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REPORT SUMMARY 

 
This report is the second part of a study of the effects of severe negative sequence events on 
round rotor turbine generators. The first part (EPRI report 1014910) introduced simplified 
models to investigate the thermal and mechanical stresses resulting from unbalanced short 
circuits and other events. The current report provides documentation on these simplified models. 
It also describes further studies of the retaining ring and introduces additional models for the 
pole face and cross-slot regions.  

Background  
Main generator rotors are constructed and designed to provide decades of reliable and trouble-
free operation. However, a number of negative sequence and motoring incidences have occurred 
over the years that can adversely impact reliable operation of generator rotors and, ultimately, 
production of electrical power. Severe overheating leads to rotor material changes, such as steel 
hardness, and may if not detected, ultimately lead to catastrophic failure. This project addressed 
the effects of severe negative sequence events on round rotor turbine generators. 

Objectives 
• To document simplified models developed to study the effects of severe negative sequence 

events on round motor turbine generators  

• To apply the simplified models to episodes of motoring 

Approach  
The project team documented the simplified models for the sunken wedge, retaining ring, and 
flex slot region introduced in the first part of the study and continued their earlier work by 
describing additional modeling of the effects of negative sequence events on the retaining ring of 
round motor turbine generators. The team discussed the application of the models to the analysis 
of motoring in generators.  

Results 
This report documents the models that were developed in the first phase of the project for the 
flush wedge and the sunken wedge configurations. It also includes documentation for the 
retaining ring model and the flex slot region. A section gives a full development of the one-
dimensional nonlinear analysis that is used to calculate the impedance of the tooth and pole face 
and find the losses. The report also includes the details of the nonlinear iron eddy current 
equations used in this modeling work. There is also a discussion of motoring and the 
applicability of the simplified models to motoring operation. 

This project provides a method for assessing turbine generator rotors following a negative 
sequence event. While mechanical stress due to thermal expansion and the potential for arcing 
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have also been studied, the method is primarily designed to determine hot spot temperatures in 
the rotor. Arcing damage requires further research. The methods described in this report are most 
accurate for faults with short durations, where thermal convection to the air gap and conduction 
deep into the rotor do not significantly affect the results. Where possible, the simplified models 
have been verified with the finite element method. 

EPRI Perspective  
The ultimate goal of this project is to provide users with operational recommendations following 
a significant negative sequence event, such as generator motoring. The "inspect now or later" 
recommendation will be based on the risk of generator rotor component overheating. 

Keywords  
Turbines 
Generators 
Turbine Generator Rotors 
Negative Sequence Effects 

 
 

vi 
0



 

ABSTRACT 

This is part 2 of a study on Negative Sequence Current in generators and their effects on  
turbine generator rotors. In this report, further studies of the retaining ring are given. Models are 
introduced for the pole face and cross slot regions. Further documentation is given on all of the 
simplified models such as slot and wedge combinations, retaining ring, flex slot and pole face. 
Details of the nonlinear iron eddy current equations are included. 
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1  
INTRODUCTION 

This report is the second installment of the RPI studies of the negative sequence capability of 
turbine generator rotors. In the first report1 the concept of simplified models was introduced and 
these models were checked with finite element analysis for the losses and resulting temperatures 
that resulted from the negative sequence component of short circuit current. We also did 
extensive finite element studies of the mechanical stress that resulted from the thermal 
differential in the tooth and slot region. We included different assumptions as to the tolerances 
and fit of the wedge in the slot. It is the differential expansion which produced the thermal 
induced stress. In our studies although there was a very high thermal gradient, we found that the 
mechanical stresses induced by this effect were not a problem. The total temperature however 
could reach values that would affect the mechanical strength of the materials. Total temperature 
limits have been published by General Electric and Hitachi and these values agree with each 
other. These are discussed in the earlier report and we continue to use these as upper allowable 
limits on the total temperature.  

In this report we discuss the simplified models of the retaining ring and pole face. There is also  
a discussion of motoring and the applicability of the simplified models to motoring operation. 

One of the main goals of this report is to document the simplified models so that they can  
be programmed and a reliable maintainable computer program can be written. This report 
documents of the models that were developed in the first phase of the project for the flush  
wedge and the sunken wedge configurations. We also include documentation for the retaining 
ring model and the flex slot region. A section gives a full development of the one dimensional 
nonlinear analysis that is used to calculate the impedance of the tooth and pole face and find  
the losses. 

 

 

 

                                                           
1 Negative Sequence Effects on Generator Rotors: Basic Principles and Models. EPRI, Report 1014910. 
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2  
RETAINING RING STUDIES 

Previous investigations demonstrated that the current in the magnetic material of the rotor was 
close to the surface due to the magnetic permeability and the conductivity of the steel. The 
stainless steel retaining ring is assumed to be only slightly magnetic and has an increased skin 
depth resulting in current lines that are more distributed throughout the material. The current 
paths couple closely to the corner junction and diverge as they enter the retaining ring. The slot 
material has a nominal effect on the current paths, due its relatively large distance from the 
junction. For the simulation shown, it is assumed that the contact between the retaining ring and 
the rotor is smooth and continuous. This assumption is useful for establishing an estimate of field 
and current behavior in first order approximations. Considering geometries as rigid structures, 
each surface should have three points of contact with a relatively high current density. The 
simple two dimensional motor model has planar surface contacts between the three materials 
corresponding to the rotor, the wedge material and the retaining ring. In operation, thermal and 
mechanical stresses have a significant impact on the junction between the rotor and the retaining 
ring, which makes accurate determination of the physical characteristics very difficult. By 
studying the ideal simulation, the effects of the deformation will be of primary significance on 
the surface between the slot and the corner junction. 

In the next series of figures, an impedance surface was introduced to simulate the effects of 
increased resistance that can occur between the rotor and the retaining ring. Several simulations 
were performed with varying levels of resistance and various contact points. Estimating the 
impedance of the surface largely depends on the deformation and whether any contact material is 
in place. In the first figure 2-1 we assume an ideal contact over the entire region. In the next 2 
figures, (Figures 2-2, 2-3) the impedance layer starts a short distance from the corner junction. 
The corner junction contact still provides a continuous low resistively path for the current as  
can be seen in the figures and a large current density is seen in this region. 

In the figure 3-1, the impedance effect is seen on the complete surface between the rotor and the 
retaining ring. The effect of the geometry is to spread the current across the junction, reducing 
the current density in the vicinity of the corner. In the retaining ring, the current paths return to 
their expected locations. As the resistance of the layer increases, the current is shifted further 
from the junction. In the extreme case, where an open circuit develops, the current path would be 
thought he slot material and a sharp discontinuity would exist. In this case, arcing is likely due to 
the strong field effects. 
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Retaining Ring Studies 

 
Figure 2-1 
Rotor, retaining ring, and slot with ideal surface contacts 
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Retaining Ring Studies 

 
Figure 2-2 
Partial impedance surface extending from slot, ρ = 2.4E − 7Ω/m 
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Retaining Ring Studies 

 
Figure 2-3 
Partial impedance surface extending from slot, ρ = 1.0E − 5Ω/m 

To model this as a simple circuit, we have chosen two parallel paths in the slot and tooth. The 
currents can redistribute at the retaining ring shrink fit region depending on the contact resistance 
and ring impedance. The currents coming down the rotor are the same as used in the half slot 
models. PSpice simulations were applied to the equivalent circuit connecting the rotor and the 
retaining ring. When considering the axial current, two possible paths exist, one through the 
wedge and one through the steel. Both of these materials are in contact with the retaining ring, 
though, as discussed the contact surface is typically not ideal and can be modeled as a resistance. 
In the circuit schematic, each material is represented as a resistor and inductor in series. Each 
surface is modeled as a resistor. In addition the surface between the wedge and the steel is 
modeled as a contact resistance. Current that moves in this direction is no longer axial, which 
requires including the inductive effect. The equivalent circuit used is illustrated in Figure 3-2. 
The current through the wedge section and the tooth section found from this model is shown in 
Figure 3-3. 
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Retaining Ring Studies 

As discussed previously, the effects of the contact resistance can be significant. In the following 
figures, the contact resistance between the rotor and the retaining ring is varied for the two 
possible current paths. In Figure 3-4, the currents through the wedge and the steel are shown for 
varying contact resistances between the wedge and the retaining ring. In these simulations, the 
contact resistance between the steel and the retaining ring is significant. As expected, low contact 
resistances between the wedge and the retaining ring results in a low impedance path. When the 
contact resistances between both materials and the retaining ring are comparable, the currents are 
more evenly split between the two paths. The results in Figure 3-5 demonstrate a similar 
situation, except the contact resistance between the steel and the retaining ring is negligible. As 
expected, this path is favorable if the contact resistance between the wedge and the retaining ring 
is significant. Similarly, the current becomes more evenly distributed as the contact resistance 
between the wedge and the retaining ring becomes negligible. 

In order for significant current to move between the wedge and the steel, the contact resistance 
between those materials and the retaining ring must be significantly different. Given the nature 
of the geometry, the contact resistance between the wedge and the steel is likely small. This is 
demonstrated in Figure 3-5 by the relatively stable curves. Only in the event that a large contact 
resistance develops does a small current move from the wedge to steel. 
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3  
DESCRIPTION OF THE SIMPLIFIED MODELS: 
FORMULAS AND SOLUTION METHODS 

In this section we present the expressions necessary to evaluate the parameters in the simplified 
models. We also include the strategy for solution. Most of the models are nonlinear and they 
must be solved iteratively. In the case of the electromagnetic and loss evaluation calculations, the 
analysis is complex phasor analysis. In the case of the thermal models, the results are in the time 
domain. The models below are the models for the sunken wedge, the flush wedge, the pole face, 
the retaining ring, and the flexibility slot region. 

 
Figure 3-1 
Impedance surface from slot to corner, ρ = 1.0E − 6Ω/m 
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Description of the Simplified Models: Formulas and Solution Methods 

Equivalent Circuit

ZLRRW, ZRRW
Impedance of the 
retaining ring

ZLRRT, ZRRT
Impedance of the 
retaining ring

RCW
Contact resistance of the 
wedge

RCT
Contact resistance of the 
tooth

ZRW, ZLRW Impedance of the wedge

ZRT, ZLRT Impedance of the tooth

RTH, ZTH Impedance between 
tooth and wedge

Z RR W
0.22

R CW
1e-6

Z RW
1.64

Z RR T
0.22

R CT
1e-6

Z RT
3.43

0V0V

0V0V

0

I2
IOF F = 0

F REQ = 120
IAMPL = 1

I3
IOF F  = 0

F REQ = 120
IAMPL = 1

Z LRRW
1e-9

1

2

Z LRR T
1e-9

1

2

Z LRW
1.3e-66

1

2

Z LRT
5.71e-6

1

2

0V 0V

0V

RTH

10

Z TH

1e-3

1 2

0VVV

 
Figure 3-2 
Equivalent circuit for shrink fit and result 

 
Figure 3-3 
Current in the 2 branches of the shrink fit model 
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Description of the Simplified Models: Formulas and Solution Methods 

 

 
Figure 3-4 
Currents through the wedge and the steel, respectively, when a large contact resistance 
between the steel and the retaining ring. The contact resistance between the wedge and 
the retaining ring is variable 
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Description of the Simplified Models: Formulas and Solution Methods 

 

 
Figure 3-5 
Currents through the wedge and the steel, respectively, when the contact resistance 
between the steel and retaining ring is small. The contact resistance between the wedge 
and the retaining ring is variable 

3.1 Simplified Model for the Sunken Wedge 

The figure below (Figure 3-6) shows the model for the sunken wedge. The model is for one half 
slot. We take the center line of the tooth and center line of the slot as symmetry planes. This is 
described in the first report. We ignore the field winding effect in this model since it is too deep 
to carry much of the negative sequence current. This has been confirmed by finite element 
analysis.  
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Description of the Simplified Models: Formulas and Solution Methods 

The effective resistance and reactance of the tooth in this configuration included the side of the 
tooth above the wedge height. The effective surface area of the tooth is one parameter in the 
model. The effective area is shown in Figure 3-7. 

tooth

wedge
damper
field

CL
 

Figure 3-6 
Model of the sunken wedge 

rtB

δ

tmI
⊕ ⊕ ⊕ ⊕

⊕

 
Figure 3-7 
Tooth dimensions 

Figure 3-8 below shows the model for the sunken wedge. This is based on the magnetic vector 
potential finite difference formulation of the eddy current equation. The permeances are a 
function of the geometry and the magnetic permeability of each of the regions. There is one for 
the air gap region above the tooth and slot, one for the wedge and one for the damper. There is 
one for the tooth region. The capacitance in the model are the eddy current paths. The model 
represents the currents in the damper bar, the wedge, and the tooth. The eddy currents in the 
tooth are described by the limiting nonlinear analysis described further down in this report. 
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Description of the Simplified Models: Formulas and Solution Methods 

 
Figure 3-8 
Equivalent circuit for sunken wedge 

The right hand side of the circuit will now be simplified. In this model the magnetic permeances 
are represented by resistors and the conductances are represented by capacitances. 

First refering to equations (3-1 - 3-3) 

w
wdd G

PZ
ω

1
−=  Equation 3-1 

w
w G

jZ
ω

−=  Equation 3-2 

wd

wd
dw ZZ

ZZZ
+

=  Equation 3-3 
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Now 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+−=+

wd
wdwd GG

PZZ 111
ω

 Equation 3-4 

Calling the term in parenthesis Rdw

Let 

2
2 ⎟

⎠
⎞

⎜
⎝
⎛+=

ω
dw

wd
RPD  Equation 3-5 

Breaking this up into real and imaginary components 

wd

wddw

GG
PRBr 2ω

=  Equation 3-6 

wd

dw

w

wd

GG
R

G
PBi 3

2

ωω
+=  Equation 3-7 

So 

jXEPE
D
Bij

D
BrZdw +=−=  Equation 3-8 

and 

jXEPEPPZZR gsgsdw −+=+=  Equation 3-9 

Now for the left hand side of the circuitto find ZL 

jXGIPGI
G
jPZL

L
gi −===

ω
 Equation 3-10 

We now find the division of the current Isp1 ∠0 into tooth current, It and wedge current Iw. 

1spt I
ZLZR

ZRI
+

=  

 Equation 3-11 

1spw I
ZLZR

ZLI
+

=  

Now we evaluate the denominator as in (3-12) 

( ) ttgitgi jXPXEXjPEPZRZL φφ −=+−+=+  Equation 3-12 

3-7 
0



 
 
Description of the Simplified Models: Formulas and Solution Methods 

3.1.1 Summary of Equations for the Sunken Wedge Model 

We can now summarize the equations used 

fπω 2=  Equation 3-13 

wd
dw GG

R 11
+=  Equation 3-14 

2
2 ⎟
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⎞

⎜
⎝
⎛+=

ω
dw
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PPD  Equation 3-15 
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⎠
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 Equation 3-16 
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d
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G
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 Equation 3-17 

D
BRPE =  Equation 3-18 

D
BIXE =  Equation 3-19 

PEPPET gs +=  Equation 3-20 

giPPGI =  Equation 3-21 

iG
XGI

ω
1

=  Equation 3-22 

2
2 ⎟

⎠
⎞

⎜
⎝
⎛+=

ω
dw

wd
RPDm  Equation 3-23 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
= −

wd

dw
d P

R ωθφ
/tan 1  Equation 3-24 

Etgit PPP +=φ  Equation 3-25 

XEXX git +=φ  Equation 3-26 

22
tt XPDTM φφ +=  Equation 3-27 

t

t

P
X

φ

φ
φθ

−
= −1tan  Equation 3-28 
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22 XEPZRM et +=  Equation 3-29 

et
R P

XE−
= −1tanθ  Equation 3-30 

22
gigi XPZLM +=  Equation 3-31 

gi

gi
L P

X1tan −=θ  Equation 3-32 

2
2 1
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 Equation 3-33 

wd

d
Dx P

G ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −

= − ω
θ

1

tan 1  Equation 3-34 

We can now find the currents as follows 
The tooth currents is 

φθ
θθ

∠
∠

=∠
DTM
ZRMI R

tt  Equation 3-35 

The wedge and damper currents is 

φθ
θθ

∠
∠

=∠
DTM
ZLMI L

ww  Equation 3-36 

The damper bar current is 

D

w
DD DM

GI
φθ

ωθ
∠

∠
=∠

o901

 Equation 3-37 

The wedge current is 

D

DX
wpwp DM

ZDMI
φθ

θθ
∠
∠

=∠  Equation 3-38 

The currents are now used to find the losses for the transient temperature calculation. 

23 /
tIKWT ×= φ  Equation 3-39 
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D

D

G
IWD

2

=  Equation 3-40 

w

wp

G
I

WWP
2

=  Equation 3-41 

WWPWDWW +=  Equation 3-42 

BRT
fBg.K si410542 −×=φ  Equation 3-43 

Now we consider the flush wedge geometry. The geometry is illustrated in the figure below 
(Figure 3-9). The geometry is similar to the sunken wedge but with the difference that there  
is an extra air gap over the wedge and the tooth has a larger area expose to the gap. 

 
Figure 3-9 
Flush wedge geometry 

The equivalent circuit is shown below in Figure 3-10. It is also similar to the sunken wedge case. 
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Description of the Simplified Models: Formulas and Solution Methods 

 
Figure 3-10 
Equivalent circuit flush wedge 

The equations for the flush wedge case are similar to the sunken wedge case. 

The equation are given below as equations 3-44-3-54. 

fπω 2=  Equation 3-44 

wG
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ω
1

=  Equation 3-45 

iG
XL

ω
1

=  Equation 3-46 

22 XRPZRM gs +=  Equation 3-47 

gs
R P

XR−
= −1tanθ  Equation 3-48 

22 XLPZLM gi +=  Equation 3-49 

gs
L P

XL−
= −1tanθ  Equation 3-50 

gsgit PPP +=φ  Equation 3-51 
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Description of the Simplified Models: Formulas and Solution Methods 

XRXLX t +=φ  Equation 3-52 

22
tt XPDTM φφ +=  Equation 3-53 

t

t

P
X

φ

φ
φθ

−
= −1tan  Equation 3-54 

We now find the currents in the tooth and wedge as 

φθ
θ

∠
∠

=
DTM
ZRMI R

t  Equation 3-55 

φθ
θ

∠
∠

=
DTM
ZLMI L

w  Equation 3-56 

The losses per unit depth (inches) are then 

2/3
tIKWT ×= φ  Equation 3-57 

w

w

G
IWW

2

=  Equation 3-58 

BRT
fBg.K si410542 −×=φ  Equation 3-59 

3.1.2 Pole Face Region 

We can view the pole face region as a limiting case of the slotted region. The exception is if we 
are interested in the flex slots or cross slots that are cut in the direct axis. These are discussed in a 
separate section below. The pole face is a uniform region of magnetic steel with the current sheet 
above, producing the negative sequence losses. If we take the slot model and either eliminate the 
slot portion, i.e. leave only the tooth and make this a uniform region with no hang over, or fill  
the slot with magnetic steel, we have the pole face model. This is a simple one dimensional 
model and the limiting nonlinear theory will be applicable. As an example of this model  
(see Figure 3-11) we use finite element analysis on the slot model with the slot material, 
normally wedge material, with the tooth material. We ran a number of cases with different 
currents to check the nonlinear formulation. In the figure below we have 5,000 Amps in the 
stator current sheet. We see the sharp cut-off of the flux density and the relatively uniform flux 
density near the surface. The total losses are 39.525 kW. 
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Figure 3-11 
One dimensional solid steel (low current) 

In the figure below (Figure 3-12), we have the same geometry but the current density is now 5 
times greater than in the previous case. From the nonlinear formulation the skin depth should be 

5  times greater. This appears to be the case. The thermal model is just the same as the model 
for the slot wedge combinations. We just replace the material for the wedge ane replace it with 
steel or even simpler, eliminate the wedge (set the width to zero or nearly so). 
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Figure 3-12 
One dimensional solid steel (high current) 

3.1.3 Transient Temperature Simplified Model for Two Node Circuit 

We use the principle that the heat into a volume is equal to the heat out plus the heat stored in the 
volume. This is equivalent to the finite difference expansion of the heat or diffusion equation. 
The necessary inputs to the model are the geometry, the loss or loss density and the material 
properties which are the thermal receptivity (or conductivity) and the specific heat (volume). 

1C 2CTAP

T1 T2

3C 4C

T3 T4

 
Figure 3-13 
Ladder network for temperature calculation 
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Referring to the equivalent circuit of Figure 3-14 and using G = conductance = 1/R 

1C eqCTAP

T1 T2

TI

x1 DL

 
Figure 3-14 
Simple 2 node R-C thermal network 

we have 

12111 GAGcCG ++=  Equation 3-60 

12222 GDGBGG ++=  Equation 3-61 

cGTbcBGTbaWWT 1211 ×+×+=  Equation 3-62 

DGTbdBGTbbWWT 2222 ×+×+=  Equation 3-63 

Note that the boundary temperatures Tbc, Tba, Tbb, and Tbd are always assumed to be known. 

We now have two first order ordinary differential equations (equations 3-64 and 3-65) 

( ) ( ) ( )
dt

dTCcGTbcTAGTbaTGTTW 11111112211 +−+−+−=  Equation 3-64 

( ) ( ) ( )
dt

dTCDGTbdTBGTbbTGTTW 22222212122 +−+−+−=  Equation 3-65 

Rearranging these 

dt
dTCGTGTWT 11122111 +⋅−⋅=  Equation 3-66 

dt
dTCGTGTWT 22221212 +⋅+⋅−=  Equation 3-67 

Where C is the thermal capacitance (specific heat times volume), G is the thermal conductance, 
W is the heat rate and T is the temperature. 

We can solve the equation is a more or less general form. 

nss
tmtm

n TBeAeT ++= 21  Equation 3-68 
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where Tnss is the steady state temperature. We now eliminate T2 using the Heavyside operator p 

( ) ( )22 122111122112112221 GGGTpTGCGCTpCCGWTGWT −⋅+⋅+⋅+⋅⋅=⋅+⋅  

 Equation 3-69 

For the steady state temperature we have 

( )21221112221 GGGTGWTGWT −⋅=⋅+⋅  Equation 3-70 

2122.1
122211

GGG
GWTGWTT ss −

⋅−⋅
=  Equation 3-71 

For the exponential we find the characteristic equation 

0
21

12211
21

12211
2

2 =⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⋅
−⋅

+⋅⎟
⎠
⎞

⎜
⎝
⎛

⋅
⋅+⋅

+
CC

GGGTm
CC

GCGCTm  Equation 3-72 

This is of the form 

02 =++ cbmm  Equation 3-73 

So we can solve for m as 

2
42

2,1
cbbm +±−

=  Equation 3-74 

We impose boundary conditions to find the coefficients A and B in equation 3-68. 

So 

;T|T t φ11 0 ==  Equation 3-75 

φ22 0 T|T t ==  

 Equation 3-76 

and 

1
1112211

C
GTGTWT

dt
dT ⋅−⋅+

=
φφ

 Equation 3-77 

T2 is now found since we have solved for T2 in terms of T1. 

Summary of Equations for the 2 Node Transient Temperature Model are given in equations  
3-78 – 3-92. 

12111 GAGCGG ++=  Equation 3-78 

12222 GDGBGG ++=  Equation 3-79 
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CGTbcAGTbaWWT 1111 ⋅+⋅+=  Equation 3-80 

DGTbdBGTbbWWT 2222 ⋅+⋅+=  Equation 3-81 

21
1221

CC
GCGCb

⋅
⋅+⋅

=  Equation 3-82 

21
1221 2

CC
GGGc

⋅
−⋅

=  Equation 3-83 

2
42

1
cbbm −+−

=  Equation 3-84 

2
42

2
cbbm −−−

=  Equation 3-85 

1
112211

C
GTGTWTDER ⋅−⋅+

=
φφ

 Equation 3-86 

21221
122211

GGG
GWTGWTssT

−⋅
⋅+⋅

=  Equation 3-87 

12
1112

G
WTssTGssT −⋅

=  Equation 3-88 

2

1

2

1

111

m
m

m
DERssTT

A
−

−−
=

φ
 Equation 3-89 

2

11
m

AmDERB ⋅−
=  Equation 3-90 

( 111
12

mCG
G

AAA ⋅+= )  Equation 3-91 

( 211
12

mCG
G

BBB ⋅+= )  Equation 3-92 

The temperature is then 

ssTBeAeT tmtm 11 21 ++=  Equation 3-93 

ssTBBeAAeT tmtm 22 21 ++=  Equation 3-94 
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3.2 Analysis of the Depth to which the Heat diffuses in a given Time 

The analysis of the short time negative sequence event assumed that the time was short enough 
that the heat was stored in the volume of current penetration. In this case we were considering a 
fraction of a second. This assumption was verified by finite element analysis. In certain cases we 
may be interested in events which take longer. This could be a high impedance fault (lower 
current) that is not interrupted for many seconds for example. We may also be interested in 
motoring events that could go on for minutes. In these cases the thermal model should be 
modified to account for the heat being transferred from the surface into the body of the rotor. 
While this is more complex, we can make an estimate as to how deep the heating goes in a given 
time. We make use of closed form solutions of the heat equation or diffusion equation in a one 
dimensional or semi-infinite solid.2

The analysis is given in the reference and only the pertinent result is included here. The idea is 
that we have a large solid body at a uniform temperature. We then apply a step function of 
temperature (changing the boundary temperature) and look at the penetration of heat into the 
body. The definition of a depth is subject to judgment since even at t = 0+

 there is a change of 
temperature, perhaps very small, at great distances from the surface. Let us take as a working 
definition, the distance at which the temperature change is greater than 5% of the difference 
between the initial temperature and the applied temperature. This is illustrated using the 
equivalent ladder network circuit shown below in Figure 3-13. 

The nodes are at initial temperature TI when the applied boundary temperature TAP is connected 
to node 1 by closing the switch. We would like to establish a two node equivalent circuit that 
accounts for the increasing heat penetration. 

The graph Figure 3-15 shows the nodal temperatures in the first few nodes of the circuit as a 
function of time. 

                                                           
2 Fishenden and Saunders, “Introduction to Heat Transfer” 
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T

t sec.

TI

TAP

5%(TAP-TI)

T1
T2

T3

T4

 
Figure 3-15 
Transient temperature at different depths 

Using our criterion that the temperature rise is at least 5% of the total temperature difference 
between the initial and final temperatures we see that at a given time, node 4 is at the effective 
depth. Below that depth, the temperature rise is lower than the 5% cut-off and therefore not much 
heat has penetrated.  

The graph of Figure 3-16 shows the coefficient Ra versus the per unit temperature difference 
Tef.  

 
Figure 3-16 
Evaluation of coefficient Ra 
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We define 

( )
TITAP

nTTAPTef
−

−
=  Equation 3-95 

and 

t
c
k

xRa

v

2
=  Equation 3-96 

where 

k = thermal conductivity (Watt/0C – in) 

cv = volumetric specific heat (Watt-sec/in3) 

t = seconds 

To determine the distance xl at time tl we use tequations 97 and 98.: 

950
2

.
TITAP
TTAP

t
c
k

x l

v

l =
−
−

=  Equation 3-97 

l
v

l t
c
kx 9.1=  Equation 3-98 

3.3 Retaining Ring 

The retaining ring model takes the current from the straight part of the machine. Ipso is the 
currents that enters the retaining ring. The Amperes per inch entering the ring is 

rsp

spo
pz T

I
I =  Equation 3-99 

( )
pph

pzzf T
pII

2
cos πθ =  Equation 3-100 

( )
rrt

pzzf L
ZIzI

2
cos π

=  Equation 3-101 

( )
rrt

pppf L
ZIzI

2
sin π

=  Equation 3-102 
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There is a relationship between the peripheral and axial current in the retaining ring. Since 

dz
L
ZIdp

T
pI rrtpph L

o
rrt

pp

T

o
pph

pz ⋅=⋅ ∫∫ 2
sin

2
cos ππ

 Equation 3-103 

rrt

pph
pzpp L

T
II ⋅=  Equation 3-104 

The losses produced by these sinusiodal current distributions are found as follows: Referring to 
Figure 3-17. 

Ip

Iz
dp

z

Tpph dz

 
Figure 3-17 
Expanded view of retaining ring 

The resistance are found as 

rz
pRp ΔΔ

Δρ
=  Equation 3-105 

r
zRz ΔρΔ

Δρ
=  Equation 3-106 

δΔ =r  Equation 3-107 

For a strip (figure 3-17), the losses from Iz are given as 

dz
r

L
Lrrt

zrz i∫=
0

2

Δ
ρ

 Equation 3-108 

the losses are from Ip are given as 

dz
r

L
Lrrt

prp i∫=
0

2

Δ
ρ

 Equation 3-109 

Now 

( )
rrt

pppfz L
zIzI

2
sin π

=  Equation 3-110 
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( )
rrt

pzpfz L
zIzI

2
cos π

=  Equation 3-111 

rrt
pz

rz L
r

L I
Δ

ρ

2

2

=  Equation 3-112 

rrt
pp

rp L
r

L I
Δ

ρ

2

2

=  Equation 3-113 

The total loss in the strip is therefore 

rprzpst LLW +=  Equation 3-114 

To find the average temperature of the retaining ring we use the equivalent circuit below  
(Figure 3-18). 

gT gT

1rT2rT
1rC2rC

2sR 1sR
12R

2 1r rW W
 

Figure 3-18 
Two node retaining ring thermal model 

The dimensions are shown on the following figure (Figure 3-19).  

The losses are found as 

ps
rrt

rr
r W

L
LW 1

1 =  Equation 3-115 

W
L
LW

rrt

rr
r

2
2 =  Equation 3-116 
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rrtL
2rrL

rngH lrngH
 

Figure 3-19 
Retaining ring dimensions 

To find the surface resistances we use the same formulation as the weges. These are formed from 
the heat transfer coefficient times the surface area as given in equations 3-117 and 3-118. 

1
1

1

rrstr
s Lh

R =  Equation 3-117 

2
2

1
rrstr

s Lh
R =  Equation 3-118 

The thermal resistances of the body are given in equations 3-119-3-123 

1
1

2
rr

lrng
trr

r L

H

R
⋅

=
ρ

 Equation 3-119 

2
2

2
rr

lrng
trr

r L

H

R
⋅

=
ρ

 Equation 3-120 

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

⋅
+

⋅
=

rng

rr

lrng

rr
trrx H

L
H
LR

22
21

12 ρ  Equation 3-121 

22 rsbd RRR +=  Equation 3-122 

11 rsLP RRR +=  Equation 3-123 

The thermal capacitances are 

11 rrlrngvrrr LHcC =  Equation 3-124 

22 rrrngvrrr LHcC =  Equation 3-125 
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pst
rrt

rr
r W

L
LW 1

1 =  Equation 3-126 

12 rpstr WWW −=  Equation 3-127 

3.4 Model for the Flex Slot Region Based on Electric Conduction 

The flexibility slot region is one of the locations on the rotor which may be subjected to damage 
since the negative sequence eddy currents crowd around the ends of the slots, increasing the 
current density near the first rotor slot. There has been damage noted in this region as described 
in the previous report. We see in Figure 3-20 below the cross section of the flex slot. This is 
normally cut with a circular saw and therefore has a circular shape. 

D axis

Pole face
cross slots

rc
dc

 
Figure 3-20 
Pole face cross slots 

As the axial currents come down the rotor length they must either go beneath the cross slot, 
which means a longer path length and higher impedance, or go around the slot and crowd into 
the region near the first rotor wedge. This is shown in the figure below (Figure 3-21). The 
current division is complex but can be approximated by the equivalent circuit of figure. 
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Rotor wedges

Cross slots

zs

ts

ds

 
Figure 3-21 
Rotor wedges 

Figure 3-22 illustrates the conduction (resistance) network. The sum of the currents around the 
three nodes are, 

( ) 1222111 GVGGVI gg −+=  Equation 3-128 

( ) 2332231221212 GVGGGVGVI g −+++−=  Equation 3-129 

( )gGGVGVI 32332323 ++−=  Equation 3-130 
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I1

I2

I3

Ix1

Ix2

Ix3

R1g

R2g

R3g

R12

R23
Bx3

Bx2

B12
V1

V2

V3

Lc2

Lc3  
Figure 3-22 
Conduction (resistance) network 

We solve these by back substitution for the nodal voltages as shown below  

For the conductance we define 

1211 GGG gt +=  Equation 3-131 

gt GGGG 223122 ++=  Equation 3-132 

gt GGG 3233 +=  Equation 3-133 

The current is 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
++

tt
tot G

IG
G
IGII

3

3
23

1

1
122  Equation 3-134 

tt
ttot G

G
G
GGG

3

2
23

1

2
12

2 −−=  Equation 3-135 

tot

tot

G
IV =2  Equation 3-136 

222 GVI x ⋅=  Equation 3-137 

tG
GVIV

1

2323
1

⋅+
=  Equation 3-138 

gx GV 1111 ⋅=  Equation 3-139 
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( )
tG

GVIV
1

1221
3

⋅+
=  Equation 3-140 

gx GV 3331 ⋅=  Equation 3-141 

The resistances in this case are all nonlinear (see following section on nonlinear depth of 
penetration). The currents I1, I2, and I3 are assumed uniform (amps/inch) and are found from Ispp in 
the same way that the slot currents are found. The strategy is as follows. 

We first establish I1, I2, and I3 from Ispp. These are given in equations 3-142 – 3-144. 

spp
rsp

x I
T
BI ⋅= 1

1  Equation 3-142 

spp
rsp

x I
T
BI ⋅= 2

2  Equation 3-143 

spp
rsp

x I
T
BI ⋅= 3

3  Equation 3-144 

We now estimate the first iteration values of I1, I2, and I3. 

110 II x =  Equation 3-145 

220 II x =  Equation 3-146 

330 II x =  Equation 3-147 

fBK sir ρ56400 =  Equation 3-148 

Now find the depth of penetration and the effective resistance of each path. A sequence of 
calculation is now given in equations 3-149-3-164. If the solution is not converged we return to 
(A). If we have reached convergence we continue. 

(A) 

1

10
1

2

x

x

B
IHp =  Equation 3-149 

( )2
3

11 pro HK=δ  Equation 3-150 

11
1

2/

x

fxh
ig B

L
R

δ
ρ=  Equation 3-151 

2

20
2

2

x

x

B
IHp =  Equation 3-152 
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( )2
3

202 pr HK=δ  Equation 3-153 

22

2
2

2/

x

cfxh
ig B

LL
R

δ
ρ

+
=  Equation 3-154 

3

30
3

2

x

x

B
IHp =  Equation 3-155 

( )2
3

303 pr HK=δ  Equation 3-156 

33

3
3

2/

x

cfxh
ig B

LL
R

δ
ρ

+
=  Equation 3-157 

( )⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

+
+=

222

21
12 /LL

B
L
BR

cfxh

x

fxhi

x
i δδ

ρ  Equation 3-158 

( ) ( )⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

+
+

+
=

2/2/ 33

3

22

2
23

cfxh

x

cfxh

x
i LL

B
LL

BR
δδ

ρ  Equation 3-159 

g
g R

G
1

1
1

=  Equation 3-160 

g
g R

G
2

2
1

=  Equation 3-161 

g
g R

G
3

3
1

=  Equation 3-162 

12
12

1
R

G =  Equation 3-163 

23
13

1
R

G =  Equation 3-164 

Solve for the currents and voltages in the network and compare them to the last values of the 
currents and voltages. If the differences of values are below a given level then stop. If not, 
change the currents and go to (A) and repeat as necessary 

From the solution the loss per unit area of surface is 

1
341051.1 psipsi HfBW ⋅⋅⋅×= − ρ  Equation 3-165 

11 xxpsix LBWW ⋅⋅=  Equation 3-166 
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3.4.1 Temperature of the Flex Slot 

We obtain the depth δi from the current Ix1.For the other parameters we use 

vixxi cBLNC 111 δ=  Equation 3-167 

vixxi cBLC 112 δ=  Equation 3-168 

cvi = specific heat (volume) 

For the temperature T2 (near the surface). we have  

statesteady
tmtm TBeAeT 2

21
2 ++=  Equation 3-169 

In this model 

3=N  Equation 3-170 

( belowseeQ = ) Equation 3-171 

Lx1 = BSLH (half slot) Equation 3-172 

Lx2 = 3⋅Lx1 Equation 3-173 

Ti1=Ti2=Tp=Ti Equation 3-174 

The thermal surface resistance is as before the inverse of the heat transfer coefficient times the 
surface area 

11

1

xxst
s BLh

R
⋅⋅

=  Equation 3-175 

The body resistances are 

11
3

2
xx

i
ti

i BL
R

⋅

⋅
=

δρ
 Equation 3-176 

11
4

22
xx

ii
ti

i BL

N
R

⋅

⎟
⎠
⎞

⎜
⎝
⎛ +⋅

=

δδρ
 Equation 3-177 

11
5

2
xx

i
i

ti

i BL

QN
R

⋅

⎟
⎠
⎞

⎜
⎝
⎛ +⋅

=
δδρ

 Equation 3-178 

( )

11

21

1
2
1

δ

ρ

⋅⋅

+⋅
=

QB

LL
R

x

xxti

i  Equation 3-179 
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( )

11

21

2
2
1

δ

ρ

⋅⋅

+⋅
=

NB

LL
R

x

xxti

i  Equation 3-180 

Now combine 

3isis RRR +=  Equation 3-181 

Now to find Q we use the following process. First for a given time TL we have 

L
v

L T
c
k.X 91=  Equation 3-182 

( 151
2
1 δ.XD LLH −= )  Equation 3-183 

1δ
HLDQ =  Equation 3-184 

To find BBma we use the following process. 

L
v

am

T
c
k

Q.R
2

51 11 δδ +
=  Equation 3-185 

L
v

A

T
c
k

.R
2

51 1
1

δ
=  Equation 3-186 

11
1

A

am
ma R

RB
−
−

=  Equation 3-187 

maxo B..B 5001 −=  Equation 3-188 

To apply the model we use Tg as the air gap temperature. Ti, Tp as the tooth temperature. T10, T20 
are the initial temperatures at t = 0. Wx is the loss (current injection into the model). This is 
injected at node 2 in Figure 3-24 while at node 1 there is no injection.  
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Figure 3-23 
Electrical network for the flex slot 

5

0
1

i

x
c R

BG =  Equation 3-189 

is
d R

.G 01
2 =  Equation 3-190 

1
1

01

i
a R

.G =  Equation 3-191 

2
2

01

i
b R

.G =  Equation 3-192 

4
12

01

iR
.G =  Equation 3-193 

ipbc TTT ==  Equation 3-194 

gbd TT =  Equation 3-195 

1iba TT =  Equation 3-196 

2ibb TT =  Equation 3-197 
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Figure 3-24 
Temperature model for the flex slot 

 

3-32 
0



 

4  
APPLYING THE SIMPLIFIED MODELS TO MOTORING 

There are a number of issues in applying the simplified models to the case of motoring. As far as 
the physics of the situation is concerned, the problem is the essentially the same. There are some 
issues to consider however and these have to do with the assumptions that were used in coming 
up with the simplified models. In both cases we have the stator MMF in relative motion with the 
rotor and induced currents in the rotor will cause heating. The frequency and time duration may 
be very different and we should look carefully at these to determine if the assumptions are still 
valid. We can envision two different cases of motoring operation as extreme limits. In the first 
case let us assume that the generator is at standstill or very low speed, for example on turning 
gear. If the machine is now accidentally connected to the system due to operator error or a 
malfunction of the breaker, the rotor is subjected to rated frequency eddy currents (or near rated 
frequency if the speed is not zero). In this case the skin depth is still rather small and the currents 
are very close to the surface of the rotor. The shin depth is generally smaller than the depth of the 
wedge, and the field winding is not involved being too deep in the rotor. In this case the 
simplified models should still be valid for short times. The frequency must be changed to reflect 
the rated frequency minus the rotational frequency assuming that all three phases are involved 
(balanced assumption). If, for example, the machine is at standstill and a single phase is 
energized, then we have the situation in which we have both positive and negative sequence 
currents. At standstill these would each look like rated frequency currents on the rotor surface. 
As the machine accelerated, which is would do if it were on turning gear when the connection 
was made. The frequency of positive sequence component of eddy current would decrease and 
the negative sequence component would increase. These effects can be handled by the model by 
changing the frequency which is an independent input to the model. The unknown in this case is 
that due to the low speed of the rotor, the contact resistances will likely be different. The shrink 
fit of the retaining ring on the pole face and teeth will be greater and this should reduce the 
resistance. The contact of the retaining ring with the wedge will be less and this resistance will 
be higher and perhaps significantly higher. The wedge segments in the slot will also be looser 
and the transfer of the current from wedge segment to wedge segment will be affected as will the 
transfer of the current between wedge and tooth. This is an unknown effect and there is quite 
likely great variability from machine to machine and even from slot to slot in the same machine. 
With these exceptions, the models should be valid for the losses and temperatures for short time 
periods in which most of the heat is stored in the thermal mass of the machine. The second case 
of motoring (or possibly induction generating) occurs when the machine is near synchronous 
speed. One possibility is that the machine is operating normally when there is a loss of 
excitation. In this case the machine will lose synchronism and due to the droop characteristic  
of the governor will accelerate above synchronous speed. This is illustrated in Figure 4-1. 
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Figure 4-1 
Generator and governor steady state characteristic 

The machine above synchronous speed will operate as an induction generator an deliver real 
power to the system at rated frequency while drawing a large magnetizing current from the 
system. Tee governor will compensate for the overspeed by reducing the mechanical power  
of the shaft. The steady state relationship between speed and power is linear and the power goes 
to zero typically when the speed increases by a few per cent over synchronous speed. This is the 
droop characteristic and a number like 4% is typical. The machine in this case is operating at a 
few per cent slip at super-synchronous speed. The frequency of the induced current in the rotor is 
a few hertz at most. The skin depth on the rotor is large. In this case the currents penetrate much 
further than in the negative sequence case. The assumptions we have used are not entirely valid. 
For example, the field winding may share a large portion of the current. The situation is much 
less dangerous than the negative sequence fault since the larger skin depth means that the 

effective rotor resistance is smaller  ⎟
⎠
⎞

⎜
⎝
⎛

δ
1R ~  Which means that the losses are much lower  

for an equivalent current. We also have the thermal mass proportional to the skin depth so that 
for a given energy input the temperature rise is much lower. The problems usually develop in 
these cases if the asynchronous operation lasts a long time - several minutes to 10’s of minutes. 
In these rare cases wedges have melted and come out of the slot. The thermal assumptions used 
in the negative sequence models also must be considered. For short incidents (a few seconds) 
these should be generally valid. If the incident lasts minutes or longer however, there is sufficient 
time for the heat to transfer both into the rotor body or into the air gap. The models included here 
do have these capabilities but not enough resolution to give an accurate temperature distribution. 
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5  
SUMMARY AND CONCLUSIONS 

This is part 2 of a study that provides a method of quick assessment of turbine generator rotors 
following an negative sequence event. The method is primarily for the determination of hot spot 
temperatures in the rotor Mechanical stress due to thermal expansion and the potential for arcing 
have also been studied (see Reference 1). It was concluded that thermal stress was not likely to 
be dangerous and that arcing damage, while potentially very serious, would require further 
research. In the thermal model introduced in part 1 and documented in this report, we invoke 
equivalent circuits for the eddy currents, losses and temperature. The methods are most accurate 
for faults with short durations, where thermal convection to the a or gap and conduction deep 
into the rotor have not had much time to significantly affect the results. Where possible, these 
simplified models have been verified with the finite element method. 

The models take as their input, the negative sequence current and duration of the event. The 
electromagnetic circuit takes into account the skin depth, self and mutual coupling, resistance 
and saturation in the steel parts. In the case of nonlinear effects, the circuits must be solved by 
iterative methods. The currents found in the electromagnetic models then yield the losses and 
these are input for the thermal circuits. These give the temperature versus time at various 
sensitive locations in the rotor. 

We have presented models for the following: 

In the wedge region we have two cases: the sunken wedge and the flush wege geometries. In 
both cases the effects of the field winding are ignored. 

In the pole face region we have only the nonlinear steel to represent. 

In the flex slot region we model the currents near the end of the cross- slot as an electrical 
network and can account for the crowding of the currents toward the first slot. 

In the retaining ring area we have models for the shring fit region and the retaining ring body 
region. 

It is possible to use these models for the case of motoring. The applicability will depend on the 
nature of the event. If the machine is energized at or near standstill, the methods should still be 
useful. If the motoring occurs near rated speed, the models are less applicable. 

The study would benefit if we had the test results from one of the manufacturers with geometry 
to check the electrical and thermal behavior. 
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A  
EDDY CURRENTS IN STEEL3 

We have seen in the one dimensional case that 

t
B

x
B xx

∂
∂

=
∂

∂ μσ2

2

  Equation A-1 

and the flux density at any depth can be found as 

( ){ }σμωω jxtj
ex BReB −= 0   Equation A-2 

where BB0 is the flux density at the surface. The total flux is then 

( ) tj
xm e

j
BdxBt ω

ωμσ
ψ ∫

∞
==

0
0   Equation A-3 

In terms of the total flux, the flux density can be written 

( ){ }ωμσωψωμσ jxtj
mx ejB −= maxRe   Equation A-4 

Now let us consider a nonlinear material characteristic as shown in Figure A-1. 

B

H

Bs

-Bs

 
Figure A-1 
Limiting B-H curve of steel 

                                                           
3 H. M. McConnel, “Eddy Current Phenomena in Ferromagnetic Material”, AIEE, July 1954, pp. 226-233. 
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Eddy Currents in SteelTPF FPT 

The flux density has only two states ±BBs, the saturation flux density. The material can switch 
only when H = 0. A sinusoidal flux, ( ) { }jwt

mm eRet ψψ =  can be supported in a material like this 
by a series of square or rectangular waves. 

Since ψm(t) is periodic, we can construct it from square waves of the same period. This is 
illustrated in Figure A-2. This leaves two possibilities for the magnetized iron. It is magnetized 
±BBs periodically at a frequency ω, or it is constant at ±BsB  being left at that state from a previous 
excitation. 

 
Figure A-2 
Making A sinusoidal wave from square waves 

At some instant of time the material above a certain level x1 is magnetized to –BBs, below this 
level it is +BsB . At some time later this layer of separation has moved to x2 The movement of the 
surface took place in a time ∆t. The phase shift between the rectangular waves at z1 and z2 is ω∆t 
radians. The surface of separation will move to a certain depth and no further. At this depth the 
total flux above the surface of separation is 

maxmψ− . If we call this depth δ, then 

s

maxm

B
ψ

δ =   Equation A-5 

We note several things. First, the depth of penetration δ, is interpreted differently than in the 
linear case. In the linear case, the depth of penetration is that depth at which the flux density is 
1/e of its value at the surface. The depth of penetration depends only on the frequency and the 
material properties (conductivity and permeability) In the nonlinear limiting case the depth of 
penetration is the maximum distance at which the material switches from +BBs to –BsB . This 
distance depends on the total flux and the saturation flux density BBs. The surface of separation 
has moved from x = 0 to x = δ in one half cycle since the flux has changed from 

maxmψ  to 
maxm-ψ . 

This means that the phase shift between the rectangular waves at x = 0 and x = δ is π radians.  
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Eddy Currents in SteelTPF FPT 

Consider now that the surface of separation is at location x'. As the surface moves from x' to x' + 
∆x', the change in flux is 

xBsm ′−= ΔψΔ 2   Equation A-6 

In differential form we have 

sm Bd
zd

2
1

−=
′

ψ
  Equation A-7 

We can integrate this equation starting from 
maxmψ and x = 0 

∫ −=′ m

maxm

d
B

z
s

ψ

ψ
ψ

2
1

  Equation A-8 

So that 

( )
s

mmaxm

B
t

z
2

ψψ −
=′   Equation A-9 

With this model we can find the eddy current distribution as 

EJ σ=   Equation A-10 

Where the electric field is found as 

t
BE

∂
∂

−=×∇   Equation A-11 

In integral form this becomes 

∫∫∫ ⋅
∂
∂

−=⋅
SΧ

dSB
t

dlΕ   Equation A-12 

Where the curve C bounds the surface S. If the curve C encloses a region which does not contain 
the surface of separation between +BBs and –BsB  then the integral will be zero. That is to say, the 
flux density in the region is constant. IF however the contour intersects the surface of separation 
then there will be an induced electric field which will depend on the velocity at this surface. For 
this one dimensional case we can evaluate the integral directly. Consider Figure A-3. 
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Figure A-3 
Separation surface and coordinate system 

The flux density has only an x component. We choose the integration path to be a closed contour 
in the yz plane. At some instant the surface of separation is at a depth z' and is moving in the z 
direction. The intersection of the line integral and the surface of separation is a line segment of 
length ∆y. The electric field, E, has only a y component. It is constant above the surface of 
separation and below the surface of separation, with a discontinuity at the surface. At some time 

t, the velocity of the surface is 
t
z

∂
∂ '

 and the area with −BBs is S2, where S1 +S2 = S. At some later 

time t+∆t, the surface has moved a distance 
t
z

∂
∂ '∆t and an area of −BxB  is S1 + 

t
z

∂
∂ '∆t∆y and the 

area with +BBs is S2 − 
t
z

∂
∂ '∆t∆y. The integral can then be written as 

t

yt
t
zB

yzz|Eyzz|E
s

yy Δ
ΔΔ

ΔΔ ΔΔ ∂
′∂

=′+′−′−′
2

  Equation A-13 

so that 

t
zBzz|Ezz|E syy ∂
′∂

=′+′−′−′ 2ΔΔ   Equation A-14 

which describes the discontinuity in the electric field at the surface of separation.  

From a physical standpoint, the electric field below the surface of separation must be zero. If this 
were not true, uniform current would flow from the surface to infinity which would require an 
infinite amount of energy.  
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Therefore 

( )zz,
t
zBE sy ′≤≤

∂
′∂

= 02   Equation A-15 

and 

( )zz,Ey ′>= 0   Equation A-16 

During the next half cycle the sign of E will be reversed since the flux density will be changing 
from –BBS to +BSB  but the velocity remains positive. In this model then, at any instant of time, the 
eddy current per unit depth is then  

t
zzBJ s ∂
′∂′−= σ2 Amps/unit depth Equation A-17 

In terms of the applied sinusoidal flux 

( )
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂

∂
−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ −
−=

tBB
t

BJ m

ss

mmaxm
s

ψψψ
σ

2
1

2
2   Equation A-18 

or 

( )( )
t

t
B

J m
mmaxm

s ∂
∂

−−=
ψψψσ

2
  Equation A-19 

Using ( ) ( )tt mm ωψψ cosmax=   Equation A-20 

( )( ) tt
B

J m

s

ωωψ ( )ωσ sincos1
2

max
2 −= Amperes/unit depth  Equation A-21 

As an example of the use of this model consider the currents carrying steel cylinder shown below 
in Figure A-4. 

J

 
Figure A-4 
Steel cylinder with axial current and skin depth 
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Eddy Currents in SteelTPF FPT 

The separation boundary between the material magnetized +BBS and –BSB  is located at r = r’. As the 
boundary moves it causes a change in flux linkage in the region r < r’. There is no change in the 
region r" < r < R. The flux linkage of a small element at time t is 

( ) ( ) ( )rRBrrBt sss ′−+−′−=λ  Wb/unit length  Equation A-22 

At time t + ∆t the surface of separation has moved to r′ + ∆r′ and the flux linkage has changed to 
( ) ( ) ( rrRBrrrBtt sss )′−′−+−′+′−=+ ΔΔΔλ  Wb/unit length  Equation A-23 

The rate of change of flux linkage is therefore 

dt
rdB

dt
d

s
′

−= 2λ
  Equation A-24 

This expression is independent of rs so that every element in the region 0 < r < r’ has the same 
induced electric field, 

dt
rdBE ss
′

−= 2   Equation A-25 

The current density in the conducting annulus is 

dt
rdBJ s
′

−= σ2   Equation A-26 

and the total current in the conductor is 

( )JrRi 22 ′−= π   Equation A-27 

or 

( )
dt
rdrRBi s
′

′−−= 222 πσ   Equation A-28 

For the case in which i is sinusoidal taking the situation in the figure, the flux is increasing and 
the current i is positive. Integrating 

( ) ∫∫ =′′−−
′ tr

R s idtrdrRB
0

222 σπ   Equation A-29 

[ ] ( )( )t
I

RrRrB peak
s ω

ω
σπ cos12

3
2 323 −=+′−′   Equation A-30 

If the current is not sufficient to cause the surface of separation to reach the center, i.e. δ < R, we 
define the depth of penetration δ as 

minrR ′−=δ   Equation A-31 
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This gives 

( )
ω

δσδπ peak
s

I
RB

2
3

3
2 2 =−   Equation A-32 

If the depth of penetration is very small compared to the cylinder (δ << R) then 

ωσψ
δ

sm

peak

RB
I

=   Equation A-33 

In terms of the peak surface current density 

R
I

J peak
peak π2

=   Equation A-34 

s

peak

B
J

ωσ
δ

2
=   Equation A-35 

If the current is such that the surface of separation just reaches the center of the cylinder at the 
end of each half cycle then r’= 0 and  

2

3
2 RBI speak πωσ=   Equation A-36 

If the current is great enough that it reaches the center of the cylinder before the end of the half 
cycle, then for the rest of the cycle the conductor looks like a dc conductor with uniform current 
density throughout. 

A.1 Losses 

For the small depth of penetration case (δ << R) the loss density (per unit volume) can be  
found as 

( ) ( )
( )2222

22

rR
tiJtP

′−
==

πσ
  Equation A-37 

and the loss per unit length is 

( ) ( )
( )22

2

rR
titP

′−
=

πσ
  Equation A-38 
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The radius of the surface of separation, r′, is a function of time and for small δ 

( ) ( )
( ) ⎟
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⎠

⎞

⎜
⎜
⎜

⎝
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=

∫
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dtti
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BtP

0

2

2 σπ
  Equation A-39 

Assuming that the current is sinusoidal, 
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=

t
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2

2
2
3

  Equation A-40 

The average power over a half cycle is 

0
0cos1

0sin
2 0

2
2
3

d
R

BIP s
peakavg ∫ −

=
π

σπ
ω

  Equation A-41 

πσπ
ω

3
24

2
2
3

R
BIP s

peakavg =   Equation A-42 

In terms of the depth of penetration δ  the loss in Watts per unit length is 

δσππ R
IP peakavg 2

1
3
82=   Equation A-43 

If we now define the effective resistance of the cylinder as 

RMS

avg
fef I

P
R 2=   Equation A-44 

then 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

δσππ R
R fef 2

1
3
16

  Equation A-45 

Assume now that the applied field is sinusoidal. In this case 

( )tJ
t
zzB peakss ωσ sin2 =

∂
′∂′   Equation A-46 

The surface of separation is located at 

( )∫=′
t

peaks tJ
Bs

z
0

sin1 ω
σ

  Equation A-47 
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for each half cycle and the depth of penetration is 

ωσ
δ

s

speak
max B

J
z

2
==   Equation A-48 

In the conducting layer, the current density is 

t
tJB

z
JJ peakss

s

ω
ωωσ

cos1
sin
−

=
′

=   Equation A-49 

and the loss dissipated per unit of surface area is 

t
tBJJzP s

peaks
ω

ω
σ
ω

σ cos1
sin2

2
32

−
=′=   Equation A-50 

and the average is 

σ
ω

π
s

peaksavg
BJP

3
24

=   Equation A-51 

Real and reactive components of the electric field due to the eddy currents can also be found. 
This will be useful in determining the power factor of the load. The electric field due to the flux 
within the magnetic material is 

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

−
=

t
tJB

E peakss

ω
ω

σ
ω

cos1
sin

  Equation A-52 

in each half cycle. This can be written as 

⎟
⎠
⎞

⎜
⎝
⎛=

2
cos tJB

E peakss ω
σ

ω
  Equation A-53 

The fundamental component is 

⎥⎦
⎤

⎢⎣
⎡ += tt

JB
E peakss ω

π
ω

πσ
ω

cos
3
4sin

3
8

  Equation A-54 

The phase angle between the electric field and the exciting current is 

( ) o6.265.0tan0 1 == −   Equation A-55 

and the power factor is 

895.00cos =   Equation A-56 
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A.2 Losses in Nonlinear Steel 

To find the loss per square inch of surface, WPSI, use 

341051.1 psi HfBWPSI ρ−×=   Equation A-57 

Where ρi is the resistivity of the steel (Ω –in). BBs is the saturation flux density (if not known then 
recommend using 120,000 lines/in .f is the frequency in Hertz. The value of H2

p is the peak 
Amps/inch of the current sheet If we have the current in the tooth, for example, then 

t

tm
p b

IH 2=   Equation A-58 

Where bt is the tooth width and Itm is the tooth current. 

We now compute the permeance and conductance for the equivalent circuit. The loss is the loss 
per square inch times the surface area and this also equals the current squared over the 
conductance. 

( )
i

tm
t G

IdepthunitbWPSIWATTS
2

=××=   Equation A-59 

So 

tm

t

si I
b

fBWATTS 2
3

41054.2 ρ−×=   Equation A-60 

If we call the coefficient and the square root Kφ then we have 

φK
IG tm

i =   Equation A-61 

From the theory section the reactance is 1/2 the resistance in the magnetic steel so that 

i

i
iii G

RPLX
2
1

2
==== ωω   Equation A-62 

Where Pi is the permeance (note that for one turn the inductance and permeances are the same). 

i
i G

.P 501
ω

=   Equation A-63 

We can check the formulation using a nonlinear finite element code (FLUX2D). In this case the 
current density is plotted from the rotor surface along a radial path (See Figure A-5). We see that 
the current decays swiftly as the depth increases and then goes to zero rather abruptly. 

A-10 
0



 
 

Eddy Currents in SteelTPF FPT 

 
Figure A-5 
Current density vs depth (low current) 

This is what the nonlinear theory predicts. Figure A-5 is for 5,000 amperes. The skin depth, 
where the current goes to zero is around 35 mm. If we double the current we obtain the following 
solution (Figure A-6). 
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Figure A-6 
Current density vs depth (medium current) 

We see that the skin depth is approximately 50 mm. The limiting nonlinear theory tells us that 
the skin depth should vary proportional to the square root of the Amperes/in in the peripheral 
direction. This seems to be the case. If we now look at the results for 25,000 Amperes in  
Figure A-7, the skin depth appears to be around 73 mm. This is also in line with the nonlinear 
theory. 
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Figure A-7 
Current density vs depth (high current) 
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