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REPORT SUMMARY

This report provides equations, based on analyses and test data, for determining the directional
stress indices and stress intensification factors (SIFs) for 90° elbows. Present methodologies used
to determine these parameters are generally overly conservative. The report contains results of an
investigation into the stress intensification factors and directional stress indices of 90° elbows.

Background
Fatigue is a major concern in the design and engineering of piping systems. The ASME Section
III Code and ANSI B31 piping design codes use factors such as stress indices and stress
intensification factors to account for fatigue effects produced by combined loading and moments.

Objectives
• To determine if the use of directional stress indices and SIFs is appropriate

• To establish a methodology for evaluating directionality effects

Approach
A review of the present approach for the evaluation of 90° elbows in accordance with the ASME
and B31 piping design codes provided an understanding of the current methodology. Component
tests and finite element analyses (FEAs) were performed on representative elbow configurations.
Various methods of combining moments were performed. Results were compared to those
generated by the FEAs.

Results
A more accurate method for combining moments was developed and is based on a modified
version of the square root sum of the squares (SRSS) approach. Based on the models and loading
conditions in this study, it was determined that the expression accounting for directionality in
ASME Code Case N-319-2 yielded conservative results as high as 29% according to the FEA
results. In contrast, the method used by ANSI B31.3 yielded non-conservative results as high as
49% when compared to FEA.

EPRI Perspective
Design for fatigue is a major concern for any power or process facility. Accurate methods of
engineering for fatigue are important for cost-effective design, for root cause failures, and for
evaluating remaining fatigue life of plant designs. The work being done under EPRI’s SIF
optimization program continues to establish the technical justification to allow for reductions in
current Code stress intensification factors. The results of this program can provide a basis to
reduce the scope of ongoing pressure boundary component testing inspection programs in
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operating nuclear power plants. Examples include reduction in the inspection scope of postulated
high- and moderate-energy line break locations and reduction of snubber testing.

TR-113889

Keywords
ASME Code
Fatigue
Piping design and analysis
Stress intensification factors
Stress indices
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ABSTRACT

This report was prepared under the auspices of the EPRI project on Stress Intensification Factor
Optimization. The behavior and fatigue life of elbows is a major consideration in the design and
evaluation of piping systems. This report presents the results of an investigation of the
directional stress intensification for 90° elbows. The investigation included a literature survey,
testing program, finite element analysis, comparison of analysis to test results, and
recommendations for removing conservatism in evaluating elbows.
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1 
INTRODUCTION

The objective of this study was to investigate methodologies and determine if the use of
directional stress indices and SIFs are appropriate. Finite element analyses were conducted as a
part of this study to develop a moment combination methodology appropriate for elbows. Test
data for combined loading serve as a basis for establishing a methodology for evaluating
directionality effects.

1.1 Nomenclature

Figure 1-1 shows the configuration and applied moments for the evaluation of stress indices and
stress intensification factors for 90° elbows. Table 1-1 lists nomenclature used in this report.

L2

2

R

L1

1

Mi Mt

Mo

Mi

Mt

Mo

Y

Z
X

Figure 1-1
90° Elbow Configuration
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Table 1-1
Nomenclature

Term Description

a, b, n constants used in SQ-SUM(ADJUSTED) methodology to represent stress
intensities

A, B, C constants used to represent load cases, for example, Mi = A M, Mo = B M, Mi =
C M

Do outside diameter of the elbow or attached pipe

E Young’s modulus

B31.3-EQ17 stress intensity calculated using a method corresponding to the approach used
by B31.3 (eq. 2-7)

h characteristic of the elbow, h=(tn/r)(R/r)=tnR/r2

i i stress intensification factor for in-plane bending moments

io stress intensification factor for out-of-plane bending moments

it stress intensification factor for torsion moments

G Bulk modulus

L1, L2 attached pipe tangent lengths, in.

M moment that produces a nominal stress of 10 ksi in the pipe

Mi1, Mi2  in-plane bending moments, in-lb

Mo1, Mo2 out-of-plane bending moments, in-lb

Mt1, Mt2 torsion moments, in-lb

r mean radius of the elbow or attached pipe, r = (Do-tn)/2, in.

R bend radius of the elbow, in.

SQ-SUM stress intensity calculated using a method which adds torsion and out-of-plane
bending effects directly (eq. 2-10)

SQ-SUM
(ADJUSTED)

stress intensity using a modified SQ-SUM methodology (eq. 2-12)

SRSS stress intensity calculated using the “square root-sum of the squares
methodology” (eq. 2-6)

S1, S2, S3 stress intensity due to M applied to the pipe as in-plane, out-of-plane and
torsion respectively

tn wall thickness of the elbow or attached pipe, in.

Z section modulus, (in3) = 0.0982(Do

4-(Do-2tn)
4)/Do

r2 correlation factor squared

ν Poisson’s ratio
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1.2 Background

The objective of this study was to investigate methodologies and determine if the use of
directional stress indices and SIFs are appropriate. Finite element analyses were conducted as a
part of this study to develop a moment combination methodology appropriate for elbows.  Test
data for combined loading serves as a basis for establishing a methodology for evaluating
directionality effects.

At present, the ASME Section III Code [1] defines the SIF for an elbow by the equation:

i = 0.9/h2/3 (equation 1-1)

where h is defined as the elbow “flexibility characteristic” given by:

h = tnR/r2 (equation 1-2)

where

tn = the nominal wall thickness of the elbow (or attached pipe)

R = the bend radius of the elbow or pipe bend

r = the mean radius of the elbow or attached pipe

Stresses at a point j are calculated using the resultant moment:

Mj= [Mxj

2+Myj

2+Mzj

2]1/2 (equation 1-3)

and the expression:

S = iM/Z (equation 1-4)

where

M is given by Mj.

Mxj, Myj, and Mzj

 are the moments about the x, y, and z axes at point j.

Z is the section modulus of the attached pipe.

The assumption, which is the focus of this study, is that the SIF given by eq. 1-1 is applicable for
all moments (for example, in-plane, out-of-plane, and torsion for the elbow). ANSI B31.1 [2]
follows the same approach. However, ANSI B31.3 [3] uses a different methodology that takes
into account the directionality of the loading. B31.3 defines SIFs for in-plane loading, ii which is
the same as eq. 1-1. However, for out-of-plane loading, the SIF is defined as:

io = 0.75/h2/3 (equation 1-5)
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In B31.3, the stresses used to evaluate thermal expansion are calculated using equation 17 in
Process Piping, B31.3, Power Piping [3]:

SE = [Sb

2+4St

2]1/2 (equation 1-6)

where Sb is the resultant bending stress given by:

Sb = [(iiMi)
2+(ioMo)

2]0.5 /Z (equation 1-7)

where

Mi = the in-plane bending moment

Mo = the out-of-plane bending moment

St = the torsional stress given by Mt/2Z where Mt is the torsional moment

This approach is clearly less conservative than the approach followed by ASME Section III.

The objective of this study is to investigate these methodologies and to determine if the
directional SIFs are applicable. This study is limited to 90° bends or elbows with a length of
straight pipe welded to both ends such that end effects are precluded ( generally considered to be
four or more pipe diameters). More significant end effects exist when a flange or another
component is attached to the elbow such that the deformation of the elbow is restrained.

1.3 Symmetry

Figure 1-1 shows that, for a 90° elbow, there is a transformation of the out-of-plane and torsional
moments at the opposite ends of the elbow. Torsion on one end is resisted by an equal (in
magnitude) out-of-plane bending moment at the other end. Out-of-plane bending is resisted by an
equal-in-magnitude torsional moment at the other end. In-plane bending is resisted by an equal
(but opposite in sign) in-plane bending at the other end.

This is true only for 90° elbows or bends. The response (for example, stresses and deflections) of
the elbow to moment Mo at one is the same as the response to the moment Mt at the other. Thus, a
90° elbow has two characteristic response behaviors, not three. The stress intensification factors
for out-of-plane bending and torsion should be the same.

1.4 Literature Summary

Many investigations of the behavior of elbows have been reported in the literature. Dodge,
Moore, and Rodabaugh [4, 5] discuss a number of these investigations. Markl in 1952 reported
the results of tests of various elbows for both in-plane and out-of plane, loading [6]. The tests
were performed on a deflection controlled, bending type machine. Various wall thicknesses and
bend radii were used in the testing. Markl correlated the test data with the theory proposed by
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Beskin [7] and others. Based upon this, he proposed the following expressions for estimating the
i-factors for in-plane and out-of-plane bending of an elbow:

ii = 0.9/h2/3 (equation 1-8)

io = 0.75/h2/3 (equation 1-9)

These expressions are the same as those used today by many of the piping design codes.

Markl also noted that the test data SIFs corresponded to about one-half the theoretical stress.
This is in line with the ASME Section III position that the SIF, i, is given by:

i = C2K2/2 (equation 1-10)

where

C2 = the primary plus secondary stress intensity factor

K2 = the peak stress intensity factor

Code Case N-319-2, provides guidance for evaluating elbows in Class 1 piping considering the
directionality of the loads [8]. This approach takes into account the directionality of the loadings
and provides separate stress indices for in-plane and out-of-plane/torsional loadings. These are
given by:

Out-of-plane/torsion: C2x = 1.71/h0.56 (equation 1-11)

In-plane: C2z = 1.95/h2/3 (equation 1-12)

Code Case N-319-2 suggests that to calculate stresses for combination of moments, the following
equation be used:

[(C2XMx)
2+(C2YMy)

2+(C2ZMz)
2]1/2 (equation 1-13)

where

X = out-of-plane loading

Y = torsion

Z = in-plane loading

Equation 1-13 is permitted to be used only if the flexibility factors listed in the Code Case are
used in piping system analyses. See Section 2.10 for a discussion of flexibility factors for
selected FEA models.
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2 
FINITE ELEMENT ANALYSIS INVESTIGATION

2.1 Objectives

An elbow lends itself to straightforward analysis by the finite element method. An elbow has no
discontinuities and can be modeled with a uniform size finite element mesh. Finite element
analyses (FEA) were conducted as a part of this study to develop a moment combination
methodology appropriate for elbows. In addition, FEA was performed to investigate elbow
flexibility.

2.2 Models

The parameters of the FEA models are shown in Table 2-1. The basic model had an outside
diameter of 4.5 in. The thickness was varied in order to investigate the effects of varying Do/tn

values. The bend radius varied from 4.0 to 18 in.
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Table 2-1
Summary of FEA Models

In-Plane Moment Out-of-Plane Moment
C2 = C2 =

Model D o tn Do/tn R r h FEA 1.95/h 2/3 % DIF FEA 1.71/h 0.56 % DIF

S1 S2=S3
1 4.5 0.2370 19.0 6.0 2.13 0.313 4.11 4.23 2.84 2.88 3.28 12.12
2 4.5 0.0446 101.0 6.0 2.23 0.054 13.55 13.67 0.90 7.75 8.78 11.73
3 4.5 0.2370 19.0 4.0 2.13 0.209 5.17 5.54 6.73 3.48 4.11 15.38
4 4.5 0.2370 19.0 12.0 2.13 0.626 2.51 2.66 5.81 2.03 2.22 8.68
5 4.5 0.0446 101.0 4.0 2.23 0.036 17.5 17.92 2.32 10.4 11.02 5.61
6 4.5 0.1185 38.0 6.0 2.19 0.148 6.91 6.96 0.79 4.33 4.98 13.09
7 4.5 0.1185 38.0 4.0 2.19 0.099 8.83 9.13 3.25 5.35 6.25 14.43
8 4.5 0.0446 101.0 18.0 2.23 0.162 6.71 6.57 -2.08 4.81 4.75 -1.36

9 4.5 0.0446 101.0 12.0 2.23 0.108 8.79 8.61 -2.05 5.87 5.96 1.43
10 4.5 0.1185 38.0 12.0 2.19 0.296 4.41 4.39 -0.51 3.21 3.38 5.01

Maximum Value = 6.73 Maximum Value = 15.38
Average Value = 1.80 Average Value = 8.61

Notes:
1. FEA results are the maximum stress intensity divided by the nominal bending stress in the pipe.
2. All dimensions are in inches.
3. The expressions for C2 for in-plane and out-of-plane bending are from Code Case N-319-2.
4. This table was produced on an Excel spreadsheet. The number of significant figures is greater than indicated.
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All models were based on 90° bends or elbows. The elbows were attached to equal length
straight sections of pipe with a length equivalent to five pipe diameters. (This corresponds to L1

and L2 of Figure 1-1.) This represents the case where there are no “end effects” that might exist if
there were a flange or other component attached that could affect the deflection (ovalization) of
the elbow.

A typical finite element model is shown in Figure 2-1. Approximately 3600 shell elements were
used in each model. The material properties used in the analyses are E=30,000,000 psi,
G=12,000,000 psi, and ν=0.28. The finite element analyses were conducted with the COSMOS,
version 1.75, software from Structural Research and Analysis Corporation.

Figure 2-1
FEA Model

One end of the model was fixed and combinations of three orthogonal moments were applied at
the other end of the model. Ten configurations were investigated. Twelve load case combinations
were applied to each model. Load combinations were selected using the following procedure:

1. The magnitude of the moment was calculated such that the nominal bending stress in a
straight pipe would be 10.0 ksi. This moment was defined as “M.”

2. This moment was applied at point 1 (Figure 1-1) in the three orthogonal directions, that is, in-
plane, out-of-plane, and torsion, corresponding to Mi, Mo, and Mt. The end of the model is
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fixed at point 2. The maximum stress intensity from the FEA results for these three cases is
delineated as S1, S2, and S3 respectively for each load case. (S1, S2 and S3 are used in the
evaluation of the data as described later.) The maximum stress intensities are divided by the
nominal stress intensity in the pipe. S1, S2, and S3 are in the form of stress indices and, thus,
are independent of the particular choice of E and M. For example, the same S1 would be
obtained by using, for example, E = 10e7 psi and M/Z = 1 psi.

3. A series of load cases were defined where:

Mi = A M (equation 2-1)

Mo = B M (equation 2-2)

Mt = C M (equation 2-3)

A2 + B2 + C2 = 1.0 (equation 2-4)

In other words, the magnitude of the applied moment remained constant for all load cases.
However, the ratios of in-plane to out-of-plane and torsion were varied.

For each model, five values of the ratio of the torsion moment to the out-of-plane moment (C/B)
were selected (0, 0.1, 0.25, 0.5, 1.0). As discussed earlier, the symmetry of a 90° elbow or bend
is such that out-of-plane bending at one end of an elbow is the same as torsion at the other end.
This symmetry will be considered when the results are evaluated.

For each value of C/B, ten values of A/B, the ratio of the in-plane moment to the out-of-plane
moment, were selected (0.0, 0.100, 0.250, 0.500, 0.750, 1.000, 1.333, 2.000, 4.000 and 10.000).

As an example, the results of the analyses for model 1 are listed in Tables 2-2 and 2-3 for these
values of C/B and A/B. Because of the volume of data, the results of the other models are not
listed in as much detail. A summary of the FEA results is provided in Table 2-6 for all models.
See Section 2.9 for the significance of Tables 2-4 and 2-5.
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Table 2-2
FEA Summary, Model 1, Combined Loads, C/B = 0 and 0.1

Mip =A*M Mop=B*M Mt = C*M
LOAD In-Plane Out of-Plane Torsion FEA Stress
CASE  A/B A B C x104
LC-1 1 0 0 4.107  = S1
LC-2 0 1 0 2.884  = S2
LC-3 0 0 1 2.884  = S3

COMBINED LOADS, C/B = 0 SQ-SUM
A/B A B C FEA SRSS % Dif SQ-SUM % Dif ADJUSTED % Dif B31.3-EQ17 % Dif

LC-4 0.1 0.10 1.00 0.00 2.91 2.90 -0.34 2.90 -0.34 2.90 -0.34 2.90 -0.34
LC-5 0.25 0.24 0.97 0.00 2.99 2.97 -0.81 2.97 -0.81 2.97 -0.81 2.97 -0.81
LC-6 0.5 0.45 0.89 0.00 3.20 3.17 -1.01 3.17 -1.01 3.17 -1.01 3.17 -1.01
LC-7 0.75 0.60 0.80 0.00 3.44 3.38 -1.79 3.38 -1.79 3.38 -1.79 3.38 -1.79
LC-8 1 0.71 0.71 0.00 3.63 3.55 -2.23 3.55 -2.23 3.55 -2.23 3.55 -2.23
LC-9 1.333 0.80 0.60 0.00 3.79 3.71 -2.08 3.71 -2.08 3.71 -2.08 3.71 -2.08
LC-10 2 0.89 0.45 0.00 3.97 3.89 -1.94 3.89 -1.94 3.89 -1.94 3.89 -1.94
LC-11 4 0.97 0.24 0.00 4.09 4.05 -1.12 4.05 -1.12 4.05 -1.12 4.05 -1.12
LC-12 10 1.00 0.10 0.00 4.10 4.10 -0.11 4.10 -0.11 4.10 -0.11 4.10 -0.11

MAX  = -0.11 MAX  = -0.11 MAX  = -0.11 MAX  = -0.11
NOTE: MIN = -2.23 MIN = -2.23 MIN = -2.23 MIN = -2.23

COMBINED LOADS, C/B = 0.1 SQ-SUM
A/B A B C FEA SRSS % Dif SQ-SUM % Dif ADJUSTED % Dif B31.3-EQ17 % Dif

LC-4 0.1 0.099 0.990 0.099 3.09 2.90 -6.29 3.17 2.41 3.10 0.20 2.89 -6.69
LC-5 0.25 0.241 0.966 0.097 3.17 2.97 -6.43 3.22 1.47 3.16 -0.54 2.96 -6.79
LC-6 0.5 0.445 0.891 0.089 3.36 3.16 -5.70 3.37 0.33 3.31 -1.22 3.16 -5.97
LC-7 0.75 0.598 0.797 0.080 3.56 3.37 -5.36 3.53 -1.06 3.49 -2.17 3.37 -5.56
LC-8 1 0.705 0.705 0.071 3.71 3.55 -4.40 3.66 -1.30 3.63 -2.11 3.54 -4.54
LC-9 1.333 0.798 0.599 0.060 3.86 3.71 -3.93 3.79 -1.87 3.77 -2.40 3.71 -4.02
LC-10 2 0.894 0.447 0.045 4.00 3.89 -2.65 3.93 -1.59 3.92 -1.86 3.89 -2.70
LC-11 4 0.970 0.242 0.024 4.11 4.04 -1.54 4.06 -1.25 4.05 -1.32 4.04 -1.55
LC-12 10 0.995 0.099 0.010 4.10 4.10 -0.13 4.10 -0.08 4.10 -0.09 4.10 -0.13

MAX  = -0.13 MAX  = 2.41 MAX  = 0.20 MAX= -0.13
MIN = -6.43 MIN = -1.87 MIN = -2.40 MIN = -6.79

Notes: 1.  FEA results are the maximum stress intensity divided by the nominal bending stress in the pipe.
2.  This table was produced on an Excel spreadsheet. The number of significant figures is greater than indicated.
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Table 2-3
FEA Summary, Model 1 Combined Loads, C/B = 0.25, 0.5, and 1.0

COMBINED LOADS, C/B = 0.25 SQ-SUM
A/B A B C FEA SRSS % Dif SQ-SUM % Dif ADJUSTED % Dif B31.3-EQ17 % Dif

LC-4 0.1 0.097 0.966 0.241 3.31 2.90 -12.45 3.50 5.85 3.37 1.72 2.82 -14.71
LC-5 0.25 0.236 0.943 0.236 3.39 2.97 -12.58 3.53 4.18 3.40 0.38 2.90 -14.63
LC-6 0.5 0.436 0.873 0.218 3.55 3.15 -11.21 3.62 1.95 3.51 -1.08 3.10 -12.78
LC-7 0.75 0.588 0.784 0.196 3.71 3.36 -9.50 3.72 0.25 3.64 -2.03 3.32 -10.64
LC-8 1 0.696 0.696 0.174 3.80 3.53 -7.07 3.81 0.17 3.74 -1.53 3.50 -7.90
LC-9 1.333 0.791 0.593 0.148 3.94 3.70 -6.24 3.89 -1.34 3.84 -2.51 3.68 -6.79
LC-10 2 0.889 0.444 0.111 4.02 3.88 -3.52 3.99 -0.92 3.96 -1.55 3.87 -3.81
LC-11 4 0.968 0.242 0.061 4.13 4.04 -2.12 4.07 -1.39 4.06 -1.56 4.04 -2.20
LC-12 10 0.995 0.099 0.025 4.10 4.10 -0.14 4.10 -0.02 4.10 -0.05 4.10 -0.15

MAX  = -0.14 MAX  = 5.85 MAX  = 1.72 MAX= -0.15
MIN = -12.58 MIN = -1.39 MIN = -2.51 MIN = -14.71

COMBINED LOADS, C/B = 0.5 SQ-SUM
A/B A B C FEA SRSS % Dif SQ-SUM % Dif ADJUSTED % Dif B31.3-EQ17 % Dif

LC-4 0.1 0.089 0.891 0.445 3.56 2.90 -18.73 3.87 8.65 3.63 1.96 2.63 -26.10
LC-5 0.25 0.218 0.873 0.436 3.63 2.95 -18.63 3.88 6.91 3.65 0.63 2.71 -25.41
LC-6 0.5 0.408 0.816 0.408 3.76 3.12 -17.00 3.91 3.97 3.71 -1.27 2.92 -22.37
LC-7 0.75 0.557 0.743 0.371 3.86 3.31 -14.14 3.94 2.25 3.78 -1.92 3.16 -18.18
LC-8 1 0.667 0.667 0.333 3.95 3.48 -11.81 3.98 0.75 3.85 -2.49 3.36 -14.82
LC-9 1.333 0.766 0.575 0.287 4.01 3.65 -9.03 4.01 -0.10 3.92 -2.44 3.57 -11.12
LC-10 2 0.873 0.436 0.218 4.09 3.85 -5.93 4.05 -1.03 4.00 -2.33 3.81 -7.04
LC-11 4 0.963 0.241 0.120 4.10 4.03 -1.76 4.09 -0.31 4.07 -0.70 4.02 -2.08
LC-12 10 0.994 0.099 0.050 4.10 4.09 -0.22 4.10 0.03 4.10 -0.04 4.09 -0.27

MAX  = -0.22 MAX  = 8.65 MAX  = 1.96 MAX= -0.27
MIN = -18.73 MIN = -1.03 MIN = -2.49 MIN = -26.10

COMBINED LOADS, C/B = 1.0 SQ-SUM
A/B A B C FEA SRSS % Dif SQ-SUM % Dif ADJUSTED % Dif B31.3-EQ17 % Dif

LC-4 0.1 0.071 0.705 0.705 3.69 2.89 -21.58 4.08 10.62 3.68 -0.20 2.17 -41.08
LC-5 0.25 0.174 0.696 0.696 3.75 2.93 -21.93 4.08 8.76 3.69 -1.59 2.24 -40.22
LC-6 0.5 0.333 0.667 0.667 3.84 3.04 -20.64 4.08 6.41 3.73 -2.82 2.45 -36.06
LC-7 0.75 0.469 0.625 0.625 3.91 3.19 -18.38 4.08 4.42 3.78 -3.48 2.71 -30.75
LC-8 1 0.577 0.577 0.577 3.98 3.34 -15.99 4.09 2.77 3.83 -3.82 2.95 -25.73
LC-9 1.333 0.686 0.515 0.515 4.04 3.51 -13.13 4.09 1.19 3.89 -3.92 3.23 -20.25
LC-10 2 0.816 0.408 0.408 4.12 3.74 -9.12 4.10 -0.54 3.97 -3.66 3.58 -13.16
LC-11 4 0.943 0.236 0.236 4.16 3.99 -4.03 4.10 -1.28 4.06 -2.30 3.94 -5.26
LC-12 10 0.990 0.099 0.099 4.13 4.09 -0.98 4.11 -0.50 4.10 -0.68 4.08 -1.19

MAX  = -0.98 MAX  = 10.62 MAX  = -0.20 MAX= -1.19
MIN = -21.93 MIN = -1.28 MIN = -3.92 MIN = -41.08

Notes: 1.  FEA results are the maximum stress intensity divided by the nominal bending stress in the pipe.
2.  This table was produced on an Excel spreadsheet. The number of significant figures is greater than indicated.
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Table 2-4
FEA Summary, Model 1 Combined Loads, C/B = 1.5, 2.0, and 4.0

COMBINED LOADS, C/B = 1.5 SQ-SUM
A/B A B C FEA SRSS % Dif SQ-SUM % Dif ADJUSTED % Dif B31.3-EQ17 % Dif

LC-4 0.1 0.055 0.554 0.831 3.62 2.89 -20.25 4.00 10.43 3.70 2.16 1.81 -49.90
LC-5 0.25 0.137 0.549 0.824 3.68 2.91 -20.90 4.00 8.71 3.71 0.71 1.87 -49.11
LC-6 0.5 0.267 0.535 0.802 3.72 2.99 -19.74 4.01 7.64 3.73 0.18 2.06 -44.79
LC-7 0.75 0.384 0.512 0.768 3.83 3.09 -19.12 4.02 4.94 3.76 -1.69 2.29 -40.06
LC-8 1 0.485 0.485 0.728 3.87 3.21 -16.99 4.02 3.96 3.80 -1.87 2.54 -34.37
LC-9 1.333 0.595 0.446 0.669 3.96 3.37 -14.90 4.04 2.04 3.85 -2.75 2.84 -28.23
LC-10 2 0.743 0.371 0.557 4.02 3.61 -10.22 4.06 0.94 3.93 -2.28 3.28 -18.41
LC-11 4 0.912 0.228 0.342 4.11 3.93 -4.54 4.09 -0.61 4.04 -1.77 3.82 -7.22
LC-12 10 0.984 0.098 0.148 4.15 4.07 -1.78 4.10 -1.07 4.09 -1.28 4.05 -2.25

MAX  = -1.78 MAX  = 10.43 MAX  = 2.16 MAX= -2.25
MIN = -20.90 MIN = -1.07 MIN = -2.75 MIN = -49.90

COMBINED LOADS, C/B = 2.0 SQ-SUM
A/B A B C FEA SRSS % Dif SQ-SUM % Dif ADJUSTED % Dif B31.3-EQ17 % Dif

LC-4 0.1 0.045 0.447 0.894 3.53 2.89 -18.22 3.87 9.63 3.63 2.83 1.58 -55.28
LC-5 0.25 0.111 0.444 0.889 3.58 2.90 -18.93 3.87 8.17 3.64 1.54 1.63 -54.60
LC-6 0.5 0.218 0.436 0.873 3.63 2.95 -18.63 3.88 6.91 3.65 0.63 1.77 -51.11
LC-7 0.75 0.318 0.424 0.848 3.69 3.03 -17.88 3.89 5.53 3.68 -0.27 1.98 -46.34
LC-8 1 0.408 0.408 0.816 3.76 3.12 -16.99 3.91 3.99 3.71 -1.25 2.21 -41.34
LC-9 1.333 0.512 0.384 0.768 3.80 3.25 -14.49 3.93 3.50 3.76 -1.05 2.50 -34.26
LC-10 2 0.667 0.333 0.667 3.95 3.48 -11.87 3.98 0.68 3.85 -2.56 2.98 -24.62
LC-11 4 0.873 0.218 0.436 4.09 3.85 -5.84 4.05 -0.94 4.00 -2.24 3.67 -10.37
LC-12 10 0.976 0.098 0.195 4.15 4.06 -2.19 4.10 -1.25 4.09 -1.51 4.02 -3.02

MAX  = -2.19 MAX  = 9.63 MAX  = 2.83 MAX= -3.02
MIN = -18.93 MIN = -1.25 MIN = -2.56 MIN = -55.28

COMBINED LOADS, C/B = 4.0 SQ-SUM
A/B A B C FEA SRSS % Dif SQ-SUM % Dif ADJUSTED % Dif B31.3-EQ17 % Dif

LC-4 0.1 0.024 0.242 0.970 3.273 2.88 -11.86 3.50 6.87 3.36 2.64 1.20 -63.34
LC-5 0.25 0.061 0.242 0.968 3.289 2.89 -12.15 3.50 6.41 3.36 2.22 1.22 -62.92
LC-6 0.5 0.120 0.241 0.963 3.336 2.91 -12.91 3.51 5.12 3.37 1.05 1.29 -61.45
LC-7 0.75 0.179 0.239 0.954 3.37 2.93 -13.02 3.52 4.41 3.39 0.46 1.39 -58.83
LC-8 1 0.236 0.236 0.943 3.392 2.97 -12.58 3.53 4.19 3.40 0.38 1.51 -55.41
LC-9 1.333 0.308 0.231 0.923 3.443 3.02 -12.26 3.56 3.38 3.44 -0.18 1.70 -50.61
LC-10 2 0.436 0.218 0.873 3.5519 3.15 -11.21 3.62 1.96 3.51 -1.07 2.09 -41.14
LC-11 4 0.696 0.174 0.696 3.7987 3.53 -7.07 3.81 0.17 3.74 -1.53 2.99 -21.40
LC-12 10 0.925 0.092 0.370 4.087 3.95 -3.28 4.02 -1.54 4.01 -1.96 3.82 -6.43

MAX  = -3.28 MAX  = 6.87 MAX  = 2.64 MAX= -6.43
MIN = -13.02 MIN = -1.54 MIN = -1.96 MIN = -63.34

Notes: 1.  FEA results are the maximum stress intensity divided by the nominal bending stress in the pipe.
2.  This table was produced on an Excel spreadsheet. The number of significant figures is greater than indicated.
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Table 2-5
FEA Summary, Model 1 Combined Loads, C/B = 10.0, 20.0, and 100.0

COMBINED LOADS, C/B = 10.0 SQ-SUM
A/B A B C FEA SRSS % Dif SQ-SUM % Dif ADJUSTED % Dif B31.3-EQ17 % Dif

LC-4 0.1 0.010 0.099 0.995 3.0576 2.88 -5.67 3.16 3.24 3.09 0.98 1.04 -66.11
LC-5 0.25 0.025 0.099 0.995 3.0592 2.88 -5.70 3.16 3.21 3.09 0.95 1.04 -65.99
LC-6 0.5 0.050 0.099 0.994 3.06 2.89 -5.63 3.16 3.25 3.09 0.99 1.05 -65.55
LC-7 0.75 0.074 0.099 0.992 3.073 2.89 -5.88 3.16 2.92 3.09 0.69 1.08 -64.95
LC-8 1 0.099 0.099 0.990 3.0929 2.90 -6.29 3.17 2.41 3.10 0.20 1.11 -64.18
LC-9 1.333 0.131 0.099 0.986 3.1169 2.91 -6.65 3.18 1.88 3.11 -0.29 1.16 -62.78
LC-10 2 0.195 0.098 0.976 3.1541 2.94 -6.79 3.20 1.39 3.13 -0.69 1.29 -58.98
LC-11 4 0.370 0.092 0.925 3.295 3.08 -6.52 3.30 0.24 3.25 -1.49 1.80 -45.44
LC-12 10 0.705 0.071 0.705 3.709 3.55 -4.41 3.66 -1.31 3.63 -2.11 2.99 -19.43

MAX  = -4.41 MAX  = 3.25 MAX  = 0.99 MAX= -19.43
MIN = -6.79 MIN = -1.31 MIN = -2.11 MIN = -66.11

COMBINED LOADS, C/B = 20.0 SQ-SUM
A/B A B C FEA SRSS % Dif SQ-SUM % Dif ADJUSTED % Dif B31.3-EQ17 % Dif

LC-4 0.1 0.005 0.050 0.999 2.974 2.88 -3.02 3.02 1.70 2.98 0.27 1.01 -66.06
LC-5 0.25 0.012 0.050 0.999 2.974 2.88 -3.02 3.02 1.70 2.98 0.27 1.01 -66.03
LC-6 0.5 0.025 0.050 0.998 2.977 2.88 -3.09 3.03 1.62 2.98 0.19 1.01 -65.94
LC-7 0.75 0.037 0.050 0.998 2.9778 2.89 -3.08 3.03 1.63 2.98 0.20 1.02 -65.75
LC-8 1 0.050 0.050 0.998 2.9781 2.89 -3.04 3.03 1.66 2.99 0.24 1.03 -65.47
LC-9 1.333 0.066 0.050 0.997 2.9778 2.89 -2.93 3.03 1.75 2.99 0.34 1.04 -64.97
LC-10 2 0.099 0.050 0.994 3.004 2.90 -3.51 3.04 1.10 3.00 -0.30 1.08 -63.92
LC-11 4 0.196 0.049 0.979 3.067 2.94 -4.13 3.07 0.20 3.03 -1.12 1.28 -58.42
LC-12 10 0.447 0.045 0.894 3.278 3.17 -3.41 3.27 -0.27 3.24 -1.22 2.04 -37.62

MAX  = -2.93 MAX  = 1.75 MAX  = 0.34 MAX= -37.62
MIN = -4.13 MIN = -0.27 MIN = -1.22 MIN = -66.06

COMBINED LOADS, C/B = 100.0 SQ-SUM
A/B A B C FEA SRSS % Dif SQ-SUM % Dif ADJUSTED % Dif B31.3-EQ17 % Dif

LC-4 4 0.040 0.010 0.999 2.907 2.89 -0.71 2.91 0.27 2.90 -0.23 1.01 -65.15
LC-5 10 0.099 0.010 0.995 2.928 2.90 -1.00 2.93 -0.04 2.91 -0.53 1.08 -63.25
LC-6 30 0.287 0.010 0.958 3.052 3.00 -1.58 3.03 -0.75 3.02 -1.17 1.52 -50.19
LC-7 60 0.514 0.009 0.857 3.328 3.25 -2.26 3.27 -1.70 3.26 -1.99 2.28 -31.48
LC-8 100 0.707 0.007 0.707 3.6383 3.55 -2.47 3.56 -2.15 3.55 -2.31 2.99 -17.85
LC-9 200 0.894 0.004 0.447 3.9733 3.89 -2.01 3.90 -1.91 3.90 -1.96 3.70 -6.87
LC-10 500 0.981 0.002 0.196 4.0946 4.07 -0.68 4.07 -0.66 4.07 -0.67 4.03 -1.53
LC-11 1000 0.995 0.001 0.100 4.1012 4.10 -0.11 4.10 -0.11 4.10 -0.11 4.09 -0.33
LC-12 10000 1.000 0.000 0.010 4.1086 4.11 -0.04 4.11 -0.04 4.11 -0.04 4.11 -0.04

MAX  = -0.04 MAX  = 0.27 MAX  = -0.04 MAX= -0.04
MIN = -2.47 MIN = -2.15 MIN = -2.31 MIN = -65.15

Notes: 1.  FEA results are the maximum stress intensity divided by the nominal bending stress in the pipe.
2.  This table was produced on an Excel spreadsheet. The number of significant figures is greater than indicated.
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Table 2-6
FEA Results

Mip =A*M Mop=B*M Mt = C*M

Model Model Model Model Model Model Model Model Model Model

C/B A/B A B C 1 2 3 4 5 6 7 8 9 10

0 0.100 0.100 0.995 0.000 2.91 8.13 3.55 2.05 10.81 4.43 5.57 4.85 5.94 3.26

0.250 0.243 0.970 0.000 2.99 8.69 3.74 2.07 11.29 4.62 5.92 4.97 6.20 3.30

0.500 0.447 0.894 0.000 3.20 10.14 4.07 2.13 13.18 5.10 6.63 5.35 6.78 3.44

0.750 0.600 0.800 0.000 3.44 11.11 4.34 2.20 14.27 5.57 7.14 5.66 7.38 3.61

1.000 0.707 0.707 0.000 3.63 11.63 4.63 2.25 14.81 5.93 7.63 5.93 7.78 3.79

1.333 0.800 0.600 0.000 3.79 12.45 4.83 2.33 15.89 6.29 8.08 6.20 8.04 3.99

2.00 0.894 0.447 0.000 3.97 13.26 5.03 2.42 17.03 6.58 8.43 6.38 8.41 4.19

4.00 0.970 0.243 0.000 4.09 13.72 5.20 2.49 17.67 6.82 8.68 6.65 8.78 4.38

10.00 0.995 0.100 0.000 4.10 13.70 5.18 2.52 17.70 6.92 8.83 6.73 8.84 4.42

0.1 0.100 0.099 0.990 0.099 3.09 8.78 3.81 2.13 11.63 4.74 6.00 5.03 6.25 3.40

0.250 0.241 0.966 0.097 3.17 9.33 3.98 2.15 12.03 4.93 6.34 5.17 6.40 3.45

0.500 0.445 0.891 0.089 3.36 10.51 4.26 2.20 13.72 5.32 6.93 5.47 6.98 3.56

0.750 0.598 0.797 0.080 3.56 11.44 4.52 2.26 14.76 5.77 7.42 5.78 7.47 3.72

1.000 0.705 0.705 0.071 3.71 11.94 4.74 2.30 15.27 6.02 7.76 5.98 7.87 3.89

1.333 0.798 0.599 0.060 3.86 12.49 4.92 2.37 16.00 6.38 8.20 6.25 8.13 4.04

2.00 0.894 0.447 0.045 4.00 13.31 5.07 2.44 17.11 6.65 8.52 6.43 8.41 4.23

4.00 0.970 0.242 0.024 4.11 13.76 5.22 2.49 17.74 6.83 8.69 6.66 8.80 4.38

10.00 0.995 0.099 0.010 4.10 13.72 5.19 2.52 17.73 6.93 8.84 6.74 8.85 4.43

0.25 0.100 0.097 0.966 0.241 3.31 9.59 4.14 2.23 12.69 5.12 6.53 5.23 6.61 3.57

0.250 0.236 0.943 0.236 3.39 10.11 4.28 2.25 13.06 5.30 6.85 5.41 6.74 3.63

0.500 0.436 0.873 0.218 3.55 10.91 4.49 2.29 14.34 5.61 7.29 5.59 7.18 3.75

0.750 0.588 0.784 0.196 3.71 11.83 4.73 2.33 15.36 6.00 7.75 5.91 7.53 3.87

1.000 0.696 0.696 0.174 3.80 12.31 4.86 2.37 15.84 6.21 7.94 6.04 7.95 4.01

1.333 0.791 0.593 0.148 3.94 12.54 5.03 2.42 16.06 6.46 8.32 6.30 8.22 4.10

2.00 0.889 0.444 0.111 4.02 13.33 5.11 2.46 17.18 6.73 8.63 6.49 8.42 4.28

4.00 0.968 0.242 0.061 4.13 13.80 5.25 2.50 17.81 6.83 8.69 6.66 8.81 4.39

10.00 0.995 0.099 0.025 4.10 13.75 5.20 2.52 17.76 6.93 8.84 6.74 8.86 4.43

0.5 0.100 0.089 0.891 0.445 3.56 10.46 4.49 2.33 13.81 5.55 7.11 5.43 6.96 3.74

0.250 0.218 0.873 0.436 3.63 10.94 4.60 2.35 14.15 5.69 7.41 5.61 7.07 3.82

0.500 0.408 0.816 0.408 3.76 11.31 4.76 2.38 14.90 5.98 7.62 5.74 7.42 3.91

0.750 0.557 0.743 0.371 3.86 12.15 4.94 2.41 15.90 6.22 8.08 5.98 7.63 4.03

1.000 0.667 0.667 0.333 3.95 12.64 5.03 2.44 16.38 6.43 8.28 6.15 7.93 4.12

1.333 0.766 0.575 0.287 4.01 12.89 5.13 2.46 16.55 6.52 8.40 6.30 8.26 4.21

2.00 0.873 0.436 0.218 4.09 13.27 5.22 2.49 17.14 6.74 8.74 6.54 8.45 4.32

4.00 0.963 0.241 0.120 4.10 13.83 5.28 2.52 17.88 6.82 8.74 6.65 8.80 4.39

10.00 0.994 0.099 0.050 4.10 13.79 5.22 2.52 17.82 6.93 8.84 6.75 8.87 4.44

1 0.100 0.071 0.705 0.705 3.69 10.89 4.69 2.38 14.41 5.77 7.39 5.50 7.09 3.82

0.250 0.174 0.696 0.696 3.75 11.30 4.74 2.38 14.72 5.84 7.65 5.65 7.20 3.88

0.500 0.333 0.667 0.667 3.84 11.70 4.91 2.42 14.87 6.13 7.89 5.77 7.47 3.97

0.750 0.469 0.625 0.625 3.91 11.91 4.97 2.45 15.77 6.25 8.07 5.96 7.74 4.08

1.000 0.577 0.577 0.577 3.98 12.52 5.10 2.47 16.41 6.43 8.35 6.08 7.84 4.13

1.333 0.686 0.515 0.515 4.04 12.95 5.16 2.49 16.80 6.60 8.50 6.24 8.15 4.22

2.00 0.816 0.408 0.408 4.12 13.12 5.27 2.51 16.79 6.73 8.68 6.47 8.43 4.28

4.00 0.943 0.236 0.236 4.16 13.78 5.28 2.53 17.84 6.89 8.85 6.62 8.75 4.39

10.00 0.990 0.099 0.099 4.13 13.84 5.29 2.52 17.89 6.93 8.83 6.74 8.88 4.44

Notes:
1. FEA results are the maximum stress intensity divided by the nominal bending stress in the

pipe.
2. This table was produced on an Excel spreadsheet.  The number of significant figures is

greater than indicated.
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2.3 Analysis of Results

Tables 2-2 and 2-3 list the results of the FEA for model 1. Load cases LC-1, LC-2, and LC-3
represent the response to in-plane, out-of-plane and torsion moments. As stated earlier, these
results are defined as S1, S2, and S3 respectively. For each of the six values of C/B, there are
eight load cases (LC-4 to LC-12). The values of A, B, and C are also listed. The column listed as
“FEA” is the maximum stress intensity corresponding to the loads of the particular load case.
Note that in all cases, LC-2 is equal to LC-3. This is due to the symmetry of 90° elbows
discussed earlier.

To check results, the values of S1, S2, and S3 for all of the models were compared to the
“secondary” stress indices as defined in Code Case N-319-2 [8]. The differences were very small
(see Table 2-1); the average difference for in-plane bending was 1.8% and 8.6% for out-of-plane
or torsion. The maximum differences were 6.7% and 15.4%. This served to verify the results.

By using eq. 2-4, the magnitude of the applied moment was kept constant. Load cases 1 to 3 are
defined in COSMOS as “primary load cases. ” The other load cases are defined as “secondary”
and are obtained by scaling and superposing the results of the primary cases. (These definitions
should not be confused with primary and secondary stresses, defined in ASME Section III). This
uses the principal of superposition and thus is valid only for linear analysis. For in-plane bending
(LC-1), the stress distribution is symmetric about the x-y plane (Figure 1-1). However, the stress
distribution for out-of-plane bending and torsion are not symmetrical about the x-y plane. Thus,
the results of a moment vector defined by the parameters A, B, and C may not have the same
local stress results as the moment defined by A, -B, and C, even though the magnitude of the
moment is equal. For example,

(A2+B2+C2)1/2 = (A2+(-B)2+C2)1/2 (equation 2-5)

In investigating this, the maximum stress intensity for various load combinations where the signs
of the moment components were varied were determined for model 1 listed in Table 2-2. From
this study, it is concluded that the following sets of load multipliers will yield the same results:

Set 1: (+A, +B, +C), (+A,-B, -C), (-A, +B, +C), (-A, -B, -C)

Set 2: (+A, -B, +C), (+A, +B, -C), (-A, -B,+C), (-A,+B, -C)

Within each set, the maximum stress intensities were essentially identical. The stress intensity
obtained from Set 2 is less than that derived from Set 1.

In order to be conservative, the combination method will always follow that of Set 1.

2.4 Combination Methodologies

In order to evaluate existing and potential new methods of combining the effects of different
moments, various combination methods were investigated. The methods considered are
discussed in the following sections. Tables 2-2 through 2-5 contain detailed comparisons of the
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FEA and the various combination methodologies discussed in the following sections for model 1.
Table 2-7 contains a summary for other models investigated.

2.5 SRSS Combination Methodology

The values listed in the SRSS column in Tables 2-2 through 2-5 and 2-7 uses the “square root
sum of the squares methodology. ” This approach uses the FEA results for the pure in-plane, out-
of-plane, and torsion as a basis for evaluating the effects of various combinations. SRSS is
calculated using:

SRSS = ((A*S1)2+(B*S2)2+(C*S3)2)1/2 (equation 2-6)

A review of the tables indicates that for the models investigated, for the case with no torsion
(C=0), the maximum percentage difference between the FEA and SRSS results occurs in model
5 and is 7.8%. The average percentage difference for all the models is small, only a few percent.

However, when torsion is included (for example, C/B is greater than 0), the percentage
difference increases to a maximum of -29.3% (Test 2) and an average of about 7.69%. The
standard deviation is 7.05%, and the correlation factors squared is r2 = 0.973. (See Table 2-7.)
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Table 2-7
Summary of FEA and Expressions—Percentage Difference from FEA Results

Combination
Methodology

SRSS SQ-SUM SQ-SUM
(ADJUSTED)

B31.3-
EQ17

Model 1 Maximum 21.9 2.23 3.92 41.1
Minimum 0.108 -10.6 -1.96 0.108
Average 7.46 -1.05 1.38 10.3

Model 2 Maximum 29.3 9.17 11.5 48.6
Minimum 1.40 -0.748 1.40 1.40
Average 11.1 4.04 6.07 13.8

Model 3 Maximum 25.6 4.85 8.05 45.0
Minimum 0.573 -4.99 0.573 0.57
Average 9.81 1.80 4.09 12.6

Model 4 Maximum 14.7 0.669 0.669 32.6
Minimum -1.29 -20.4 -9.41 -1.29
Average 4.58 -5.17 -2.39 7.39

Model 5 Maximum 27.5 7.8 9.76 48.1
Minimum 1.43 -2.17 1.43 1.43
Average 10.1 2.78 4.89 12.9

Model 6 Maximum 24.8 2.98 7.20 45.1
Minimum 0.426 -6.00 0.0780 0.426
Average 8.28 0.486 2.72 11.1

Model 7 Maximum 28.3 6.42 10.4 47.4
Minimum 0.190 -2.37 -0.002 0.19
Average 9.88 2.48 4.60 12.6

Model 8 Maximum 13.8 2.06 2.06 36.5
Minimum 0.0648 -23.5 -11.4 0.0648
Average 4.56 -4.66 -2.02 7.99

Model 9 Maximum 17.0 4.31 4.31 40.1
Minimum 0.715 -17.1 -6.28 0.715
Average 6.17 -2.44 0.0283 9.40

Model 10 Maximum 16.3 1.04 1.04 37.3
Minimum -2.00 -18.9 -8.19 -2.00
Average 4.87 -4.25 -1.64 8.04

All Maximum 29.3 9.17 11.5 48.6
Models Minimum -2.00 -23.5 -11.4 -2.00

Average 7.69 -0.598 1.77 10.6
STDEV= 7.05 5.21 3.87 11.4
r2 = 0.973 0.995 0.996 0.932

Notes:
1. The Maximum, Minimum, Average, and STDEV are calculated from the % differences

between the FEA results and the specific combination methodology.  The r2 is based on a
comparison between the FEA and combination methodology calculation.

2. This table was produced on an Excel spreadsheet.  The number of significant figures is
greater than indicated.
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2.6 B31.3-EQ17 Combination Methodology

As discussed earlier, in B31.3 the expression (equation 17 of B31.3) used to evaluate thermal
expansion stresses is:

SE = [Sb

2+4St

2]1/2 (equation 2-7)

where Sb is the resultant bending stress given by:

Sb = [(iiMi)
2+(ioMo)

2]/Z (equation 2-8)

and St is the torsional stress given by Mt/2Z.

Here, the stresses due to torsion are not intensified. In order to evaluate this approach to
combining the effects of the different moments, the equivalent representation would be (using
B31.1-EQ17 to represent this approach):

B31.1-EQ17 = ((A*S1)2+(B*S2)2+(C)2)1/2 (equation 2-9)

The assumption for eq. 2-9 is that A*S1 and B*S2 correspond to an “intensified” stress due to in-
plane and out-of-plane moments, where A and B are related to the magnitude of the moment. For
torsion, instead of using S3 in the calculations, it is replaced by the value 1.0 (for example, not
intensified).

In Tables 2-2, 2-3 and 2-7, the B31.1-EQ17 column lists the values calculated using this
approach. The maximum percentage difference is 48.7, the average is 10.6%, the standard
deviation is 11.5%, and r2 = .932. The maximum difference was for model 2, C/B = 1.0, LC-4.

2.7 SQ-SUM Combination Methodology

In this formulation, the effects from the out-of-plane and torsion were added directly. The result
would then be “square root sum of the squares” with the in-plane bending effects. The
representation is:

SQ-SUM = ((A*S1)2+(B*S2+C*S3)2)1/2  (equation 2-10)

These results are listed in Tables 2-2 through 2-5 and 2-7. The maximum percentage difference
is 23.5% for model 8 which has R = 18 in. The average of the maximum differences for all of the
10 models is -0.58%, the standard deviation is 5.2%, and r2 = .995.

2.8 SQ-SUM (ADJUSTED) Combination Methodology

This approach is very similar to the SQ-SUM approach except the following adjustment factor is
added:

a+b(C/B)n (equation 2-11)

0



EPRI Licensed Material

Finite Element Analysis Investigation

2-14

where a, b and n are constants and C/B is the ratio of the magnitude of the torsion to the out-of-
plane bending moment at the end of the elbow. The expression is

SQ-SUM (ADJUSTED) = ((A*S1)2+( a+b(C/B)n)*(B*S2+C*S3)2)1/2 (equation 2-12)

If C/B > 1, replace C/B with B/C; see Section 2.9.

The results are also listed in Tables 2-2, 2-3 and 2-7. For the values of the constants given by:

a = 1.0 (equation 2-13)
b = -0.187
n =0.635

the maximum percentage difference is 11.5%, the average of the maximum differences for each
of the 10 models is 1.8%, the standard deviation is 0.387, and r2 is .996.

2.9 Conditions When C/B ≥ 1.0 for SQ-SUM (ADJUSTED) Methodology

The FEAs discussed earlier were for the condition where the applied out-of-plane bending
moment was greater than or equal to the torsional moment, for example, C/B ≤ 1.0. Because of
the symmetry of the 90° elbow and considering that the torsion on one end results in equal out-
of-plane bending on the other (and vice versa) if C/B ≥ 1.0 at the end being evaluated, the same
expression can be used to predict the stress intensity by replacing C/B with B/C. In order to
confirm this, additional runs were made for model 1. The results are listed in Tables 2-4 and 2-5.
The additional cases were for C/B equal to 1.5, 2.0. 4.0, 10.0, 20.0 and 100.0. For C/B equal to
100, the values of A/B were taken to be 4, 10, 30, 60, 100, 200, 500, 1000, and 10,000. The
maximum percentage difference for the SQ-SUM (ADJUSTED) combination methodology was
2.84%, which confirms the methodology of using B/C for C/B when C/B ≥ 1.0.

2.10 Elbow Flexibility

Piping system design is based on an analytical determination of displacements, rotations,
moments, and reaction forces at various positions along a piping system. The analysis is based
on a description of the piping system as an interconnected set of straight and curved beams.
Flexibility factors are introduced into the analytical model to correct for the differences in
structural behavior between the beam model and the piping system components that make up the
real piping system. Adequate characterization of the flexibility of piping components is essential
to correctly estimating pipe stresses and support loads. Properly modeling the flexibility of an
elbow is at least as significant as the accurate determination of stress intensification factors for
the elbows.
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The flexibility of an elbow as defined by the Code [1] is 1.65/h, where h is equal to tR/r2. As
stated previously, when using Code Case N-319-2, the flexibility factors provided in the Code
Case must be used in pipe stress evaluations. The Code Case uses:

ky = 1.25/h when the internal pressure is equal to zero. (equation 2-14)

kz = 1.3/h when internal pressure is equal to zero. (equation 2-15)

Tables 2-8 and 2-9 show the results of FEA analysis of elbow flexibility for four cases with h
ranging from .66 to 0.06. The basic model was for Do = 10 in. (25.4 cm). The equations used in
the tables to calculate the flexibility factors from the FEA deflection results were obtained from
[5], which gives the background for Code Case N-319-2. The results as calculated from the Code
Case equations are also included. These values are close. As can be seen from the tables, the
magnitude of the elbow flexibility factors can be significant, especially for thin wall systems.

Table 2-8
In-Plane Flexibility Calculations

Case t Ux Uy Rz k xz kyz kzz h 1.3/h

1 0.909 -1.09E-01 -3.52E-01 8.98E-03 2.31 2.15 2.17 0.660 1.97

2 0.196 -2.01E-01 -1.15E+00 2.49E-02 12.48 12.20 12.2 0.122 10.6

3 0.091 -3.11E-01 -2.15E+00 4.50E-02 25.33 25.01 25.0 0.061 21.5

4 0.530 -1.28E-01 -5.05E-01 1.20E-02 4.20 4.01 4.04 0.355 3.67
Notes:
1.  My = In-plane moment
2.  kx = [-δx/(M/EI) - 0.5L2 - 0.707RL]/(0.571R2)
3.  ky = [-δy/(M/EI) - 1.5L2 - RL]/[R(1.571L + R)]
4.  kz = [θz/(M/EI) - 2L] /(1.571R)
5.  E = 3*107 psi
6.  I = 0.0491*(Do

4-( Do-tn)
4)

7.  R = 15 in., Do =10 in.
8.  L = 4*(Do-tn)

Table 2-9
Out-of-Plane Flexibility Calculations

Case Uz Rx Ry k xy kyy kzy h 1.25/h

1 3.56E-01 5.40E-04 8.92E-03 2.29 2.03 2.04 0.66 1.89

2 7.53E-01 6.39E-03 1.62E-02 13.8 11.3 11.8 0.12 10.2

3 1.24E+00 1.37E-02 2.55E-02 28.4 23.1 24.3 0.06 20.6

4 4.35E-01 1.67E-03 1.03E-02 4.48 3.73 3.86 0.35 3.53
Notes:
1.  My = out-of-plane moment
2.  kx = [θx/(M/EI) + 0.65R]/(0.5R)
3.  ky = [θy/(M/EI) - 2.3L - 1.021R]/(0.785R)
4.  kz = [δz/(M/EI) - 1.8L2-2.321RL-0.65R2] /[R(0.7854L+0.5R)]
5.  E = 3*107 psi
6.  I = 0.0491*(Do

4-( Do-tn)
4)

7.  R = 15 in., Do =10 in.
8.  L = 4*(Do-tn)
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2.11 Elbow Characteristic “h” Effects

As indicated in Table 2-1, the FEA models used in the evaluation of the methods of combing the
effects of different loading conditions had a range of elbow characteristics from 0.036 to 0.626.
In order to investigate the effects of h, additional FEA was performed on additional models.

Three models with h values of 0.500, 0.637, and 0.809 were studied. The results are summarized
in Table 2-10. As before, the percentage differences from the FEA to the different methods are
listed. The results are similar to those listed in Table 2-4.

Table 2-10
Characteristic “h” Effects—Percentage Difference from FEA Results

Expression
Model Do T R h SRSS SQ-Sum SQ- SUM

ADJUSTED
B31.3-
EQ17

11 4.5 0.531 6 0.809 Maximum 0.53 30.43 17.64 -1.52
Minimum -10.2 -9.68 -9.68 -27.5
Average -6.93 3.69 0.66 -9.9

12 4.5 0.5 4 0.500 Maximum -2.77 20.94 9.09 -2.77
(TOP) Minimum -17.0 -13.1 -13.1 -34.8

Average -11.2 -4.05 -6.21 -14.0
13 4.5 0.438 6 0.637 Maximum -0.40 27.7 15.2 33.0
(TOP) Minimum -10.1 -6.61 -6.61 -28.9

Average -4.72 5.7 2.72 -7.81
13 4.5 0.438 6 0.637 Maximum 3.71 16.4 5.32 3.48
(BOTTOM) Minimum -17.6 -5.48 -5.48 -33.9

Average -6.58 2.66 0.016 -9.11

It was noted that the maximum stresses were located differently than for the models with lower
values of h. In general for thin wall elbows, the maximum stress is on the inside of the elbow.
However, for thicker elbows, it can be on the outside. The results in Table 2-4 are the “worst
case” results from the inside and outside surfaces.

In addition, model 13 was analyzed using thick shell elements to determine if this had any
effects. The maximum difference in S1, S2, or S3 was less than 2%.

From this evaluation, it is deemed that the methodology suggested in Section 2.8 is valid for
values of h ≤ 0.8.
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3 
TEST PROGRAM

3.1 Purpose

The purpose of this test program was to obtain some specific data which would provide insight
into the effects of the direction of the loading. As discussed earlier, the SIFs presently used are
based on both in-plane and out-of-plane tests performed by Markl [6]. However, there are no
published results on tests where the loading is a combination of these conditions. Test data for
combined loading would serve as a basis for establishing a methodology for evaluating
directionality effects.

3.2 Design of Test Specimens

The test specimens consisted of 4 in. NPS schedule 40, A106, GrB long radius elbows. Eight
specimens were fabricated by Energy Northwest. Two specimens were fabricated and tested for
in-plane bending, two for out-of-plane bending, and four for bending at a 45° angle. While the
focus of this investigation is for loadings that are not strictly in-plane or out-of-plane, the tests
for in-plane and out-of-plane loads would provide a benchmark for the tests in general.

The effect of the configuration at a 45o is that the loading is equivalent to a combined in-plane
and out-of-plane moment loading where the moments are equal. This loading condition is
designated “combined 45°” loading.

Figure 3-1 has schematics of the three test configurations. Figure 3-2 shows photographs of the
actual test setups.
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Loading
Direction

Loading
Direction

In-Plane Out-of-Plane

Combined

45˚

Loading
Direction

Configuration similiar to
Out-of-Plane tests,
except mounted at 45˚.

Figure 3-1
Testing Configuration
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Figure 3-2
Test Setups
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3.3 Testing Program

Testing was performed at Ohio State University. The fatigue tests were performed on an MTS
Systems Corporation Series 319 dynamically rated Axial/Torsional Load Frame. This unit is
designed to accommodate either uniaxial or multiaxial testing. Load Frame capacities are 55,000
lb axial force and 20,000 in-lb torsional moment. A computerized control panel provides local,
precise operations of the cross head, hydraulic grips, and actuator. The maximum actuator
displacement is six inches. The loading pattern applied to an attached sample is controlled by
programmable servo valves.

Built-in loading programs include sinusoidal and triangular waves with the user being able to
select, within machine limits, the desired amplitude and frequency. The actual displacement of
the actuator is measured by a linear variable differential transformer (LVDT). The output of
either the load cell or the LVDT can be selected for closed loop control of the actuator
displacement time history. During a test, the number of cycles of applied load is recorded by a
digital counter and displayed on the MTS console.

In these tests, the load was sinusoidal at frequencies ranging from 0.3 to 0.5 Hz. Actuator
displacement was designated as the test control variable. The selection of displacement as the
control parameter meant that actuator movement was used by the MTS system for feedback in
the closed loop controls. This resulted in virtually identical cycles of actuator displacement being
recorded throughout the duration of each test. The load resulting from the imposition of the
specified displacement was measured with fatigue-rated, 5000-lb capacity, tension-comparison,
electric load cell manufactured by the Lebow Instrument Company. The output of this load cell
was monitored continuously throughout the duration of each test.

Both load and actuator displacements were recorded using a computer program written at OSU,
in LabVIEW, specifically for that purpose. LabVIEW is a graphical language developed by
National Instruments that allows the user to design in software a test control and data collection
system tailored to the requirements of each experimental program. In the LabVIEW application
developed for the fatigue tests, the signals from the load and displacement transducers were
sampled 30 times per second, and the time histories of each were plotted on the computer screen
in real time so that the progress of the test could be readily monitored. By combining the load
and displacement time histories, a plot of load vs. displacement at any load cycle desired could
be constructed. This too was done in real time so that the changes in the response of the test
specimens could be identified while the specimen was still undergoing loading. Any of these
presentations of the test data could be printed while the test was still in progress.

Figure 3-1 shows the load application point and direction of loading. Note that the measured
distance from the load point to the centerline of the pipe (~49.25 in.) did not vary for the test
specimens. The measured distance (L), which is dependent on the installation, is included in the
test data.

The test data, results, and other information are provided in Appendix A. The tests were
displacement-controlled cantilever bending tests. The tests followed the standard approach
corresponding to Markl type tests [6]. Each specimen was first tested to determine the load
deflection curve for that particular specimen. The load deflection curve was used to determine
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the stiffness of each specimen and the load applied to the specimen by a given amount of
displacement. The load deflection curves were determined for loading in both positive and
negative loading directions (down and up). Each specimen was then fatigue tested by cycling the
deflection in both directions of loading by a controlled amount. The cycles to failure were
counted to determine the fatigue life. Failure was detected when wall cracks formed and water
leaked though the cracks.

The results of Table 3-1 are based on nominal dimensions, (for example, D = 4.5 in. and t =
0.237 in.). In order to determine the actual dimensions, the test specimens were sectioned so that
measurements could be taken. The average measurements were OD = 4.58 in. and t = 0.276 in.
The distance from the load point to the point of failure was also measured.

Table 3-1
Summary of Test Results

Test Load Type F M N eq i Average i

lbs. in. lbs. Cycles to
Failure

Note(2) for each
load type

A In-plane 2094 103130 2080 1.658
B In-plane 1940 95545 2890 1.675 1.667
C Out-of-plane 2490 122633 2490 1.253
D Out-of-plane 2537 124947 2879 1.282 1.268
E Combined (45o) 2088 102782 3344 1.512

F Combined (45o) 2105 103671 2917 1.541

G Combined (45o) 2135 105149 2157 1.614

H Combined (45o) 2194 108055 2440 1.533 1.550

Notes:
1. M = F L, where L = 49.25"
2. The value of i is calculated from i = 245,000 Neq

-0.2/S, where Neq = equivalent cycles to
failure, and
S = M/Z.  Where there were more than one loading conditions,  Neq was calculated
using: Neq = S (δi/δmax)

5*N i where δmax is the maximum displacement, δi is the "i" th
displacement and Ni is the number of cycles associated with the "i"th displacement.

3. Z = 3.215 in.3  Based on nominal dimensions for the elbow.
4. Tests A, B, C and H used two loading conditions.  All others used one loading condition.
5. This table was produced on an Excel spreadsheet.  The number of significant figures is

greater than indicated.
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4 
ANALYSIS OF TEST RESULTS

4.1 Introduction

In this section, the test results will be compared to the FEA calculations and Code expressions.

4.2 Comparison to FEA

Table 4-1 lists the test results and also the FEA results for model 1 for the same loading. The
FEA results are based on nominal dimensions corresponding to the test specimens. The ratio of
test SIF to FEA results is also provided. The average ratio of test SIF/FEA is .425.

Table 4-1
Summary of Test Results Based on Nominal Dimensions

TEST LOAD TYPE i FEA i/FEA

A In-plane 1.66 4.11 0.403

B In-plane 1.68 4.11 0.408

C Out-of-plane 1.25 2.88 0.435

D Out-of-plane 1.28 2.88 0.445

E Combined (45o) 1.51 3.63 0.417

F Combined (45o) 1.54 3.63 0.425

G Combined (45o) 1.61 3.63 0.445

H Combined (45o) 1.53 3.63 0.422

Average = 0.425

Notes:
1. All calculations are based on nominal dimensions.
2. This table was produced on an Excel spreadsheet. The number of significant figures is

greater
than indicated.

3. FEA results are the maximum stress intensity divided by the nominal bending stress in
the pipe.

From eq. 1-10:

i = C2K2/2 
GSWCVKQP �����
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it is expected that since C2K2 corresponds to the FEA results, the ratio of SIF/FEA would be
about 0.5.

The evaluation of the FEA for model 1 was based on nominal dimensions (Do = 4.5 in., tn = 0.237
in.). As noted in Section 3, the actual dimensions were: Do = 4.58 in. and tn = 0.276 in. For
comparison. the FEA was rerun with actual dimensions for the case with no torsion (C/B = 0).
The test SIFs were also recalculated using the measured dimensions and measured distance L to
the point of failure. Table 4-2 lists the results and includes the ratio of the SIFs from the test data
to the FEA results. As seen from Table 4-2, the average ratio is 0.56 as compared to 0.50 as
expected from eq. 1-10.

Table 4-2
Summary of Test Results Based on Actual Dimensions

Test Load Type i(test) FEA i/FEA C 2 (N-319-2) i(test)/C 2 i = 0.9/h 2/3 or
i = 0.75/h 2/3

i(test)/i

(Note 3) (Note 4)

A In-plane 2.03 3.73 0.543 3.87 0.524 1.79 1.13
B In-plane 2.05 3.73 0.549 3.87 0.529 1.79 1.15
C Out-of-plane 1.55 2.68 0.580 3.04 0.510 1.49 1.04
D Out-of-plane 1.60 2.68 0.598 3.04 0.526 1.49 1.07
E Combined (45o) 1.80 3.31 0.544 3.48 0.518 1.64 1.10

F Combined (45o) 1.84 3.31 0.554 3.48 0.527 1.64 1.12

G Combined (45o) 1.92 3.31 0.580 3.48 0.553 1.64 1.17

H Combined (45o) 1.83 3.31 0.551 3.48 0.525 1.64 1.11

Average = 0.562 Average = 0.526 Average = 1.11

Notes:
1. All calculations are based on actual dimensions; Do = 4.58", tn = 0.276", R = 6".

This results in h = 0.3576.
2. L is to point of failure.
3. The values for C2 are based on Code Case N-319-2.  See eq. 1-11 and eq. 1-12.  For the

combined loading, the approach suggested by N-319-2 is followed.  (See eq. 1-13.)  Since the
in-plane and out-of-plane moments are equal, this is equivalent to 0.7071(C2Z

2+C2X

2)1/2.
4. The values of i for in-plane and out-of-plane loading are based on eq. 1-8 and eq. 1-9: i (in-

plane) = 0.9/h2/3 and i (out-of-plane) = 0.75/h2/3.  For the combined loading, 0.7071((ii

2+io

2)1/2 is
used.

5. This table was produced on an Excel spreadsheet.  The number of significant figures is
greater than indicated.

6. FEA results are the maximum stress intensity divided by the nominal bending stress in the
pipe.

4.3 Comparison to Code Requirements

Table 4-2 also provides a comparison of the test SIFs to C2 as calculated using Code Case
N-319-2. For the combined loading, the “equivalent” C2 is calculated using the square root sum
of the squares approach as suggested by Code Case N-319-2. This is discussed in the notes to
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Table 4-2. The average value of the ratio of the test SIFs to C2 is 0.53 versus 0.50 as suggested
by eq. 1-10.

Table 4-2 also includes a comparison to the SIFs as defined in the various Codes. As discussed
earlier, ASME Section III provides only one SIF for all loading conditions. B31.3 uses the same
expression for in-plane loading and a different one for out-of-plane bending. These expressions
are repeated below:

i = 0.9/h2/3 for in-plane bending (equation 1-1)

i = 0.75/h2/3 for out-of-plane bending (equation 1-5)

Table 4-2 includes a comparison of equations 1-1 and 1-5 to the test results. The results are very
close.

The test loading at 45° was compared to the SRSS of the in-plane and out-of-plane SIFs. This
was based on the B31.3 approach to evaluating combined loading conditions. For combined
loading, the following expression is used:

Sb = [(iiMi)
2+(ioMo)

2]0.5 /Z (equation 4-1)

This is discussed in the notes to Table 4-2.

The average ratio of the test SIFs to the calculated SIFs is 1.11.

4.4 Summary

In summary, considering the typical variability in fatigue-related test data and other
uncertainties, the results are remarkably accurate and consistent.
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5 
CONCLUSIONS

The following conclusions, particularly with respect to “conservative” and “unconservative, ” are
based on the assumption that the moments derived from piping system analyses are accurate. The
conclusions arrived at from the analyses and tests discussed in this report are enumerated below

1. Code Case N-319-2 uses the expression [(C2xMx)
2+(C2yMy)

2+(C2zMz)
2]1/2 to account for the

directionality of the loadings. This approach will normally result in a conservative value as
compared to FEA considering the actual loading conditions. For the models studied in this
investigation, the conservatism was as high as 29%; the average value was 8%. The only
unconservatism was -2%.

2. Additional conservatism exists in the methodology due to the effects of the combinations of
the directions of the torsional and out-of-plane moments (see Section 2.5).

3. The method used by ANSI B31.3 to combine stresses (based on SIFs), which includes
different SIFs for in-plane and out-of-plane bending, but no intensification for torsion, is
apparently unconservative based on a comparison to the FEA. This unconservatism could be
as high as -48.6% (model 2, C/B = 1.0, LC-4) based on the loading and models used in this
study.

4. The methodology that best predicted the FEA results was the SQ-SUM (ADJUSTED)
Combination Methodology. The corresponding methodology for use with SIFs would be:

S = [(ii Mi)
2+(a+b(C/B)n)* (i o Mo+ io Mt)

2]1/2/Z (equation 5-1)

where

a = 1.0
b = -0.187
n =0.635
ii = 0.9/h2/3

io = 0.75/h2/3

C/B is the ratio: Mt/Mo

5. Eq. 5-1 is valid for C/B ≤ 1.0. For the condition when C/B > 1.0, C/B is replaced by B/C in
equation 5-1.

6. Eq. 5-1 is valid for 90° elbows or bends with a value of h ≤ 0.86 with no “end effects”
created by attachment of the elbow to a flange or other component that would affect the
ovalization of the elbow.
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The approach discussed above will result in a more accurate evaluation of an elbow.
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A 
TEST DATA

Overview of Appendix A

The description of the testing is contained in Section 3. Table 3-1 contains a summary of the
results. This appendix contains reports of the details regarding the test data for each of the four
tests. Each test report contains the following:

1. Load-deflection data sheets for four conditions (=/- directions, loading, and unloading). The
sheets are used to determine the linear slope of the load-deflection curves for the four loading
conditions.

The data include loads, deflections, and so on. The columns identified as “modified” are for
the case where adjustments are required to the data collection, such as resetting a dial gauge.

2. A summary plot of the load-deflection curve and the four straight lines from the load
displacement data (item 1 above). This plot indicated the reasonableness of the slope of the
load-deflection curves.

3. The fatigue test data analysis, including the displacement amplitude and number of cycles at
each displacement.
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