')2-3 (eq. B-85)
7 - boiling heat transferarea =~ wD,nLg
B bundle flow area - Af
with

D: Rod diameter
n: Number of active rods in the bundle

Boiling length

The pressure correction factor is

2
P-800 P-800

The J-factor accounts for local peaking in the bundle and is defined as follows (see Figure B-2):

J=J - %(‘Jl - 1)2 for corner rods (eq. B-87)
J=1J - %(‘Jl - 1)2 - (% - 0.05) for side rods (eq. B-88)
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J=1J; - w(J - )2 - (% - 0.10) for central rods (eq. B-89)

J, 1s a weighted factor depending on the relative power factors, f , of the rods surrounding a given
rod. Rods are weighted differently if they are in the same row (column) as a rod, or diagonally
adjacent. The J, factors are calculated as follows (see Figure B-2):

1 2
=4 1251, +15 3. 1) +05f;]

for corner rods (eq. B-90)
NDy(2D+ D, — Dp) 2
p s r p ]
- o [4f, Elf']
1 2 2
i =4 [of, +1.5i§1fi +f +0.5 j=1fj]
for side rods (eq. B-91)
nD,(2Ds+ D, D) 2
p s r p )
- AR [2f, + Elf']
1 4 4
= 7 [2.5 fp + 0.25' f; +0.125 'Z fj] for central rods (eq. B-92)

=1 j=1

where
f . Radial power factor for a given rod

f: Radial power factor of rod adjacent to rod p in the same row or column (not
including the rod adjacent to rod p in the same column, if p is a side rod)

f: Radial power factor of rod adjacent to rod p on a diagonal line in the matrix

.. Radial power factor of rod adjacent to rod p in the same column when p is a side rod
(the weighted summation of rod power factors for corner and central rods do not
define a k-rod)

n: Number of rods and water tubes in the fuel bundle
D,: Rod pitch
D,: Rod -to-wall gap
A: Total flow area in the bundle
D.;: Fuel pin diameter
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CORNERROD (a)

OO

SIDE ROD (b)

OO0 OO
O OO
OO0 OO

INTERIOR ROD (c)

Figure B-2
Adjacent Rod Weighting Patterns for Hench-Gillis J Factor
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APPENDIX C: FIELD AND EQUILIBRIUM EQUATIONS

The field variables are the displacements U, the strain g, and the stresses 6,. The equilibrium
variables are the nodal displacements and the nodal forces. The field variables are inter-related
through two systems of equations: the strain-displacement relations and the stress-strain
relations. The equilibrium variables are inter-related through the boundary conditions and the
stiffness matrix, which is the matrix of coefficients of the governing equations of the overall
finite element system. These are derived from the field equation and the virtual work variational
procedure. In the following derivations, the usual summation convention is adopted, where
repeated indices implies summation.

C.1 Strain Displacement Relations

The following notation is adopted for the two-dimensional problem of plane and axisymmetric
geometry presented in Section 4.

X.:  Original coordinates (referred to the initial configuration) of a material point

1

x.: Deformed coordinates

1

Displacements relative to original coordinates

i

dU.: Increments of displacement (within a time step)

1

dU.: Virtual displacements

1

Then
Xj = Xj + Uj
OXj = dUj i=12 (eq. C-1)
dxj = dUj

Variables are represented in terms of their nodal values and shape functions as:
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X
Il
>
LMz
=
>S5
X
-3

<
Il
>
INNCES
=
>
<
-1

(eq. C-2)
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In the above, n ranges over the number of nodes in the element N, which is 8 for quadratic

quadrilaterals and 6 for triangles, as described in Appendix A; Xin is the i" coordinate of node n;

Vin is the i" displacement component of node n; and similarly for the virtual displacement ESVin

and displacement increment dvin . The shape functions are continuous functions of the natural

(parametric) coordinates within the element. In matrix form the equations in eq. C-2 are written
as

Xj :?Tfl
Ui = (l)TY|
(eq. C-3)
3U; = ¢ 8v;
du; = ¢ dv;

It is necessary to distinguish between the quantity x. which is the i" component of the deformed
coordinate as continuous functions of € and n over the element and x; which is a vector

consisting of the nodal values of the deformed coordinates. The same is true for the other
variables in eq. C-3. The physical components of strain are:

LA 9%k OXie e i
8”_2[5Xi oX; 8ij|-6ij (i=12)

£33 = €09 =%{(V/R)2 —1} - 033 , grg =620 =0

(eq. C-4)

where 0, are the free expansion strains caused by the combined effects of temperature, swelling
and densification, and Sij 1s the Kronecker delta. In matrix form,
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€1 % (8X1/8X1) 6x2/axl 1]
| B | | 3|0 /aX,f + (0%, /0%, F ~1] - 922
)| sl g
2612 | | (0%, /0%, 0%, /0X, + 0%, /0Ky 0X,/0X,) — 205,

(eq. C-5)

With the view towards formulating the incremental problem, the variation in the strains is given

by

Therefore

Seij = 5 [05xic/oX; oxic/oX+ adxy [oX; oxic/oxi| (i =1.2)
_ 15T T |
=3 6yk ¢, OXk/0X;j +6yk ¢, Xk /X

deg3 = [I‘/R SI’/R]
= /R*3v ¢

(eq. C-6)
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or

where

C.2 Stress-Strain Relations

(8le 0%, /0%, +3V] axz/axJ b,
ST 0%, /0X, +8V] x,/0X, | ¢
8811 ~1 1 2 ~2 2 2 ...’2
S T 2
g = | o2 oY) ?r/ R (eq. C-7)
- O€33
206, | |8 le(?,l 0%, /0, + .., 0%, /axlj
+ 6\1;—((1),1 0%, /0%, + 9., axz/axzj
oV,
dg = [} 5V, = [}8\1 (eq. C-8)
d1 0%, /0%, d) 0%, /0%,
¢, 0% /0X, ¢ 0%, /0%,
(I)T r/R2 0 (eq. C-9)
(5131 0%, /0X, + 9 axl/ale (?I 0%, /08X, + 9], OX, /axlj

The stress-strain relations in large-strain theory are formulated in terms of the Jaumann rate of
the Cauchy stress, namely,

and the Jaumann rate is given by

v

c=Hg¢ (eq. C-10)
v T
c=0-Q 0c-0Q (eq. C-11)
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where, in the above, ¢ is the Cauchy (true) stress, Q is the antisymmetric part of the velocity

gradient, E is the strain rate vector and H is the constitutive material matrix. The derivation of

~

this matrix, in the following paragraphs, is first given in a general form which is then specialized
for each material.

C.2.1 General Relations

Consider a material element where it is assumed that the strain rate tensor &ij be expressed as the

sum of four components: elastic, time-independent plastic, creep, and free expansion; namely

. . e . . C . f
Eij = £ + &L T EL + & (eq. C-12)

Note the free expansion term is due to the combined effects of temperature and irradiation
induced swelling and densification. In incremental form, eq. C-12 can be expressed as

dsij = dsﬁ- + dsﬁ + dsﬁ + ds{j (eq. C-13)
The elastic strains are related to the incremental stress by
dej; = d(cijkl ou) = Cijxi dow + dCijki ok (eq. C-14)
or by the inverse relation
dcij =d (Dijkl ail) = Dijui deil + dDijkI aﬁl (eq. C-15)

Equations C-14 and C-15 admit the variation of the material tensors C,,, and D, with
temperature and neutron flux. For isotropic material, they reduce to

1-—
Cijkl = ?U dik 8jk - % 6ij Okl (eq. C-16)
and
Dija = 15 Sik j1 + rofii—zo) Oil Ok (eq. C-17)

where E is Young's modulus and v is Poisson's ratio.
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C.2.2 Creep Relations

We direct our attention next to the creep strain rates aﬁ (t). The most common form of creep

theories used in analysis is the equation of state theory based on the strain hardening rule, which
is fashioned after plasticity theory.

Consider an isothermal single-step creep experiment in which the measured creep strain for
stress o, temperature T and fast neutron fluence q is expressed as follows:

et)=3(e.T,q,t)c (eq. C-18)

where
q=q(t)=[ 4@)ar (eq. C-19)

In the above, t is time and ¢(t) is the fast neutron flux. By the strain hardening rule, the time t in
eq. C-18 is replaced by the accumulated creep strain such that the strain increment is given by

Aet(t) = J’(c, T.q, aC)c (eq. C-20)
This equation is generalized to multiaxial relations by
aﬁ = Bijui I’ o (eq. C-21)
where J' stands for dtdJ/ot. For isotropic creep behavior we have
Bijki = (0.5 + vg) ik 8j1 — (0.5 — vg) &jj By (eq. C-22)

In this equation v, is a material constant which governs the creep volume change generally
exhibited by the fuel material. For the cladding, v, is zero.

C.2.3 Time-Independent Elastic-Plastic Relations

A general yield criterion can be expressed as

F(Gijv 85 K) =0 (eq. C-23)

where cj; and aﬁ are the stresses and plastic strains, respectively, and K is a material parameter.

The plastic strain increments must obey a flow rule of the form
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def = di. (oF /ooy (eq. C-24)

where dA is a positive scalar function which depends on the state of stress, strain, temperature,
hardening, and neutron flux. Combining equations C-12, C-14, C-15, C-21 and C-24 the
incremental stress-strain relations may be written as

' f
dGij = Dij|(| (d8k| —dk% —dtBk|an OSmn — de|mn Smn —dgkl) (eq C—ZS)

In the above equation, the scalar function dA remains to be determined. The consistency
condition which ensures that the stresses remain on the yield surface is given by

- oF . OF 4P, OF - B}
dF = a"ij dcsIJ + P dsIJ + 3K dK =0 (eq. C-26)
ij

This equation admits the dependence of the yield function on the temperature and neutron flux
through the parameter K. Making use of equations C-24 through C-26, and after some
manipulation, the final form of the incremental stress-strain law is found to be

dojj = Dija| deg — N 20— A defn | — dj; (eq. C-27)
J J 5Gk| )
where
OF  oF oOF  oF _ oF oF )
dyij = nDijju Jop 0K dK/[Dmnpq 0oy 90pg  Oeby, 6(5an (eq. C-28)
dgljl = d‘C"kl - dtBklmn deImn - d‘gkfl (eq C'29)
Au = Dt 29F | D oF _oF _ _oF _oF eqa. C-30
ki ijkl acij( mnpg 3o ch oel o0 (eq )
and
n=0 when F<O0
n=1 when F=0 and aa': dcu + o dK >0 (eq. C-31)

°ij
Equation C-27 is too general, and to reduce it to a form which can be used in analysis the yield

function F has to be defined. In doing so, we must also define the type of hardening the material
exhibits during plastic flow. A combined Mohr-Coulomb and von Mises yield conditions [1]
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together with Prager's kinematic hardening rule [2] are adopted in the following derivations. The
yield function F is given by

F:%J2+BI12—K2:O (eq. C-32)

where I, and J, are invariants of the stress tensor jj given by
G;J = Ojj — Ojj (eq. C-33)

in which o, are the stresses and o, are the coordinates of the center of the translating yield
surface. In eq. C-32, K is a material parameter which depends on the temperature and neutron
flux. The stress invariants I, and J, are as follows:

Iy = ojj (eq. C-34)
Jp = % Sij Sjj (eq. C-35)

where
S = o}j - % Sk Sij (eq. C-36)

S j are the deviatoric components of the tensor oj j- The parameter B in eq. C-32 is a material

constant which governs the plastic volume change of the material. The derivative of the yield
criterion, F, with respect to cj; can be obtained by differentiating eq. C-32 using the definitions

C-34 and C-35. The result is

%Fij = Sij + 2Bl 5j; (eq. C-37)

Substituting the results into C-24, making use of the fact that S;; = 0and 6;; =3, the time-
independent plastic dilatation becomes

def = 6pdnly (eq. C-38)

It is clear from eq. C-38 that, if the plastic volume change is zero as is the case for metals, 3 = 0.
Hence the yield function (eq. C-32) reduces to the ordinary von Mises condition. However, for

porous materials such as nuclear fuel, 3 # 0.

Remaining within the framework of the classical kinematic hardening rule, the yield surface is
assumed to translate in the direction of the plastic strain increments, hence,
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dOLij =C dSiF}

(eq. C-39)

where C is a material parameter and is equal to 2/3 E’, where E’ is the slope of the stress-plastic
strain curve in simple tension. The parameter K is related to the uniaxial yield stress o, by

K = oy/y3
Substituting equations C-32 through C-40 gives
Aw = Dijui (S}j + 2BIy 5ij)/Q
doij = Dij {d?fﬁl ~n(Sia + 2By Sig) Amn dgfnn}— dsjj
where
dyij = nDjjii (Ski + 2Bl 8y )(— 2K dK)/Q

Q= Dmnpq(S’mn + 2By 8mn)(S'pq + 2By 8pq)
+ %E'(S'mn + 2B 11 8mn) (S + 2B 11 8n)

The yield surface translations o, are given by

Lo gl OF OF r OF
dojj = G”(acmn domn + 5K dK)cH doy

or

(eq. C-40)

(eq. C-41)

(eq. C-42)

(eq. C-43)

(eq. C-44)

(eq. C-45)

dajj = ofj{(Sn + 2Bl Smn) domn — 2K dK}/{c}q(Sky + 2B 1 Sy)} (eq. C-46)

C.2.4 Incremental Stress-Strain Relations

In the following derivations of the incremental stress-strain relations, the backward-Euler
algorithm is used, and to do this conveniently, matrix notation is adopted in place of the indicial

\Y%
notation. We first examine the creep contribution to eq. C-42. If o, is defined to be the

\%
Jaumann rate vector whose elements are G; j(tn) at the n" time instant and B is the matrix of

Bijki - then the time difference form of eq. C-21 is
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A & = BJ, | At C-47
€n 2 vn n9n *t 9n (eq. C-47)

where A §ﬁ is the increment of the creep strain vector at t,, and J}, denotes AJ (G, T,q, a)

evaluated at t=t,.

Defining the Jaumann increment of Cauchy stress as
\% \%
Ao, = opdt, (eq. C-48)
the final form of the incremental stress-strain matrix equation is

\%
Aoy = H{Af‘in - A."E]r: - (Jh B + chgn—l}

1 (eq. C-49)
+ Zn%(l + |\~/|Cj (g’n + 2By, §j
in which
-1
M = {1 + Q(J'n B + A(}H D (eq. C-50)
T
H =M= QM (S + 2Bl 8)(Sn + 28lnd) M (ea.CSD

—

-
Q= (S~'n+25|1n §j l\z/l(s~'n+25|1n §j + %E'(§'n+213|1n §j (an"‘ZB'ln §j (eq. C-52)

\%
where A sﬁ is the incremental strain vector, Ac, is the Jaumann incremental stress vector,

A §];, is the free expandion incremental strain vector, §' is the deviatoric stress vector, 0 is the
Kronecker delta in vector form, D is the elasticity matrix, | is the identity matrix, and AC is

the change in C due to a change in temperature and/or fluence. The other symbols have been

defined in previous relations.
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Equation C-49 is the matrix equation used in the derivations of finite element stiffness and force
matrices, as will be discussed later in this appendix.

C.2.5 Radial Return Correction

Because of the highly nonlinear material response, the computations can be very sensitive to the
size of the time step. Therefore, special measures, such as the use of small time steps for
example, have to be taken to prevent the breakdown of the solution. While reducing the step size
may be necessary to ensure solution accuracy, it is not sufficient by itself and may be
computationally impractical. The numerical behavior of the solution is governed primarily by
the degree to which the computed stresses deviate from the yield function, eq. C-32, and the
consistency condition, eq. C-26. In order to ensure that these two conditions are satisfied
incrementally, it is necessary to apply a correction factor to the computed stresses. This
correction factor is referred to in computational mechanics as the radial return. The name is
descriptive of the procedure, which simply returns the computed stresses to the yield surface
radially along the yield surface normal. This is accomplished by the following equation:

1/2
(gnj =gnK§§'I§’n +B|12nj/Kﬁ} (eq. C-53)
corrected

where the quantities on the right-hand side of this equation are those computed at the end of the
step.

C.2.6 Incremental Stress-Strain Relations for Clad Material

Some of the general relations presented in the preceding subsection are not required for the clad
material, which leads to significant simplifications of the incremental stress-strain relations. In
particular, the clad material is assumed to be initially isotropic and exhibits only elastic
dilatational response. This requires that vy =0, B=0.

Introducing these conditions and simplifying the results yields

\Y%

H now becomes

(eq. C-55)

T
Il
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C.2.7 Incremental Stress-Strain Relations for Fuel Material

Because of the small strain response of the fuel material, the infinitesimal strain theory is used in

\%
the derivation of the stress-strain relations for the fuel. This means that the Jaumann rate ¢ is

replaced by the stress rate 6. Unlike the clad, the fuel material exhibits inelastic volume change

or hot pressing; thus the hot pressing parameters v, and 3 which appear in equations C-22 and C-
23 respectively are non-zero.

C.2.7.1 Hot Pressing Parameters

The creep and plasticity hot pressing parameters v, and 3 respectively were determined using
mathematical models of an idealized porous material described in [3]. Using Reference [3]
analysis, the plasticity hot pressing parameter is given by

B = [Y(po) Ys/(243 1(0.74/1- po)) (¢q. C-56)

where

p,. Initial (as-manufactured) fractional density of the fuel

Y(p,): Initial yield strength of the fuel

Y. Yield strength of solid (100% dense) UO,
Except for Y, the parameters in eq. C-56 are known for a typical fuel design. Because it is
virtually impossible to determine Y experimentally, and porosity dependent yield strength data
is not available for extrapolation to zero porosity, it would be necessary to estimate Y in order to
make use of the above expression for . However, it is possible to avoid this process by

allowing Y(p,) to approach Y as p, approaches unity and then calculate an asymptotic value for
B. Using this procedure  can be calculated as follows:

p=tim  [1/(243 1n(0.74/apo)]" = 0.008 (eq. C-57)

Po 1

This value of 3 was found to give best results with respect to observed behavior of fuel-clad
mechanical interaction.

Using the same theoretical analysis of porous media, described in Reference [3], an expression
for the creep hot pressing parameter v, was obtained as follows:

vy = [}1 (g)/ (0.74/1—p)/" - 1]n (eq. C-58)

C-12
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where n is the exponent in a power creep law of the form £ = Ac" , and p is the current density

(fraction of theoretical). As can be seen, eq. C-58 depends only on known parameters, namely p
and n, provided that UO, creep can be expressed as a power law, which is the case for thermal
creep where n varies from unity at low stresses to 4.5 at high stresses based on the MATPRO
material properties package [4] which is used in FALCON. For irradiation creep, however, the
exponent is unity. Thus, in order to account for both creep effects throughout the expected stress
range, an average value of n = 3 was used in eq. C-58. The fractional density p is history
dependent and is taken to be the smeared density. Equation C-58 with n = 3 is used in FALCON
with a cutoff value of zero as p approaches unity, at which point the fuel becomes
incompressible.

C.2.7.2 Pellet Cracking

The major point of departure of the fuel behavior from the cladding behavior is that it cracks in
brittle modes under relatively low power. This cracking, which is an inherent behavior of solid
fuel pellets, plays an important role in the fuel relocation and fuel-clad mechanical interaction
mechanisms.

A typical representation of the tensile response of the material is displayed in Figure C-1 which
shows an initially linear behavior up to a peak point followed by a strain softening regime.

olog A
1.0 — —— Experimental Data
,,,,,,,,,, Analytical Fit for
Equal Fracture Energy:
0.8 —
0.6 —
0.4 —
0.2 —
° J I I J T T T T T T >
0 1 2 3 4 5 6 7 8 9 10 el
Figure C-1

Normalized Tension Response Curve for Ceramic Materials
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The peak point on this figure is the crack initiation point; however, the crack is not fully formed
until the end of the strain softening regime, which can extend to a strain that is five or ten times
larger than the fracture strain. The modeling of this post-peak response of the material is very
important to the behavior of the fuel pellet, particularly under cyclic power histories where pellet
expansion and contraction, which influences the gap conductance and consequently the thermal
response, are greatly affected by that regime. Experimental stress-strain data in tension for fuel
pellets is totally lacking. However, Figure C-1 was constructed using the observed response of
ceramic materials which generally exhibit the strain softening response shown in the figure. By
knowing the fracture stress or strain and the elastic modulus and making an assumption on the
extent of the strain softening regime, a normalized form of the stress-strain curve can be
constructed as shown in Figure C-1. It should be noted, however, that the model is not very
sensitive to the shape of the strain softening curve.

Using the analytical fit in Figure C-1, the normalized stress is expressed as

S =Ay BeCo/er (eq. C-59)

where ¢, and o, are the fracture strain and stress respectively and A, B and C are functions of the
ratio /¢, where g, is the crack opening strain when the crack is assumed to be fully formed. For
strains greater than g, the material is not allowed to support any tensile stress normal to the crack
plane. In the strain softening range between the peak point € = €, and € = ¢, the material loses its
stiffness and sheds the tensile stress gradually. This behavior, however, is valid only for
previously uncracked material, but once the crack becomes fully formed, the material loses its
tensile stiffness capacity in the normal direction to the crack regardless of the magnitude of the
tensile strain. However, under strain reversals during power cycling, the crack is allowed to
close and develop compressive stiffness even under residual tensile strain. This compressive
stiffness recovery occurs gradually, from a very small residual value until the strain across the
crack plane reaches ¢, then gradually increasing to full value when the calculated crack strain
becomes negative. This stiffness history is derived below using a non-dimensional crack history
parameter e(t), as will be discussed below. Equation C-59 can be written as follows for € > ..

o _o & f _ p, ge Cele (eq. C-60)

recognizing that /e = E and o /¢, = E , where E is the post peak (cracking) modulus and E is the
initial (elastic) modulus, and introducing the definition of e(t), eq. C-60 becomes

e(t) = E/Eq = (e /e) (A + Be‘Cg/gf) (eq. C-61)

From eq. C-61, e(t) takes on the values of unity and zero respectively for the conditions € < ¢,
and € > ¢, Inthe range € < € < g, e(t) will have a value between unity and zero according to eq.
C-61. In this sense, e(t) can be regarded as the memory function of the crack. This expression
for e(t) will be used to modify the constitutive relations for the fuel pellet.
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Regions I, 11,111 - UO2 Fracture
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Equation C-32
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\

Figure C-2
UO, Failure/Yield Surface

The preceding discussion dealt with the uniaxial response in tension. To generalize this one-
dimensional response to two- and three-dimensional stress states, the crack is assumed to initiate
at a point when the calculated principal strain reaches the material fracture strain as a
temperature-dependent material property. The crack surface is the perpendicular plane to the
principal direction. A failure/yield surface for the fuel under general two-dimensional stress
states is shown in Figure C-2. Stress states in the compression-compression quadrant of Figure
C-2 are characterized as elasto-plastic regimes where the material responds elastically until the
stress state reaches the yield surface where the material will deform plastically. The plasticity of
the fuel material is governed by the yield function given in eq. C-32. For stress states in the
positive-positive or positive-negative quadrants of the failure surface, the material responds
elastically until the stress state reaches the failure surface where the material will fail in the
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cracking mode; the tangent to the failure surface determines the orientation of the crack surface.
A smeared-cracking model is used in which the crack is viewed as a mechanism that changes the
material behavior from isotropic to orthotropic, where the material stiffness normal to the crack
surface drops to zero while full stiffness parallel to the crack is maintained. Consider a strain

state €, , expressed in the principal coordinate system, then the transformation of the coordinate

strains €, to € is
en =Pey (eq. C-62)

where P is function of the direction cosines of the principal direction unit vectors.

~

Transforming the incremental quantities Ag, and Ac, to the principal axes gives:

Ae, = PAg, (eq. C-63)

.
AG, = (P‘lj Ao (eq. C-64)

The transformed vectors A€, and Ac, and the untransformed vectors A, and Ao, must

satisfy the inner product relation

Agl Ao, = AE} AT, (eq. C-65)

Rewriting eq. C-49 in short form

where R, is an internal stress vector which contains the rest of the terms in eq. C-49.

Transforming eq. C-66 to the principal coordinate system yields

A

o]

~ ~
~

.
n = HAE, - [P‘lj R (eq. C-67)

where
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QT

.
= (P‘lj Hp (eq. C-68)

Now the memory function e(t) introduced in eq. C-61 can be generalized to describe the history
of a crack in a principal plane, i.e., e(t) describes the history of the crack whose normal is in the
i" principal direction, namely,

ei(t) = (sf/ai)(A + Be_CS/Sf) , 1=1,2,3 (eq. C-69)

Applying eq. C-69 to C-67 leads to the following incremental stress-strain equation expressed in
the principal coordinate system:

T T
AG, = ET EAgn—[P_lj Bn+(I—EJ (P‘lj Rn - Gna | (eq. C-70)

QI

where E is a diagonal matrix whose diagonal elements are functions of the three possible crack

histories e;(t), i = 1,2,3, defined by eq. C-69. Specifically for the axisymmetric two-dimensional

case,
e 0 0 O
0O e 0 O
E = (eq. C-71)
~ 0 0 e O
0 0 0 epeq

In plane stress E defines two possible orthogonal cracks. In an axisymmetric stress state,

however, a third crack surface can develop along a radius, which implies the existence of an
infinite number of such cracks. Figure C-3 shows the three possible crack types that can develop
in the fuel. In the present development the cracks can follow independent histories, including
crack closing and possible healing if the fuel temperature rises above the sintering temperature.
Finally, eq. C-70 is transformed back to the original coordinate system with the result

Acp =

4N
_|

QT

aN

Aen— Z'Ry - (I —zTJgn_1 (eq. C-72)
where

(eq. C-73)

aN
I
Qo
iR
am
o
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~ ~
N X

-1
Rp= H{A§E+(J'n B+ACJgn_1}+2n%[l+J’nMCj {8}1+2B+J1§} (eq. C-74)

Z

A

/
V

Figure C-3
Fuel Cracking Pattern

Implementation of the cracking model described above in FALCON is quite involved because of
the transient nature of fuel deformations, particularly under power cycling where crack opening
and closing can follow a complex history. It should be emphasized that the three possible crack
types can follow their individual histories, and the memory of each crack is retained through the
function e (t).

The material data required for these equations is derived from MATPRO-11 [4]. These include

the fuel and clad elastic constants, the low temperature yield strength and creep compliance for
both the fuel and clad, and the high temperature strain rate-stress relations for the clad.
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C.3 Equilibrium Equations

Equilibrium equations are derived for the finite element system using the variational technique
and the principle of virtual work. In the updated Lagrangian framework, the principal of virtual
work can be written as

c:0Ddv= |fdudv+ |[touds (eq. C-75)
j I B

where v and s are the current volume and surface of the body, o is the Cauchy stress, U is the

n.n

velocity, D is the symmetric part of the velocity gradient, and 1t is the surface traction. The ":

is used to represent a double dot product of two tensors. When all quantities are written as
functions of a reference configuration V° with surface S’ the same principle becomes

CSF 0 _ 0 0 0 0
VOJI.SE dv _Voj_f_ du dV +Soj; du ds (eq. C-76)

in which T is the first Piola Kirchoff stress and F is the deformation gradient. The rate (or

incremental) form of the left hand side of eq. C-76 is

ST 0 _ LS 0
VojI.SE dv _VOII.SE dv (eq. C-77)

because SF can be chosen as zero. If we choose to write eq. C-76 using, instead of T and F,

the conjugate pair S (second Piola Kirchoff stress) and S_E (rate of Green strain) and interpret

the reference configuration as the original configuration of the body then we have the usual
"Total Lagrangian" formulation. In this case there is an additional term in eq. C-75 since

OE=#0.

The rate 1' can be expressed in terms of the Cauchy stress ¢ and the Kirchoff stress T as

+5QT-D ;) (eq. C-78)
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\
where t is the Jaumann rate

v T
T=1-Q 1-1Q|, t=Jo (eq. C-79)

and

J is the determinant of the deformation gradient F. (eq. C-80)

Now we choose the reference configuration to be the configuration at the beginning of a time
increment. This is the distinguishing feature of the Updated Lagrangian Formulation. This
choice gives us the following simplifications:

F=1

F

LF sothat 8F = 3L

J =1 sothat T=0

in which L is the velocity gradient with symmetric and antisymmetric parts D and Q. Now the

integrand in eq. C-77 becomes

ta<g

T:sE:[ +g9T—Qc]:6L (eq. C-81)

and, finally, the increment of internal virtual work is

\Y%
Voj{zzsp - 9:5([3@ -1 gﬂ dv? (eq. C-82)

\%
The constitutive assumption is that the Jaumann rate of Cauchy stress ¢ is proportional to the

strain rate D . Thus

=JHD (eq. C-83)
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where the constitutive matrix H was derived in the previous section.

~

The two terms in eq. C-82 give us the two parts of the tangent stiffness matrix when finite
element shape functions are introduced. In terms of the shape function and nodal point variables
we expand the virtual displacements and increments of displacement as

Su=¢' v
(eq. C-84)

AU = oF Av

Then the terms in eq. C-82 are written as
v 0 T
JJ18D AV =8y K Av (eq. C-85)
AV AR ~
Ojg:s(% LTL - I;)I;)Jdvo = 3V Ky Av (eq. C-86)
v - TR -

where K is the conventional stiffness matrix and K is the initial stress stiffness matrix. The

~

details of the derivation of these matrices in a form suitable for coding is given next. The
conventional stiffness matrix K has the same form as for small strain formulations, namely that

~

derived from

=o0DHD (eq. C-87)

axN
QT

In the coding scheme employed in FALCON, the stiffness matrix is calculated by partitions

[N
=
=
N

VN
Il

(eq. C-88)

N
iy

aX WA
N

axN AR

Each submatrix is the linear combination of outer product of shape function gradients. Let

o =1¢ . 5131=aq3/ar . b =a?/az (eq. C-89)

then the submatrices have the form
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1 _ T T
K™ = ?O(sz ¢o +Ho 1 +H24§32j + 9, (le ¢o +Hi1 91 +H14<1>2J

+ ?g(Hu?o +H41<1>1+H44<1>2]

(eq. C-90)
21

K™ = ?I(H@?o +H41<1>1+H44<1>2] + ?;(Hszfifo +H31§131+H34<1>2]

522 = ?I(HM ?1+H43?2j + ?;(HM <1>1+H33§132j

The initial stress stiffness matrix K is obtained by expanding g:S(— DD +% _I:T _I:j

Arranging the results in the same form as given above yields

K2 = fi}lT(—Glz ¢1j + ?I(%Gll - %022)5132 +9,5(- o12)d2  (eq. CO)

K2 = ‘l’lT(%Gll‘ %022)?1 + ¢, 022)2

In the coding of the element stiffness matrix in FALCON, the following notation is used:

}S” = 2 X Hmnij(ﬂ)rn](?nj (eq. C-92)
~ 0 n=0

m=

The individual element matrices are merged into the total element system by an algebraic sum of
the element matrices. The final system of equations is positive definite which is solved by
Gaussian elimination. Because of the highly nonlinear character (the system is linearized within
the time step) of these equations, they are iterated upon and are reformulated every time step and
at every iteration. This procedure is described in Section 6.
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APPENDIX D: NUMERICAL SCHEME FOR ANS-5.4
(MODIFIED) MODEL

The total cumulative release of stable fission gas during the time t is calculated as

j Blu)du — 6 [' > oxel-m 7 2] g(y)au = B(t) - At) (eq. D-1)

where
R(t): Total fission gas release during time t (mol)
B(t): Total fission gas produced
A(t): Total fission gas trapped within the fuel grain during time t

2(w) =r(t)_r(u)j; dv_j D'(V)dv , 0<z<x(t)

Since the infinite series in the function A(t) converges uniformly, it may be integrated termwise
and can be determined using a finite number of terms for a given accuracy.

Thus,

0 m= m? n?
. (eq. D-2)
M .t 2 1?[x(u) - <t
-6 mz::l _[0 eXp (m mE (L;) ()]) B(U)du

This equation requires large computer storage for practical size problems. However, it is
possible to simplify the history integral in eq. D-2 by evaluating it approximately from a
recursion type formula, as is done in the following derivations. As a result, a much smaller
storage in computer memory is needed to solve problems with a large number of elements and
time steps.

Let
Alty) =6 X H(m,N) (eq. D-3)
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where

Z J‘ N-1 exp(m2 n?[r(u) - t(ty_ 1)]) ( )du

H(m,N-1) = 72 (eq. D-4)
Note the presence of t(ty_;), then
H(m,N) = exp[-m? % At(ty )] H(m,N=1) + AH(m,N) (eq. D-5)
where
At(ty) = (ty) - tltns)
and
AH(m,N) = B(N) j:_l exp{m’ “25:2(2)2 ) g, (eq. D-6)
where
BN) = p[
but
t(ty) = jO‘N D'(u) = tlty_y) + jt‘NN_l D'(u)du (eq. D-7)
Let
D' = D’(%) and Aty =ty — tn_g
then
t(tn) = t(tn_g) + D' Aty
and
AH(m,N) = () L= 2P CAn)] (eq. D-8)

m
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where

Comparisons have been made of both numerical forms by using a one-dimensional fuel pin
model problem to test the convergence and accuracy of the ANS-5.4 (Modified) form as
compared to the original ANS-5.4 form. Calculations of total fraction gas release vs
accumulated burnup are given in Figure D-1. The results indicate that the series in D-1 is fast
convergent and the error introduced by using a small number of terms is small (4.5% for M =3
compared to 0.2% for M = 20). Currently M = 8, giving an error less than 1%, is used in
FALCON.

— EQUATION D-2
= e EQUATION D-3, M =20
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Figure D-1
Gas Release Predictions for Two Numerical Forms of the ANS-5.4 Model
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APPENDIX E: RADIAL POWER AND BURNUP
DISTRIBUTION

The capture of resonance energy neutrons by “*U results in the production of plutonium isotopes
in an LWR fuel pellet. The large value of the capture cross-section for **U at resonance energies
results in a preferential buildup of plutonium at the pellet surface. Experimental data on the
plutonium distribution in an irradiated fuel pellet shows that the plutonium near the pellet outer
edge is two to three times the centerline concentration. The result is a non-uniform fissile atom
distribution across the pellet with the peak occurring at the pellet edge. Since the volumetric
heat generation at any point within a fuel-pellet is proportional to the fissile atom concentration,
the power generation is also non-uniform across the pellet. At low burnup, little plutonium
buildup has occurred by **U resonance energy neutron capture, and the power distribution is
only slightly non-uniform. Edge-peaked power and burnup distributions begin to develop as
burnup progresses. For high burnup fuel, the pellet edge region can have a normalized power
factor above 3 and a local burnup more than two times the pellet average, depending on the
initial **U enrichment, pellet dimensions and neutron flux energy spectrum.

A fuel behavior code, such as FALCON, must consider the influence of a non-uniform power
and burnup distribution on the fuel rod thermal, mechanical, and behavioral response during
steady state and transient conditions. Several models have been developed to address the
influence of burnup on the radial power and burnup distributions [1, 2, 3, 4]. Some of these
models have also included the impact of burnable absorbers, °Gd and **Gd used to control fuel
rod reactivity.

FALCON includes two models to calculate the radial power and burnup distributions as a
function of pellet average burnup. The RADAR-G model was developed by BNFL and includes
the treatment of UO, and UO,-Gd,O, fuel material in a PWR or BWR application [1, 2]. The
TUBRNP model developed by Lassmann is also available. This model includes treatment for
UO,, MOX, and UO,-Gd,O, material for PWR, BWR, and HWR conditions [4, 7, 8].

FALCON also allows for manual input of the radial power distribution via input. For this option,
the radial power distribution is assumed constant throughout the analysis.

E.1 RADAR-G Model

The RADAR-G model divides the fuel pellet into a number of concentric annuli for each of
which it solves for the concentrations of uranium, plutonium, and gadolinium [1]. Contrary to
the original RADAR model, the inverse diffusion length varies with radial position in the
RADAR-G model due to the self-shielding of the absorption cross-section [2]. The diffusion
equation for the thermal flux is solved using a finite difference method. The resulting thermal
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flux profile is multiplied by the concentration cross-sections and profiles of uranium and
plutonium to give a radial rating profile which is normalized to unity.

The presence of gadolinia burnable poison requires that small burnup steps be used due to the
rapid depletion of the gadolinium isotopes 155 and 157. In each annulus, the burnup of U*®
during a burnup step is governed independently and incrementally by the equation

AWU = —WU hygs(r) AB; (eq. E-1)

where
Wu: Concentration of U*”
AWu:  Variation of Wu during a time increment
AB_: Variation of pellet burnup due to thermal fissions during a time increment (MWd/T)
at position r

and h,.. is defined as

hoss(r) = o235(r) ¢/R (eq. E-2)

where
o, Absorption cross-section for U** (barns)

¢: Relative thermal flux

and R is the relative specific rating which is given by

¢ Nimol
R = g (ot (VWU + o, () Wp)E (eq. E-3)
where
N, Molecular number density (1/cm”)
e, Theoretical density of UO, (g/cm’)

Gy, :  Fission cross-section for U™ (barns)
Of,q, - Fission cross-section for Pu*” (barns)
E: Energy liberated per fission (joule)

The equations governing the plutonium concentration are more complicated than for uranium
because, in addition to burnout, two production mechanisms relevant to U™ beta decay and U
absorption spectrum resonance, respectively, are also considered. Allowing for burnout, the
plutonium concentration is then given by

238
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AWD = —Wp hozg(r) ABy + AWpgee + AWP e (eq. E-4)

where

239

Wp: Concentration of Pu
AWp:  Variation of Wp during a time increment
AWp,.: Production of Wp due to U™ beta decay during a time increment

AWDp

res”

Production of Wp due to U** absorption spectrum resonance during a time
increment

and h.._ is defined as

hasg = o239(r) &/R (eq. E-5)
where

o,, Absorption cross-section for Pu™ (barns)
First, thermal neutrons are captured by U** nucleii which subsequently decay via two short half-
life beta decays to Pu*”, whose production rate is proportional to the thermal flux and the U**
thermal capture cross-section and is calculated as

(e}
AWP e = 230 hae () ABy (eq. E-6)
o239 (")
where
0, Thermal capture cross-section for U™ (barns)

Second, the U** absorption spectrum contains large resonant peaks in the epithermal energy
region, giving rise to enhanced plutonium production near the surface of the fuel pellet. For a
given burnup step, the total amount produced across the whole pellet is given by

86400 x 238

AW =1-p)F AB,«c v
Ptot ( p) L APass U o o 1105

(eq. E-7)

Wp,: Total amount of plutonium production across the whole fuel pellet due to U™*
resonance during a time increment
p: Resonance escape probability
F : Fast leakage factor

v:  Average number of fast neutrons liberated per fission
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AB,: Assembly burnup due to total fissions

The RADAR-G model distributes this plutonium among the various fuel annuli according to a
very steep inverse exponential function

AWDes =1 + 3exp(— 9.7\ =1 ) (eq. E-8)
and subject to the normalization condition
2 (AWpres « V) = AWpigr (eq. E-9)

where
r:  Mean radius of an annulus (cm)

r,:  Pellet outer radius (cm)

V:  Volume of an annulus (cm’)

Two isotopes of gadolinium are of importance to the absorber performance of gadolinia fuel
rods. Gd-155 and Gd-157 are the dominant isotopes in gadolinia for neutron absorption.
Therefore, RADAR-G contains the necessary equations to account for both Gd-155 and Gd-157.
The governing equations for the depletion of Gd-155 and Gd-157 are:

dW;s5 (r)

g~ = —ouss(r) o(r) Wiss(r)
( ) (eq. E-10)
dWis7 (r
—g = —o157(r) o(r) Wis(r)
where
W, W Weight fractions of Gd-155 and Gd-157

G,.,0,.. Self-shielded thermal absorption cross-sections

155> ~157

¢: Relative thermal flux

The depletion of Gd-155 and Gd-157 occurs rapidly as compared to the U,,; and Pu,,
absorptions. As a result, finite difference representation of the Gd-155 and Gd-157 depletion
equations will not adequately model the gadolinia irradiation response. The full solution of the
depletion equations were used in RADAR-G to compensate for this effect. For Gd-155, the
equation is:

Wiss(t + At) = Wyss(t) exp(—hyss(r) ABy) (eq. E-11)

where

155

W...: Concentration of Gd

155
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At:  Time interval

and h .. is defined as

hiss = o155(r) ¢/R

The equation is the same for Gd"’ with o ., replaced with ¢

155 157°

The RADAR-G model has thus calculated concentration profiles for the two fission able atoms
and the gadolinium isotopes. By using these concentrations together with simple diffusion
theory, the thermal neutron inverse diffusion length for each annulus is determined according to

a = 3/(hyy Aaps 2 (eq. E-12)

where
ao:  Thermal neutron inverse diffusion length (1/cm)
. Transport mean free path (cm)

A . Absorption mean free path (cm)

abs

For large atomic weights, A _is well approximated by
)L%r = Nimol (Gs )heavy + 2Npo) (s )oxygen (eq. E-13)

where

(65 )heavy : Scattering cross section for uranium and plutonium (barns)

(65 )oxygen : Scattering cross section for oxygen (barns)

Likewise, A, is the reciprocal of the macroscopic absorption cross section

Kalbs = 2.1N o) (G235 WU + T39Wp + Gpg(l— Wu —Wp))
(eq. E-14)

+ MULT (0:13'_55 W155 + 0157 W157)
where

MULT: An empirical factor which varies with initial gadolinium content to account for
the poor approximation of diffusion theory in a highly absorbing pellet

Combining equations E-12, E-13, and E-14 gives
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o = (17.6 Wu + 26.6 Wp + 0.069 + MULT (o55Wisg + o157 Wis7 )M 2 (eq. E-15)

In the case of an unpoisoned pellet, or a gadolinia pellet where the Gd" and Gd"”’ isotopes are
depleted, eq. E-15 is identical to that used in the original RADAR routine.

The solution to the neutron flux diffusion equation is calculated using a simple finite difference
method. Each annuli of the RADAR-G mesh is subdivided into four fine mesh intervals to
minimize computational errors. This method differs from that used by the original RADAR
model due to the spatial dependence of a.. The fine mesh flux solutions are used to determine the
flux at the midpoint of the coarse mesh. The boundary conditions are:

. do

¢ O =0 (eq. E-16)

0

r=ry =

r=r
where r is the radius of the central void for a hollow pellet or set equal to O for a solid pellet.

The finite difference representation at the innermost annulus is
— I (01 7o)
b = ¢0[|0(0€1 r) + Ky(onto) Ko(oyr) (eq. E-17)

where
¢,: Flux in first mesh interval

Flux in second interval corresponding to a radius r

Inverse diffusion length for the first mesh

Modified Bessel function of the first kind of order O

(=

Modified Bessel function of the first kind of order 1

. Modified Bessel function of the second kind of order 0

WWH»—(Q%

- Modified Bessel function of the second kind of order 1

r,:  Inner fuel radius (cm)

This method is used at each mesh interval to compute the flux throughout the pellet. This
method implicitly accommodates both hollow and duplex pellets.

The final radial power rating profile is then represented by the thermal flux profile and the above

calculated uranium and plutonium concentration profiles which are further weighted by their
own fission cross-section.

R = ¢(8f235 (r) Wu + 8f239 (r)Wp) NmoI (eq E-18)
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where R is the radial rating factor which is again normalized to unity for the whole pellet.

Empirical relationships are required to account for the self-shielding effects on the cross-sections
as a result of gadolinium absorption. The equations used in RADAR-G are a function of the
integrated number density of Gd" and Gd"’ from the outside of the pellet. The equations
expressed in terms of the fitting parameters are:

6155(r) = o155°(1—B1) {B2 exp(—v1 1(r))+ (1—B2)exp(=v2 I(r))} + By o155° (eq. E-19)

with
I1(r)= {) 2 (Wyss(r) + 4.3 Wigs(r))r dr (eq. E-20)
and
6157(r) = 4.3 0155(r)
where
01550’ Bl’

B,, v, V,: Fitting parameters

r,:  Outer pellet radius (cm)

The assumption is made in RADAR-G that the Gd"’ absorption cross-section is 4.3 times larger
than the Gd" cross-section.

The absorption and fission cross-sections for U** and Pu* are also influenced by the self-
shielding effects of gadolinium. The empirical equation for the relationship of the U** and

gadolinium content is
6235(") = 0235°(1—B3) exp(- y3 I(r) + B3 5235° (eq. E-21)

where

B,, v, Fitting parameters

o. 235

55 - Constant absorption cross-section for U

c
The additional cross-sections are given by
Gfys5 (r) = o235(r) x Ot 5 °/0235°
o239(r) = 0235(r) X ©239°/0235° (eq. E-22)
Gf g (r) = o35(r) Of a9 °/G235°
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The fitting parameters used in equations E-19, E-20 and E-21 were determined by using the
WIMS-E code [3]. WIMS-E was used to conduct a multigroup transport calculation at zero
burnup to determine the radial variation of the gadolinium and U** effective cross-sections as
functions of initial gadolinium concentration. As a result, the fitting parameters are functions of
initial gadolinium content and the pellet outer radius. Some spectral dependence was also found

necessitating a different set of parameters for PWR and BWR pellets. The fitting parameters for
a PWR fuel rod are:

By = 0,039 /[r, x GO
By = 0.032 + 0.043G
B3 = 0.61 - 0.009G — 0.1(r, —0412)

(eq. E-23)
11 = 10200/(r, x G2}
2
Y2 = (3550 — 275G) x 0.17/r3
v3 = 2500/[r, x GO%0)
where
G: Initial gadolinia concentration (wt %)
r,: Pellet outer radius (cm)
The corresponding equations for a BWR fuel rod are:
By = (0.05 - 0.005G) x 0.574/r,
By =05
B3 = 0.478 — 0.015G — 0.1(r, — 0.574)
(eq. E-24)

11 = (340 - 265G)/r,
y2 = (790 — 66 G)/r3

v3 = (1800 — 187 G)/r,

In the case of duplex fuel designs, G is taken to be the initial gadolinia concentration in the outer
region of the pellet.

The empirical parameters c,,,° and MULT were determined by comparing radial power profiles
from WIMS-E and RADAR-G. 6,..° determines the rate at which the Gd™ and Gd"’ isotopes
burn out. MULT affects the thermal flux depression in the pellet. Both of these parameters were
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found to be independent of irradiation and geometry and depend only on the initial gadolinia
concentration. The relationships are:

_ {9640 51.707 ~0.078 G)} PWR

25" = 19640(0.900 — 0.050 G)[ BWR
(eq. E-25)
MULT = {353 EWR
0.44 +0.22 G [ BWR

Typical values for the physical parameters input to the RADAR-G model are listed as follows:

G35 =547 barns
Gpy3g =2.14 barns
Gpy39 =822 barns

Gf o =455 barns
=584 barns
(ES )heavy =10 barns

(65 )oxygen =4 barns

E =200 MeV
K : Modified Bessel function of the second kind of order 1
e, =10.96 g/cm’

N = =2.445x 10" I/m’

mol

v: =2.44 1/ission

The range of application for the RADAR-G model in the presence of gadolinia absorbers is as
follows:

PWR: 2 to 10 w/o gadolinia
BWR: 2 to 6 w/o gadolinia
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E.2 TRANSURANUS Burnup Model (TUBRNP)

Lassman, et al., have developed the TUBRNP model to calculate the radial power density
distribution and the radial burnup distribution for LWR fuel rods [4]. The TUBRNP model
represents an extension of the RADAR model developed by Palmer [2]. An important
disadvantage of the RADAR-G model is that it only considers the formation of “*Pu by **U
decay and neutron resonance absorption. Experience has shown that considering only *’Pu
formation underestimates the role of plutonium on the power and burnup distribution above
pellet average burnups of 40 GWd/MTU [4]. At these burnup levels, the *’Pu isotope accounts
for less than 60% of the total plutonium concentration.

The approach used in TUBRNP is based on the concept of one neutron group, spectrum-average
cross-sections, similar to isotopic concentration codes such as ORIGEN and KORIGEN [5, 6].
Using this approach, the average concentrations in the fuel are given by:

dN —
% = —0jq, 235 Njzs ¢ (eq. E-26a)
dN —
% = —Ogpq, 238 Njzg ¢ (eq. E-26b)
dN _
d—tJ =—03 i N;0+0¢ 1 Nj_10 (eq. E-26¢)

where N is the number of atoms per unit volume, o, is the absorption cross-section, G, is the
. . . . 239 240 241 242.
capture cross-section, ¢ is the neutron flux, and j represents the isotopes = Pu, " Pu,” Pu,” Pu.

By relating the increment in fluence ¢At to a burnup increment Abu, it is possible to rewrite eq.
E-26 as

dN -
deu35 = —0g,235 Nogs A (eq. E-27a)
dN _
d|3238 = —GCg,238 Nogg A (eq. E-27b)
dN; _
dBu __ Caj NjA+ocj—1 N A (eq. E-27¢)

where
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A = 08815 Pfuel
OL%Gf’ka

o =38x10°°

The quantity 3’ o; Ny represents the number of fissions per unit volume per unit time. In the
k

development of eq. E-28, it is assumed that the fuel is UO, and that the burnup is given in MWd
per ton of heavy metal (MWd/tU). The cross-sections used in eq. E-27 are considered the
spectrum-average effective cross-sections valid for a specific reactor type. A summary of the
cross-sections used in TUBRNP are shown in Table E-1.

Table E-1
Spectrum Average Cross-Sections Used in TUBRNP (in Barns)

Light Water Reactor (BWR and PWR)

235U 23BU 239Pu 240Pu 241Pu 242Pu 155Gd 157Gd
Fission 41.95 0 105 0.584 120 0.458 - -
Capture 9.7 0.78 58.6 100 50 80 490 1267
Absorption (Thermal) 359.68 1.56 1207.5 193.5 1095.2 11.11 19800 | 85000

Heavy Water Reactor

242U 242Pu 239Pu 240Pu 241Pu 242Pu Gd Gd
Fission 107.95 0 239.18 | 0.304 | 296.95 | 0.191 - -
Capture 22.3 1.16 125.36 | 127.26 | 122.41 91.3 1471 3800
Absorption (Thermal) 395.59 1.7 1095.7 202.2 1113.7 11.98 23924 | 102477

Equations E-26 and E-27 are formulated as an average balance in the fuel. The local
concentrations can be obtained using the following:

d Nogs(r
dzte),a( ) = —Oga, 235 Nogs (NA (eq. E-28a)
ANz (1) = —Gq,238 N238f (NA (eq. E-28b)
dbu ,
d Nogg (r _
dzgz( ) Ga, 230 Nagg (N A + 0¢ 233 Npgg T (N A (eq. E-28c¢)
dN:(r)
d t:u = 0, jNj(NA +o¢ j 1 Nj1 (NA (eq. E-28d)
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where for eq. E-28d, j represents the isotopes *“Pu, *'Pu, and **Pu. For the isotope “*U, N(r) is
written as N5, where f(r) is a radial shape function which is normalized to a volume-average
value of unity, i.e.,

[f()dA

o B (eq. E-29)
[dA

Ay

where A is the area of the fuel pellet. The shape function f(r) accounts for the spatial variation
of **U neutron absorption. The form of the distribution function f(r) is given by

f(r) =1+ p, exp (— P, (ry — r)p3) (eq. E-30)

where p,, p,, and p, are model constants, 1, is the pellet outer radius and r is the location of
interest in the pellet. The distribution function can be considered to consist of two terms: a
constant production term for *’Pu by thermal neutron capture, and a highly nonlinear term for the
production of *’Pu by resonance absorption. The model parameters have been developed by an
extensive comparison with measurements of radial plutonium distribution. The distribution
function shown in eq. E-30 represents an improvement over the function used in the RADAR-G
model (eq. E-8).

TUBRNP solves for the neutron flux distribution ¢(r) within the fuel pellet using a one-neutron
group one-dimensional diffusion theory applied to a cylindrical geometry. The resulting solution
of the one-dimensional neutron flux diffusion equation is:

o(r) = Cy1o(kr) for a solid pellet (eq. E-31)
o(r) = Cl(l olxr) + {%J Ko(Kr)j for a hollow pellet (eq. E-32)

where
I and K: Modified Bessel functions
C: An integration constant

k: The inverse diffusion length given by

€a,tot

D

K =

(eq. E-33)

where
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€atot — z Ga,i Ni
|

D = —3%;5 Niot

Ntot : Pellet average atom concentration of all U and Pu isotopes

N;j: Pellet average atom concentration for each U or Pu isotope i

Once the neutron flux distribution given by equations E-31 and E-32 is obtained, TUBRNP
calculates the power density distribution, q”(r) using the following

q"(r) = C2 X of i Ni(r)¢(r) (eq. E-34)

where

C,:  Conversion factor

N(r): Concentration distribution for isotope i

of j: Fission cross-section for isotope i

The equations described above are solved incrementally at each time step or burnup increment.
First, the power density distribution is obtained from which the radial burnup profile is
calculated. Finally, the U and Pu isotopic concentrations are derived from the coupled
differential equations. The radial nodalization scheme used in TUBRNP is specified by the user

and is independent of the finite element grid used for the thermal and mechanical solutions.

In addition to the LWR UQ, fuel application described above, the TUBRNP model used in
FALCON also includes capabilities to calculate the radial power and burnup distributions for
heavy water moderated reactors(HWRs) and for gadolinia-doped fuel pellets [7, 8]. The HWR
and gadolinia capabilities are extensions to the LWR version of the TUBRNP model. The basic
approach is the same for these applications except for changes addressing the difference in the
neutron flux energy spectrum. For the HWR model, the one-neutron group, spectrum-averaged
cross-sections for neutron absorption and capture were developed based on the Halden HWR
neutron spectrum. In the Halden reactor, the thermal flux is higher and the fast flux is lower than
in a typical LWR [7]. Using the OECD/NEA JEF2.2 cross-section libraries, the spectrum
average cross-sections shown in Table E-1 were obtained for TUBRNP. Further, the distribution
function shown in eq. E-30 is modified to consider the lower neutron capture in the epithermal
energy spectrum, i.e.,

p™R = 0.64 pt"R (eq. E-35)

The TUBRNP model for HWR applications has been validated using the radial distribution of Pu
and Nd concentrations obtained from electron probe microanalysis (EPMA) on fuel pellets
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irradiated in the DR3 and Halden heavy water reactors. The specimen burnup values ranged
from 20 to 70 GWd/MTU [7]. Excellent agreement is observed between the TUBRNP model
and the EPMA measurements.

As discussed in the RADAR-G section, the primary isotopes of concern for UO, with gadolinia
additives are '°Gd and "'Gd because of the high neutron absorption cross-sections for these two
isotopes. The approach used to describe the neutron absorption of °Gd and "'Gd is the same as

for the U and Pu isotopes, i.e.,

d N155

dbu _ ~ Causs N155(r) A (eq. E-36)

where N, ;(r) is the local concentration and G, is the spectrum averaged absorption cross-
section for ’Gd. The same equation is written for *Gd.

The high neutron absorption cross-sections of °Gd and "°Gd at thermal neutron energies (<1 ev)
result in a significant spatial self-shielding across the pellet and a local shift of the neutron
spectrum for the thermal flux. These effects complicate the approach used to define the effective
absorption cross-section that is used in the TUBRNP methods. Whereas for non-gadolinia fuel,
the inverse diffusion length (k) is a pellet average value; this parameter is considered to vary
across the pellet for gadolinia fuel. The resulting one-group neutron diffusion equation is written
as:

V2 —«(r)p = 0 (eq. E-37)

In TUBRNP, eq. E-37 is solved using a numerical approach as opposed to the exact solution
given in equations E-31 and E-32 for non-gadolinia fuel.

The spatial variation of the inverse diffusion length (k) was determined using measurements for
the average '°Gd and ""’"Gd concentrations as a function of burnup developed by Fuje, et al., [9].
Further, comparison of the radial ’Gd and "'Gd distributions calculated by TUBRNP with
measurements and integral neutron transport codes show good agreement [8], verifying the

predictive capabilities of the model.

For more information on the TUBRNP model, please refer to References 4, 7, and 8 by Lassman,
et al.
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APPENDIX F: EQUATION OF STATE

The coolant enthalpy model consists of four unknowns: velocity, V; enthalpy, h; density, p; and
temperature, T. The continuity and energy equations provide solutions for V and h. Two
additional equations are required to determine p and T. These equations are obtained from the

fundamental fluid properties and are called the equations of state. The equations of state used in
FALCON are:

p=p(p,h) (eq. F-1)
T =T(p,h) (eq. F-2)

where the independent variables are pressure and enthalpy. Equations F-1 and F-2 provide the
closure relationships necessary for the coolant enthalpy model.

FALCON considers two different coolant media as part of the coolant enthalpy model. For
standard LWR applications, water is the primary coolant. For special experiments, FALCON
includes a sodium option. The properties for each of these coolant types is provided below.

F.1 Water Properties

FALCON uses the EPRI water properties functions from RETRAN-02 [1]. FALCON utilizes
explicit approximating expressions for: (1) temperature and specific volume as functions of
pressure and specific enthalpy, (2) saturated liquid enthalpy and saturated vapor enthalpy as
functions of pressure, (3) thermal conductivity and dynamic viscosity as functions of temperature
and density, and (4) specific heat capacity as functions of pressure and specific enthalpy. The
expressions for temperature, specific volume, and specific heat capacity are valid in the range of
pressures from 0.1 to 6000 psia and specific enthalpies from approximately 200 to 1750 Btu/lbm.
The functions should not be used outside this range. The average errors in the expressions for
temperature and specific volume are approximately 0.15% and 0.4%, respectively. The
expressions for the saturated liquid and vapor specific enthalpies are valid in the range from 0.1
psia to the critical pressure (3208.2 psia). The saturation values are generally within 0.04% of
the 1967 ASME values, but the errors approach 1% in the vicinity of the critical point.

F.1.1 Saturated Liquid and Saturated Vapor Enthalpies as Functions of Pressure

The specific enthalpy of saturated liquid, h,, or saturated vapor, h,, may be expressed solely as a
function of pressure, p. The relationships may be adequately approximated throughout the range
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of pressures from 0.1 psia to the critical pressure of 3208.2 psia (p.,,) by the following
functions:

8 .
> CF1,(¢n(p))’ if 0.1psia <p <950 psia (eq.F-3)
i=0
8 _
hy =4 > CF2,(tn(p))’ if 850 psia < p < 2550 psia (eq.F-4)
i=0
8 i
> CF3,((p.., - p)**) if 2350 psia<p<p,., (eq.F-5)
i=0
and
11 )
> cGL(en(p))’ if 0.1psia < p <1500 psia (eq.F-6)
i=0
8 _
h, =1 > CG2(¢n(p))’ if 1100 psia < p < 2650 psia (eq.F-7)
i=0
6 .
> c63,((p.., - p)*“)  if 2550 psia<p<p,, (eq.F-8)
i=0

The constant coefficients, CFn, and CGn, in equations F-3 through F-8 are listed in Table F-1.
The resulting specific enthalpy is in units of Btu/lbm. Note that the subintervals overlap. Within
each region, either of the two corresponding expressions yields a good approximation. In
FALCON, the transitions for h, are 950 psia for equations F-3 to F-4, 2550 psia for equations F-4
to F-5, 1100 psia for equations F-6 to F-7, and 2650 psia for equations F-7 to F-8.
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Table F-1

Constants for Saturated Liquid and Vapor Enthalpies as Functions of Pressure
i CF1, CF2, CF3,
0 0.6970887859 x 10* 0.8408618802 x 10° 0.9060030436 x 10°
1 0.3337529994 x 10° 0.3637413208 x 10° -0.1426813520 x 10°
2 0.2318240735 x 10 -0.4634506669 x 10° 0.1522233257 x 10’
3 0.1840599513 0.1130306339 x 10° -0.6973992961
4 -0.5245502284 x 10® | -0.4350217298 x 10° 0.1743091663
5 0.2878007027 x 10* -0.3898988188 x 10° -0.2319717696 x 10"
6 0.1753652324 x 10* 0.6697399434 x 10° 0.1694019149 x 10*
7 -0.4334859620 x 10° | -0.4730726377 x 10° -0.6454771710 x 10"
8 0.3325699282 x 10* 0.1265125057 x 10’ 0.1003003098 x 10°
i CG1, CG2, CG3,
0 0.1105836875 x 10* -0.2234264997 x 10’ 0.9059978254 x 10°
1 0.1436943768 x 10° 0.1231247634 x 10’ 0.5561957539 x 10'
2 0.8018288621 -0.1978847871 x 10° 0.3434189609 x 10'
3 0.1617232913 x 10" 0.1859988044 x 10° -0.6406390628
4 -0.1501147505 x 10® | -0.2765701318 x 10’ 0.5918579484 x 10
5 0.0000000000 0.1036033878 x 10* -0.2725378570 x 10*
6 0.0000000000 -0.2143423131 x 10° 0.5006336938 x 10*
7 0.0000000000 0.1690507762 x 10°
8 0.0000000000 -0.4864322134
9 -0.1237675562 x 10
10 | 0.3004773304 x 10°
11 -0.2062390734 x 10°

F.1.2 Liquid and Vapor Temperature as Functions of Enthalpy and Pressure

The temperature of water is approximated by the following function of pressure and enthalpy:
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If p < pCRIT and h < hf (p)

(Liquid Region)

If p 2 pCRIT and h < hf (pCRIT)

(Critical Region)

if p<p,,, andh>h_(p)

(Vapor Region)

if p=p, andh>h,(p,)

(Critical Region)

(eq.F-9)

(eq.F-10)

(eq.F-11)

(eq.F-12)

The constant coefficients, Ctni’j, in equations F-9 through F-12 are listed in Table F-2. The
resulting water temperature is in units of degrees Fahrenheit. The sub-domain division boundary

values, P and h(pcm), are 3208.2 psia and 906 Btu/lbm, respectively.

F-3
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The two-phase region is bounded by the saturation curve. This region is described by the criteria
that 0.1 psia<p < P and h(p) <h <h,(p). Temperature is constant along lines of constant

pressure across this region. Thus, within the two-phase region,

i=1 j=3 : .
Tt = % % CT4;p'[he(p)]' (Two-Phase Region) (eq. F-13)
i=0 j=0
Table F-2
Constants for Temperature as a Function of Pressure and Enthalp
y
CT1,
ifj 0 1 2 3
0 | .3276275552x10° .9763617000 .1857226027x10° -.4682674330x10°
1 | .3360880214x10? -.5595281760x10" | .1618595991x10° -.1180204381x10°
CT2,
ij 0 1 2 3 4
0 | .6390801208x10° -.3055217235x10' | .8713231868x10” -.6269403683x10° | -.9844700000x10™"
1 | -.4302857237 .2673303442x10%* -.5198380474x10° | .3037825558x10° .3309704045x10™
2 | .1174524584x10° -.6839200986x10° | .1168011772x10° -.4260074181x10™ | -.2732087163x10™
3 | -.1473977290x107 | .8018858166x10™ | -.1164901355x10™" | .4559400289x10"" | .5825511142x10™
4 | .7104327342x107 -.3649500626x10™ | .4457387575x10" | .1678398723x10™° | -.3756804091x10%
CT3,
ij 0 1 2 3 4
0 | -.1179100862x10° | .2829274345x10° -.2678181564x10" | .1218742752x10™ -.2092033147x10°
1 | .1256160907x10° -.3333448850 .3326901268x10° -1477890326x10° | .2463258371x10™"
2 | -.1083713369 .2928177730x10° -.2972436458x10° | .1342639113x10° -.2275585718x10™
3 | .3278071846x10™* -.8970959364x107 | .9246248312x10™ | -.4249155515x10™ | .7338316751x10™"
4 | -.3425564927x10° | .9527692453x10™"" | -.1001409043x10™" | .4703914404x10" | -.8315044742x10™
CT4,
ij 0 1 2 3 4
0 | .3795256853x10* -.6347031007x10"' | .2867228326x10* .5953599813x10° .4798207438x10™"
1 | -.3910086240x10' .1222747819x10" -.1404664699x10* | .7505679464x10° -.1608693653x10™"
2 | .3410500159x10™ .7010900113x10° -.1030201866x10° | .5731099333x10™ | .3720795449x10™"
3 | .1527377542x10° -.5356866315x10° | .6823225984x10™ | -.3668096142x10™ | .6946004624x10™"
4 | -.1437179752x10™° | .5006731336x10™" | -.6365519546x10™"° | .3473711350x10™ | -.6842306083x10%
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F.1.3 Specific Volume of Liquid and Vapor as Functions of Enthalpy and
Pressure

The specific volume, v, of water is approximated by the following function of pressure and
enthalpy:

2 4 .\ if p<pcgrandh <hg (p) or
vp=exp| ¥ ¥ CNijp'h!| if p>pcgrandh <1000 Btu/lbm  (eq. F-14)
i=0 j=0 (Liquid Region)

s o if p<perirandh=hy(p) or
> X CN2;;p'h if p>pegr and h >1000 Btu/lom  (eq. F-15)
i=-1j=0 (Vapor Region)

Vy

The constant coefficients, CNni’j, in equations F-14 and F-15 are listed in Table F-3. The
resulting specific volume, v, is in units of ft/lbm. The critical pressure division value is 3208.2
psia and the saturation enthalpy boundary functions, h, and h,.

The two-phase region under the "dome" of the saturation curve requires the quality, x, which is
defined under thermal equilibrium conditions as

h —h¢(p)
X = .F-16
hy(P)= e (p) (g F-16)

When the quality is greater than zero, the specific volume of the two-phase mixture is expressed
by

v = Ny (p.hy) + [Ng(p) = Ny(p.h)] (eq. F-17)
where
N, (p, hf)zexp(i 3 CN1, , pih)} (eq. F-18)
i=0 j=0
and
2 2 ) ;
N,(p)= Y > cNz,; pilhy(p) (eq. F-19)
i=-1 j=0
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Table F-3

Constants for Specific Volume as a Function of Pressure and Enthalpy

CN1,
ilj 0 1 2 3 4
0 | -.4117961750x10" | -.3811294543x10° | .4308265942x10° -.9160120130x10° | .8017924673x10™
1 | -.4816067020x10° | .7744786733x107 -.6988467605x10° | .1916720525x10"" | -.1760288590x10™
2 | -.1820625039x10° | .1440785930x10™ | -.2082170753x10™ | -.3603625114x10™ | .7407124321x10™
CN2,
ifj 0 1 2
-1 | -.1403086182x10* | .1802594763x10' -.2097279215x10°
0 | .3817195017 -.5394444747x10° | .1855203702x10°
1 | -.6449501159x10* | .8437637660x107 -.2713755001x10™
2 | .7823817858x10° -.1053834646x10™" | .3629590764x10™

F.1.4 Thermal Conductivity as a Function of Temperature and Density

The thermal conductivity of water, k, may be correlated to its temperature, T, and density, p.
The correlation utilized was formulated under the auspices of the International Association for
the Properties of Steam, as reported by Kestin [2]. For completeness, this correlation is
described below in SI units:

where

F-6

K=2Lp + A+ AL

(eq. F-20)

(eq. F-21)

(eq. F-22)

(eq. F-23)
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Q=20+Cs (AT*TG

R=Q+1.0

. LTT" o T/T 210

AT*z‘l*—l.O
T

Ce (AT*TO'G for T/T" < 1.0

+C4

The constants in these expressions are as follows:

T =6473K

a, = 1.02811 x 10° W/°K-m
a, =2.99621 x 10” W/°K-m
a, = 1.56146 x 10° W/°K-m
a, = -4.22464 x 10° W/°K-m
b, =-3.97070 x 10" W/°K-m
b, =4.00302 x 10" W/°K-m
b, = 1.06000 W/°K-m

B, =-1.71587 x 10"

B, =2.39219

p* =317.7 kg/m’

d, =7.01309 x 10° W/°K-m
d, = 1.18520 x 10” W/°K-m
d, = 1.69937 x 10° W/°K-m
d, = 1.02000 W/°K-m

C, = 6.42857 x 10"
C,=-4.11717
C,=-6.17937

C,=3.08976 x 10”

C, = 8.22994 x 10”

C, = 1.00932 x 10’

(eq. F-24)

(eq. F-25)

(eq. F-26)

(eq. F-27)

With these coefficients, the thermal conductivity given by eq. F-20 has units of (W/K-m).
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F.1.5 Dynamic Viscosity as a Function of Temperature and Density

The dynamic viscosity of water, p, may be correlated to its temperature, T, and density, p. As in
the case of thermal conductivity, a correlation [3] is utilized that was formulated under the
auspices of the International Association for the Properties of Steam. This correlation in SI units
is as follows:

5 4 . i j
p=poexp| X ¥ X bij (T? - 1) (% - j (eq. F-28)
P i=0 j=0 p
where
o 2[ 3 k17t
o = 10" (l) D (TTJ (eq. F-29)
T k=0

The constants appearing in these expressions have the numerical values given below and in
Table F-4 for the b,.

T =647.27K

p* =317.763 kg/m’
a,=0.0181583

a, =0.0177624
a,=0.0105287

a, = -0.0036744

The dynamic viscosity computed from eq. F-28 has units of (uPa - s).

Table F-4
Coefficients b, for Dynamic Viscosity

jli 0 1 2 3 4 5
0 | 0.5019380 0.1628880 -0.1303560 0.9079190 -0.5511190 0.1465430
1 | 0.2356220 0.7893930 0.6736650 1.2075520 0.0670665 -0.0843370
2 | -0.2746370 -0.7435390 -0.9594560 -0.6873430 -0.4970890 0.1952860
3 | 0.1458310 0.2631290 0.3472470 0.2134860 0.1007540 -0.0329320
4 | -0.0270448 -0.0253093 -0.0267758 -0.0822904 0.0602253 -0.0202595

F-8
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F.2 Sodium

The sodium thermophysical and transport properties used in FALCON were obtained from the
Argonne National Laboratory properties database [4]. FALCON only considers the liquid phase
of sodium below the boiling point. The thermophysical and transport properties considered by
FALCON include heat capacity (c ), enthalpy (h), density (p), and thermal conductivity (k).
These properties are independent of pressure and only depend on the sodium temperature.

F.2.1 Heat Capacity as Function of Temperature
cp = 0.46272726x10° T2 - 0.58053783x10 ™% T +1.436716

where

c: Heat capacity (J/g °C)

p

T:  Sodium temperature (°C)

F.2.2 Enthalpy as Function of Temperature

~ 0.46272726x10° T3 0.58053783x10™3 T2

h 3 2

+ 1.436716T

where
h: Mass enthalpy (J/g)

T: Sodium temperature (°C)

F.2.3 Density as Function of Temperature

p =(0.06035x10°T 2 —0.2872x10 °T 2 —7.9x10 °T,. +59.566)0.016018 x 10°

where
p: Density (kg/m’)
T .

. Sodium temperature (°F)

(eq. F-30)

(eq. F-31)

(eq. F-32)
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F.2.4 Thermal Conductivity as Function of Temperature

k =1.1727457 x10™° T2 —5.808759 x10 "2 T + 92.951006 (eq. F-33)

where

k: Thermal conductivity (W/m °C)

T,: Sodium temperature (°C)
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